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PREFACE. 


It  is  now  six  years  since  the  publication  of  the  first  edi- 
tion of  the  present  work.  During  this  interval,  it  has  been 
corrected  and  amended  according  to  the  suggestions  of  daily 
experience  in  its  use  as  a  text-book.  It  now  appears  with  an 
additional  part,  under  the  head,  Mechanics  of  Molecules  ;  and 
this  completes — ^in  so  far  as  he  may  have  succeeded  in  its  ex- 
ecution— ^the  design  of  the  author  to  give  to  the  classes  com- 
mitted to  his  instruction,  in  the  Military  Academy,  what  has 
appeared  to  him  a  proper  elementary  basis  for  a  systematic 
study  of  the  laws  of  matter.  The  subject  is  the  action  of 
forces  upon  bodies, — ^the  source  of  all  physical  phenomena — and 
of  which  the  sole  and  sufficient  foundation  is  the  comprehensive 
fact,  that  all  action  is  ever  accompanied  by  an  equal,  contrary, 
and  simultaneous  reaction.  Neither  can  have  precedence  of 
the  other  in  the  order  of  time,  and  from  this  comes  that  char- 
acter of  permanence,  in  the  midst  of  endless  variety,  apparent 
in  the  order  of  nature.  A  mathematical  formula  which  shall 
express  the  laws  of  this  antagonism  will  contain  the  whole  sub- 
ject; and  whatever  of  specialty  may  mark  our  perceptions  of 
a  particular  instance,  will  be  found  to  have  its  origin  in  corre- 
sponding peculiarities  of  physical  condition,  distance,  place, 
and  time,  which  are  the  elements  of  this  formula.  Its  discus- 
sion constitutes  the  study  of  Mechanics.  All  phenomena  in 
which  bodies  have  a  part  are  its  legitimate  subjects,  and  no 
form  of  matter  imder  extraneous  influences  is  exempt  from  its 
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scrutiny.  It  embraces  alike,  in  their  reciprocal  action,  the 
gigantic  and  distant  orbs  of  the  celestial  regions,  and  the 
proximate  atoms  of  the  ethereal  atmosphere  which  pervades 
all  space  and  establishes  an  unbroken  continuity  upon  which 
its  Divine  Architect  and  Author  may  impress  the  power  of 
His  will  at  a  single  point  and  be  felt  everywhere.  Astronomy, 
terrestrial  physics,  and  chemistry  are  but  its  specialties;  it 
classifies  all  of  human  knowledge  that  relates  to  inert  matter 
into  groups  of  phenomena,  of  which  the  rationale  is  in  a  com- 
mon principle;  and  in  the  hands  of  those  gifted  with  the 
priceless  boon  of  a  copious  mathematics,  it  is  a  key  to  exter- 
nal nature. 

The  order  of  treatment  is  indicated  by  the  heads  of  Me- 
GHAKics  OF  SouDS,  of  Fluids,  and  of  Molecules, — an  order  sug- 
gested by  differences  of  physical  constitution. 

The  author  would  acknowledge  his  obb'gation  to  the  works 
of  many  eminent  writers,  and  particularly  to  those  of  M.  La- 
grange, M.  Poisson,  M.  Couchey,  M.  Fresnel,  M.  Lam6,  Sir 
William  R.  Hamilton,  the  Eev.  Baden  Powell,  Mr.  Airy,  Mr. 
Pratt,  and  Mr.  A.  Smith. 

Wm  Ponrr,  1868. 
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ANALYTICAL  MECHANICS. 


INTEODUOTION. 


PHYSICAL  SCTENCR 


§  1. — The  term  Nabwre^  is  employed  to  fiignify  all  the  bodies  of 
the  imiverBe,  collectively. 

Of  the  existence  of  bodies,  we  are  rendered  conscious  by  the 
impressions  they  make  npon  the  mind  through  the  senses. 

The  condition  of  every  body  is  subject  to  a  variety  of  changes. 
These  changes  are  brought  about  by  agents  external  to  the  bodies 
themselves;  and  to  investigate  nature  with  reference  to  these 
changes  and  their  causes,  is  the  object  of  Physical  Science. 

PHYSICAL  PROPEBTIEa 

§  2. — Physicdl  Properties^  are  those  external  signs  by  which 
the  existence  of  bodies  are  made  known  to  us  through  the  medium 
of  the  senses.    These  properties  are  etiher  primary  or  secondary. 

PRIMARY  PROPERTIES. 

§  3. — ^A  Prirrumf  Property  is  that  without  which  the  existenoe 
of  the  body  cannot  be  conceived.  There  are  two  of  iheiao—JEastm^ 
siofi  and  Impenetrdbiliiy. 
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JExtenaion  is  that  by  which  every  body  occupies  a  limited  por- 
tion of  space.    From  it  the  body  derives  its  figure  and  volmne. 

Irn^mietrability  is  that  which  prevents  two  bodies  from  occupy- 
ing the  same  space  at  the  same  time.  It  determines  a  body's 
identity. 

A  body,  then,  is  any  thing  which  has  extension  and  impenetra- 
bility. 

SECONDABY  PROPERTIES. 

§  4. — Seconda/ry  PrqperUea  are  those  which  are  not  necessary 
to  a  conception  of  a  body's  existence,  though  all  bodies  may,  and 
indeed  do,  possess  them  in  a  greater  or  less  degree.  They  are  Cony- 
prembility,  JEoEpcmsibilityy  Porosity y  DwisihUity,  and  ElaaticUy. 

§  6. — Comprewibil/ity  is  that  property  by  which  a  body  may  be 
made  to  occupy  a  smaller,  and  estpansibiliiy  that  by  which  it  may 
be  made  to  occupy  a  larger  space,  without,  in  either  case,  altering 
the  quantity  of  its  matter. 

§  6. — Porosity  is  that  property  by  which  a  body  does  not  fill  all 
the  space  within  its  exterior  boundary,  but  leaves  holes  or  pores 
between  its  elements. 

In  many  cases  the  pores  are  visible  to  the  naked  eye ;  in  others 
they  are  only  seen  by  the  aid  of  the  microscope ;  and  when  so 
minute  as  to  elude  the  power  of  this  instrument,  their  existence 
may  be  inferred  from  experiment.  Sponge,  cork,  wood,  bread, 
&a,  are  bodies  whose  pores  are  obvious  to  unassisted  vision.  The 
human  skin  appears  full  of  them,  when  viewed  with  the  magnify- 
ing glass.  The  pores  of  one  body  are  filled  with  some  other  body, 
and  the  pores  of  this  with  a  third,  as  in  the  case  of  a  sponge  con- 
taining water,  and  the  water  containing  air,  and  so  on  till  we 
come  to  the  most  subtle  of  substances,  ethery  which  pervades  all 
•  bodies  and  all  space. 
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§  7. — DvoisHnUiy  is  that  property  in  consequence  of  which,  by 
various  mechanical  means,  such  .as  beating,  pounding,  grinding, 
&Q.,  a  body  may  be  reduced  to  fragments,  homogeneous  to  each 
other,  and  to  the  entire  mass. 

By  the  aid  of  mathematical  processes,  the  mind  may  be  led  to 
admit  the  infinite  divisibility  of  bodies,  though  their  practical 
division,  by  mechanical  means,  is  subject  to  limitation.  Many 
examples,  however,  prove  that  this  process  may  be  carried  to  an 
incredible  extent.  Nature  furnishes  numerous  instances  of  objects, 
whose  existence  can  only  be  detected  by  means  of  the  most  acute 
senses,  assisted  by  the  most  powerM  artificial  aids. 

Mechanical  subdivisions  for  purposes  connected  with  the  arts 
are  exemplified  in  the  grinding  of  com,  the  pulverizing  of  sul- 
phur, charcoal  and  saltpetre,  for  the  manufacture  of  gunpowder ; 
and  Homoeopathy  affords  a  remarkable  instance  of  the  extended 
application  of  this  property  of  bodies. 

In  common  gold  lace,  a  silver  thread  is  covered  with  gold  so 
attenuated,  that  the  quantity  on  a  foot  of  thread  weighs  less  than 
f^jf  of  a  grain.  An  inch  of  such  thread  will  therefore  contain 
77^77  o^  ^  grain  of  gold ;  and  if  the  inch  be  divided  into  100  equal 
parts,  each  of  which  would  be  distinctly  visible,  the  quantity  of 
the  precious  metal  in  each  of  such  pieces  would  be  rrbl^nTS  of  a 
grain.  One  of  these  particles  examined  through  a  microscope  of 
a  magnifying  power  equal  to  500,«will  appear  500  times  as  long, 
and  the  gold  covering  it  will  be  visible,  having  been  divided  into 
3,600,000,000  parts,  each  of  wliich  exhibits  all  the  characteristics 
of  this  metal. 

I5yes  are  likewise  susceptible  of  an  incredible  divisibility. 
With  1  grain  of  blue  carmine,  10  lbs.  of  water  may  be  tinged 
blue.  These  10  lbs.  of  water  contain  about  617,000  drops.  Sup- 
posing that  100  particles  of  carmine  are  required  in  each  drop  to 
produce  a  uniform  tint,  it  follows  that  this  one  grain  of  carmine 
has  been  subdivided  62  millions  of  times. 
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According  to  Biot,  the  thread  by  which  a  spider  suspends  her- 
self is  composed  of  more  than  5000  single  threads. 

Onr  blood,  which  appears  like  a  uniform  red  mass,  consists  of 
small  red  globules  swimming  in  a  transparent  fluid  called  serum. 
The  diameter  of  one  of  these  globules  does  not  exceed  the  4000th 
part  of  an  inch :  whence  it  follows  that  one  drop  of  blood,  such 
as  would  hang  from  the  ppint  of  a  needle,  contains  at  least  one 
million  of  these  globules. 

But  more  surprising  than  all,  is  the  microcosm  of  organized 
nature  in  the  Infusoria.  Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there  exist 
many  species  so  small  that  millions  piled  on  each  other  would  not 
equal  a  single  grain  of  sand,  and  thousands  might  swim  at  once 
through  the  eye  of  the  finest  needle.  The  coats-of-mail  and  shells 
of  these  animalcules  exist  in  such  prodigious  quantities,  that  ex- 
tensive strata  of  rocks,  as,  for  instance,  the  smooA  slate  near  Bilin, 
in  Bohemia,  consist  almost  entirely  of  them.  By  microscopic 
measurements,  1  cubic  line  of  this  slate  contains  about  23  miUions, 
and  1  cubic  inch  about  41,000  millions  of  these  animals.  As  a 
cubic  inch  of  this  slate  weighs  220  grains,  187  miUions  of  these 
shells  must  go  to  a  grain,  each  of  which  would  consequently  weigh 
about  the  ^^  millionth  part  of  a  grain.  Conceive  farther,  that 
each  of  these  animalcules,  as  microscopic  investigation  has  proved, 
has  its  limbs,  entrails,  &c.,  the  ^ssibility  vanishes  of  our  forming 
the  most  remote  conception  of  the  dimensions  of  these  organic 
forms. 

In  cases  where  the  fineft  instruments  are  unable  to  give  the 
least  aid  in  estimating  the  minuteness  of  bodies, — in  other  words, 
when  bodies  evade  the  perception  of  our  sight  and  touch, — our 
olfactory  nerves  frequently  detect  the  presence  of  matter  in  the 
atmosphere,  of  which  no  chemical  analysis  could  afford  us  the 
slightest  intimation. 

Thus,  for  instance,  a  single  grain  of  musk  difiuses  in  a  large 
and  airy  room  a  powerful  scent,  that  frequently  lasts  for  years ; 
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and  papers  laid  near  musk  will  make  a  voyage  to  the  East  Indies 
and  back  without  losing  the  smell.  Imagine  how  many  particles 
of  musk  must  radiate  from  such  a  body  every  second,  in  order  to 
render  the  scent  perceptible  in  all  directions. 

* 

§  8. — ElcuiicUy  is  that  property  by  which  a  body  resumes  of 
itself  its  figure  and  dimensions,  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess  this 
property  in  very  different  degrees,  and  retain  it  with  very  unequal 
tenacity.  Glass,  tempered  steel,  ivory  and  whalebone,  are  among 
the  more  elastic  solids.    All  fluids  are  highly  elastic. 

REST,  MOTION,  FORCE. 

§  9. — ^The  state  of  a  body  by  which  it  continues  in  the  same 
place,  is  called  rest;  that  by  which  it  passes  from  one  place  to 
another,  is  called  motion;  and  whatever  changes  the  state  of  a 
body  or  the  elements  of  a  body,  with  respect  to  rest  or  motion^  is 
calledybro^.  The  existence  of  force  is  inferred  from  the  changes, 
with  respect  to  rest  or  motion,  which  all  bodies  and  their  internal 
elements  are  found  to  be  continually  undergoing.  Its  nature^  or 
in  what  it  consists,  is  unknown. 

CONSTITUTION  OP  BODIES. 

§  10. — Several  hypotheses  have  been  proposed  to  explain  the 
constitution  of  a  body,  and  the  mode  of  its  formation.  The  most 
remarkable  of  these  was  by  JBoscotnchy  about  the  middle  or  the 
last  century.    According  to  this  eminent  philosopher : 

1.  All  matter  consists  of  indivisible  and  inextended  atoms. 

2.  These  atoms  are  endowed  with  attractive   and  repulsive 

forces,  varying  both  in  intensity  and  direction  by  a  change  of  dis 

tance,  so  that  at  one  distance  two  atoms  attract  one  another,  and 

at  another  distance  they  repeL 
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3.  This  law  of  variation  is  the  same  in  all  atoms.  It  is,  there- 
fore,  mutual ;  for  the  distance  of  atom  a  from  atom  hy  being  the 
same  as  that  of  h  irom  a,  if  a  attract  5,  h  must  attract  a  with 
precisely  an  equal  force. 

4.  At  all  considerable  or  sensible  distances,  these  mutual  forces 
are  attractive  and  sensibly  proportional  to  the  square  of  the  dis- 
tance inversely.    It  is  the  attraction  called  gravitation. 

5.  At  the  small  and  insensible  distances  in  which  sensible  con- 
tact is  observed,  and  which  do  not  exceed  the  1000th  or  1500th 
part  of  an  inch,  there  are  nxany  alternations  of  attraction  and 
repulsion,  according  as  the  distance  of  the  atoms  is  changed. 
Consequently,  there  are  many  situations  within  this  narrow  limit, 
in  which  two  atoms  neither  attract  nor  repel. 

6.  The  force  which  is  exerted  between  two  atoms  when  their 
distance  is  diminished  without  end,  and  is  just  vanishing,  is  an 
insuperable  repulsion,  so  that  no  force  whatever  can  press  two 
atoms  into  mathematical  contact. 

Such,  according  to  Boscovich^  is  the  constitution  of  a  material 
atom  and  the  whole  of  its  constitution,  and  the  immediate  efficient. 

cause  of  aU  its  properties. 


Boscovich  represents  his  law  of  atomical  action  by  what  may 
be  called  an  exponential  curve.  Let  the  distance  of  two  atoms 
be  estimated  on  the  line  AG'  C^A  being  the  situation  of  one  of 
them,  while  the  other  is  placed  anywhere  on  this  line.  When 
placed  at  e,  for  example,  wo  may  suppose  that  it  is  attracted  by 
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-4,  with  a  certain  intensity.  We  represent  this  intensity  by  the 
length  of  the  line  iZ,  perpendicular  to  A  67,  and  express  the  direc- 
tion of  the  force,  namely,  from  i  to  A^  because  it  is  attractive,  by 
placing  il  above  the  axis  A  C.  Should  the  atom  be  at  m,  and 
be  repelled  by  A^  we  express  the  intensity  of  repulsion  by  m  n^ 
and  its  direction  from  m  towards  G  by  placing  mn  below  the 
axis. 

This  may  be  supposed  for  every  point  on  the  axis,  and  a  curve 
drawn  through  the  extremities  of  all  the  perpendicular  ordinates, 
will  be  the  exponential  curve  or  scale  of  force. 

As  there  are  suppose|l  a  great  many  alternations  of  attractions 
and  repulsions,  the  curve  must  consist  of  many  branches  lying  on 
opposite  sides  of  the  axis,  and  must  therefore  cross  it  at  (7,  D\ 
G\  D'\  &C.,  and  at  O.  All  these  are  supposed  to  be  contained 
within  a  very  small  fraction  of  an  inch. 

Beyond  this  distance,  which  terminates  at  O^  the  force  is 
always  attractive,  and  is  called  the  force  of  ffravitdtionj  the  maxi- 
mum intensity  of  which  occurs  at  y,  and  is  expressed  by  the 
length  of  the  ordinate  G'ff,  Further  on,  the  ordinates  are  sensibly 
proportional  to  the  square  of  their  distances  from  -4,  inversely. 
The  branch  G'  Q'  has  the  line  A  C^  therefore,  for  its  asymp- 
tote. 

Within  the  limit  A  C  there  is  repulsion,  which  becomes  infi- 
nite, when  the  distance  from  A  is  zero ;  whence  the  branch  C  D^ 
has  the  perpendiculiar  axis,  A  y,  for  its  asymptote. 

An  atom  being  placed  at  G^  and  then  disturbed  so  as  to  move 
it  in  the  direction  towards  -4,  will  be  repelled,  the  ordinates  of  the 
curve  being  below  the  axis ;  if  disturbed  so  as  to  move  it  from  . 
Aj  it  will  be  attracted,  the  corresponding  ordinates  being  above 
the  axis.  The  point  G  is  flierefore  a  position  in  which  the  atom 
is  neither  attracted  nor  repelled,  and  to  which  it  will  tend  to 
return  when  slightly  removed  in  either  direction,  and  is  called  the 
Umit  ofgramtaMon, 

If  the  atom  be  at  6?,  or  C\  &c.,  and  be  moved  ever  so  little 
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towards  A^  it  will  be  repelled,  and  when  the  distorbiDg  canse  is 
removed,  will  -  fly  back ;  if  moved  from  A^  it  will  be  attracted 
and  return.  Hence  C^  G\  &c.,  are  positions  similar  to  O^  and 
are  called  UmiU  ofcohmanj  G  being  called  the  last  Ivmit  ofoohe- 
sion.  An  atom  situated  at  any  one  of  these  points  will,  with  that 
at  A,  constitute  e^jperrrument  molecule  of  the  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  D\  or  D'\  &c.,  and 
be  then  slightly  disturbed  in  the  direction  either  from  or  towards 
A^  the  action  of  the  atom  at  A  will  cause  it  to  recede  still  frirther 
from  its  first  position,  till  it  reaches  a  limit  of  cohesion.  The 
points  D\  jy,  &c.,  are  also  positions  of  indifference,  in  which  the 
atom  will  be  neither  attracted  nor  repelled  by  that  at  A^  but  they 
differ  from  C\  C'\  Gy  &c.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return  to  it 
again ;  these  points  are  called  limUa  of  diseohUion.  An  atom 
situated  in  one  of  them  cannot,  therefore,  constitute,  with  that  at 
A  J  a  permanent  molecule,  but  the  slightest  disturbance  will  de- 
stroy it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three,  four, 
&c.,  atoms  may  combine  to  form  molecules  of  different  orders  of 
complexity,  and  how  these  again  may  be  arranged  so  as  by  their 
action  upon  each  other  to  form  particles.  Our  limits  will  not 
permit  us  to  dwell  upon  these  points,  but  we  cannot  dismiss  the 
subject  without  suggesting  one  of  its  most  interesting  conse- 
quences. 

According  to  the  highest  authority,  the  sun  and  other  heavenly 
bodies  have  been  formed  by  the  gradual  subsidence  of  a  vast 


INTRODUCTION.  21 

nebula  towards  its  centre.  Its  molecules,  forced  by  their  gravi- 
tating action  within  their  nentral  limits,  are  in  a  state  of  tension, 
which  is  the  more  intense  as  the  accumalation  is  greater ;  and  the 
molecular  agitations  in  the  snn,  qaused  by  the  successive  deposi- 
tions at  its  surface,  make  this  body,  in  consequence  of  its  vast 
size,  a  perpetual  fountain  of  that  incessant  stream  of  ethereal 
waves  which  constitute  the  essence  of  It^fht  and  keat.  The  inters 
nal  heat  of  the  earth  has  the  same  explanation.  All  bodies  would 
appear  self-luminous  were  the  acuteness  of  our  sense  of  sight 
increased  beyond  its  present  limit  in  the  same  proportion  that  the 
sun  e;Lceeds  them  in  size.  The  sun  far  transcends  all  the  other 
bodies  of  our  system  in  r^ard  to  heat  and  light,  and  is  in  a  state 
of  mowndeacenoe,  because  of  the  mode  of  its  formation  and  of  its 
vastly  greater  dimensions. 

§  11. — The  molecular  forces,  here  considered,  are  the  effective 
causes  which  determine  a  body  to  be  a  solid,  liquid,  or  gas.  If  the 
attractions  prevail  over  the  repulsions,  the  body  is  solid;  if  these 
antagonistic  forces  be  equal,  it  is  liquid j  and  if  the  repulsions 
prevail  over  the  attractions,  it  is  a  gas. 

§  12  — The  molecular  forces  may  so  act  upon  the  elements  of 
dissimilar  bodies  as  to  cause  a  new  combination  or  union  of  their 
atoms.  This  may  also  produce  a  separation  between  the  com- 
bined atoms  or  molecules, -in  such  manner  as  to  entirely  change 
the  individual  properties  of  the  bodies.  Such  efforts  of  the  mo- 
lecular forces  are  called  chemical  action  /  and  tlie  disposition  to 
exert  these  efforts,  chemical  affimiiy. 

§  13. — Beyond  the  last  limit  of  gravitation,  atoms  attract  each 
other:  hence,  all  the  atoms  of  one  body  attract  each  atom  of 
another,  and  vice  versa :  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through  sensible  distances.     The 
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intensities  of  these  attractions  are  proportional  to  the  number  of 
atoms  in  the  attracting  body  directly,  and  to  the  square  of  the 
distance  between  the  bodies  inversely. 

§  14. — The  term  universal  gra/vitatian  is  applied  to  this  force, 
when  it  is  intended  to  express  the  action  of  the  heavenly  bodies 
on  each  otlier;  and  that  of  terrestrial  graA)itation  or  simple 
gravity,  when  we  wish  to  express  the  action  of  the  earth  upon 
the  bodies  forming  with  itself  one  whole..  The  force  is  always  of 
tlie  same  kind,  however,  and  varies  in  intensity  only  by  reason 
of  a  difference  in  the  number  of  atoms  and  their  distances.  Its 
effect  is  always  to  generate  motion,  when  the  bodies  are  free 
to  move. 

Gravity,  then,  is  a  property  conmion  to  all  terrestrial  bodies, 
since  they  constantly  exhibit  a  tendency  to  approach  the  earth 
and  its  centre.  In  consequence  of  this  tendency  all  bodies  possess 
weight,  and,  unless  supported,  fall  to  the  surface  of  the  earth; 
and  if  prevented  by  any  other  bodies  from  doing  so,  they  exert 
a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terrestrial 
bodies,  and  the  cause  of  many  phenomena,  of  which  a  fuller 
account  will  be  given  liereafter. 

DENSITY. 


'C, 


§  15. — Density  is  a  term  employed  to  express  the  greater  or 
^  less  proximity  of  a  body's  atoms;  The  relative  densities  of  dif-^ 
ferent  bodies  must,  therefore,  be  proportional  to  the  number  of 
atoms  they  contain  imder  equal  volumes.  The  weights  of  bodies 
being  proportional  to  the  number  of  their  atoms,  the  density 
of  any  body  is  measured  by  the  quotient  arising  from  dividing 
its  weight  by  the  weight  of  an  equal  volume  of  some  other  body, 
assumed  as  a  standard,  and  whose  density  is  regarded  as  unity. 
The  density  of  pure  water,  at  the  temperature  of  38°,75  Faliren- 
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Leit,  is  aesumed  as  the  unit,  the  water  possessing  its  maximum 
density  at  that  temperature. 


MASS. 

§  16. — The  mass  of  a  body  is  the  quantity  of  matter  it  contains ; 
and  this  being  proportional  to  its  weight,  the  mass  of  a  body  may 
be  measured  by  the  quotient  arising  from  dividing  its  weight  by 
the  weight  of  some  other  body  assumed  as  the  unit  of  mass.  A 
cubic  foot  of  distilled  water,  at  its  maximum  densitj^,  msty  be 
assumed  as  the  unit  of  mass.  And,  therefore,  a  body  whose  mass 
is  expressed  by  any  number,  say  20,  will  contain  twenty  times  the 
matter  contained  in  a  cubic  foot  of  distilled  water  at  its  greatest 
density. 

If  the  mass  of  a  body  be  denoted  by  M^  its  weight  by  TT,  and 
that  of  a  unit  of  mass  by  ^,  then  will 

W=^M.g (1; 

If  F denote  the  body's  volume,  and  D  its  density;  then  will 

jr=  V.D (2)  ' 

and  by  substitution  above, 

W^V.D.g (3) 

The  masses  of  bodies  are  so  constantly  in  view  in  discussing 
and  applying  physical  principles,  as  to  make  it  important  to^ 
understand  <well  the  method  of  getting  their  numerical  values. 
Equation  (1)  may  be  written 

W 
—  =  Jf, 

9 

and  in  which  W  and  ff  must  be  expressed  in  terms  of  the  same 
imit.    But  ff  may  have  two  values,  very  different  in  kind.    It 
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may  be  expressed  in  pounds,  or  any  other  unit  of  weight,  or  in 
feet,  or  any  other  unit  of  length.  In  the  first  case,  the  body 
assumed  as  the  unit  of  mass  and  that  whose  mass  is  desired,  are 
simply  weighed,  and  the  ratio  of  the  weights  taken.  In  the 
second  case,  the  body  assumed  as  the  unit  of  mass  is  permitted 
to  fall  in  vacuo,  and  the  velocity  its  own  weight  can  generate 
in  it,  in  one  second  of  time,  ascertained. 

A  cubic  foot  of  pure  water,  at  its  maximum  density,  weighs 
62,3791  pounds  avoirdupois,  and  the  measure  of  a  body's  mass 
is  given  by 

W 


M= 


62,3791 ' 


in  which  TTmust  be  expressed  in  avoirdupois  pounds. 

The  velocity  which  the  weight  of  a  body  can  impress  upon 
itself,  in  one  second  of  time,  on  the  parallel  of  45°,  is  32,1801 
feet ;  and  the  measure  for  a  body's  mass  is  given  by 

W 


32,1801' 

in  which  TTmay  be  expressed,  as  before,  in  pounds;  but  in  this 
case  the  cubic  foot  of  water  ceases  to  be  the  imit  of  mass,  and  in 
its  stead  we  take  so  much  of  the  water,  or  of  any  other  body,  as 
will  weigh  32,1801  pounds,  as  the  unit  of  mass.  In  this  latter 
case,  any  body  which  weighs  one  pound  will  be  yj.iVoT  of  the 
unit  of  mass. 

Had  the  pound  been  made  greater  than  it  is  in  the  proportion 
of  62,3791  to  32,1801,  or  the  foot  less  in  the  proportion  of  32,1801 
to.  62,3791,  then  would  the  same  number  have  expressed  both  the 
pounds  avoirdupois  in  the  weight  of  a  cubic  foot  of  pure  water 
at  the  standard  temperature,  and  the  number  of  feet  in  the 
velocity  this  weight  could  generate  in  the  same  cubic  foot  in  one 
second  of  time. 
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UNORGANIZED  AND  ORGANIZED  BODIES. 

§  lY. — ^All  bodies  connected  with  the  earth  are  distributed  into 
two  classes,  viz. :   Urkorga/nized  and  Organized, 

The  unorganized  class  embrace  all  minerals,  as  metals,  stones, 
earths,  alkalies,  water,  air,  and  the  like. 

The  organized  class  include  all  animals  and  vegetables. 

The  v/narganised  bodies  form  the  lower  class,  and  are,  so  to 
speak,  the  substratum  of  the  organized.  They  are  acted  upon 
solely  by  influences  external  to  themselves,  and  have  nothing  that 
can  properly  be  called  life.  They  have  no  definite  or  periodical 
dm^tion.  , 

Organized  bodies  are  more  or  less  perfect  individuals,  possess- 
ing organs  adapted  to  the  performance  of  certain  functions. 
They  possess  vitality,  and  are  continually  appropriating  to  them- 
selves unorganized  bodies,  changing  their  properties,  and,  by  this 
process,  increasing  their  bulk.  They  possess  the  faculty  of  repro- 
duction. They  retain  only  for  a  limited  time  the  vital  principle, 
and,  when  life  is  extinct,  they  sink  into  the  class  of  unorganized 
bodies. 

HEAVENLY  BODIES. 

§  18. — The  Heavenly  Bodies  form  a  distinct  class.  In  the 
changes  they  bring  about  within  themselves,  they  resemble  organ- 
ized bodies;  and  may,  in  one  sense,  be  said  to  possess  organs. 
Those  of  our  earth  are  its  continents,  oceans,  and  atmosphere 
The  researches  of  Geology  furnish  the  most  ample  evidence  of 
vast  changes  having  taken  place  in  the  earth.  It  now  supports 
and  nourishes  both  the  animal  and  vegetable  kingdoms.  There 
was  a  time  when  neither  of  these  existed  upon  it.  It  was  once 
all  fluid,  from  excessive  heat ;  it  is  now  incrusted  with  an  indu- 
rated envelope  of  many  miles  in  thickness,  inclosing  a  molten, 
liquid  mass.  In  many  places  its  continents  are  being  elevated, 
while  in  others  they  are  being  depressed ;  corresponding  changes 
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are  taking  place  in  the  shores  of  tlie  ocean,  and  the  climates  of 
the  same  zones  are  undergoing  modifications.  What  is  true  of 
our  earth,  is  doubtless  equally  true  of  the  other  heavenly  bodies. 

NATURAL  PHILOSOPHY. 

§  19. — Ifdt/wral  Philoaophy  i^&  name  given  to  that  branch  of 
physical  science  which  treats  of  the  general  properties  of  unorgan- 
ized ladies ;  the  changes  they  undergo  without  sifiecting  tlieir 
internal '  constitution ;  the  causes  of  these  changes,  and  the  laws 
which  govern  both  the  causes  and  changes. 

THERMOTICS,  ACOUSTICS,  OPTICS,  ELECTRICS. 

§  24. — Natural  Philosophy  embraces  the  subjects  of  Thermotica^ 
AccmsticSj  Optics^  and  ElectricB.  The  first  treats  of  Keai,^  the 
second  of  sounds  the  third  of  lights  and  the  fourth  of  electricity. 
The  subject  of  magnetics  is  omitted  here,  because  it  is  now  merged 
into  tliat  of  electrics.  The  phenomena  which  appertain  to  these 
different  heads,  all  have  a  common  source  in  the  actioq  of  forces 
upon  bodies — ^the  nature  of  the  bodies,  the  kind  and  mode  of  action 
of  the  forces,  and  the  sense  employed  to  excite  the  mind  to  a  per- 
ception of  the  effects,  constituting  the  main  distinction. 

Natural  Philosophy  relies  upon  observation  and  experiment 
for  its  data.  From  these  we  deduce  the  varied  information  we 
have  acquired  about  bodies ;  by  the  former  we  notice  any  changes 
that  transpire  in  the  condition  or  relations  of  any  body,  as  they 
spontaneously  arise  without  interference  on  oujp  part;  whereas, 
in  the  performance  of  an  experiment,  we  purposely  alter  the 
natural  arrangement  of  things,  to  bring  about  some  particular 
condition  we  desire.  To  accomplish  this,  we  make  use  of  appli- 
ances Qslled  j)hilo8ophical  ajpparatus^  the  proper  use  and  appli- 
cation of  which,  it  is  the  office  of  Exjperimental  Philosophy  to 
teach. 


INTRODUCTION.  27 

If  we  notice  titiat  in  winter  water  becomes  converted  into  ice, 
we  are  said  to  make  an  observation;  if,  by  means  of  freezing 
mixtures  or  evaporation,  we  cause  water  to  freeze,  we  are  then 
said  to^perform  an  experiment. 

r 

These  observations  and  experiments  are  next  subjected  to  cal- 
culation, from  which  are  deduced  what  are  called  the  laws  of 
nature,  or  the  rules  that  like  causes  toUl  invariably  jprodiLce  like 
remits.  To  express  these  laws  with  the  greatest  possible  brevity, 
mathematical  formulas  are  used.  When  it  is  not  practicable  to 
represent  them  with  mathematical  precision,  we  are  content  with 
inferences  and  assumptions  based  on  analogies,  or  with  probable 
hypoiheseSy  as  the  means  for  explanation  and  further  deductions. 

A  hypothesis  gains  in  probability  the  more  nearly  it  accords 
with  the  ordinary  course  of  nature,  the  more  numerous  the  obser- 
vations and  experiments  on  whi6h  it  is  founded,  and  the  more 
simple  the  explanation  it  offers  of  the  phenomena  for  which  it  is 
intended  to  account. 

CHEMISTRY. 

I 

§  20.— Chemistry  treats  of  the  individual  properties  of  unor- 
ganized bodies,  by  which,  as  regards  their  constitution,  they  may 
be  distinguished  from  one  another.  It  also  investigates  the  trans- 
formations that  take  place  in  the  interior  of  these  bodies,  and  by 
which  their  substance  is  altered  and  remodelled ;  and,  lastly,  it 
detects  and  classifies  the  laws  that  r^ulate  chemical  changes. 

NATURAL  mSTORY. 

§  21. — Jfaiund  History  treats  of  the  organized  bodies.  It 
comprises  three  divisions,  viz.:  Anatomy,  which  is  concerned 
with  the  dissections  of  plants  and  animals;  Vegetable  and  Animal 
Chemistry,  which  investigates  their  internal  constitution;  and 
Physiology,  which  explains  the  objects  and  offices  of  their  various 
organs. 
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ASTRONOMY. 

§  22. — Astronomy  teaches  the  knowledge  of  the  heavenly 
bodies.  It  consists  of  two  branches — ^physical  and  Spherical 
Astronomy.  The  former  treats  of  the  constitution  and  physical 
condition  of  the  heavenly  bodies,  their  mntoal  influences  and 
actions  on  each  other,  and,  generally,  seeks  to  explain  the  causes 
of  celestial  phenomena ;  the  latter  is  concerned  with  the  appea 
ances,  magnitudes,  distances,  arrangements,  and  motions  of  these 
bodies.  All  measurements  upon  them  are  made  from  stations 
on  the  earth,  and  by  instruments  that  give  the  sides  and  angles 
of  spherical  triangles  projected  upon  the  concave  of  the  celestial 
vault ;  and  hence  the  name. 

GEOLOGY,  PHYSICAL  GEOGRAPHY,  METEOROLOGY. 

§  23. — Oeology^  Physical  Geography^  and  Meteorology^  are 
strictly  branches  of  Physical  Astronomy.  The  first  teaches  a 
knowledge  of  the  structure  and  history  of  the  earth's  crust ;  the 
second  treats  of  the  nature  and  character  of  its  surface ;  and  the 
third  is  concerned  with  the  phenomena  of  the  atmosphere  and 
climate. 

PHYSICS. 

§  24. — ^Natural  Philosophy,  Chemistry,  Natural  History,  and 
Astronomy,  are  but  branches  of  the  more  general  subject  called 
Physics — a  science  so  vast  in  its  range  as  to  embrace  whatever 
is  known  and  can  be  discovered  of  the  nature  and  properties  of 
bodies,  their  source,  eflTects,  affections,  operations,  phenomena, 
and  laws. 

MECHANICS. 

§  25. — All  phenomena  of  the  physical  world  arise  directly 
from  the  action  of  forces  upon  the  various  forms  of  bodies.     That 
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branch  of  science  which  treats  of  this  action  is  called  Mechanics. 
A  careful  study  of  a  course  of  mechanics  is,  therefore,  an  indis- 
pensable preparation  for  that  of  any  branch  of  physical  science. 
Mechanics  is  the  subject  of  the  present  volume.  It  will  be 
treated  under  three  heads,  suggested  by  peculiarities  of  physical 
condition,  viz. :  Mechanics  of  Solidsj  Mechanics  of  Fluids^  and 
Mechanics  qf  Molecules;  the  first  treating  of  the  action  of  forces 
upon  solid  bodies ;  the  second,  upon  fluid  bodies ;  and  the  third, 
upon  the  molecules  or  elements  of  both  solids  and  fluids. 


PAKT    I. 


MECHANICS    OF    SOLIDS. 


SPACE,    TIME,    MOTION,    AND    FORQE. 

§20. — Space  is  indefinite  extension,  without  limit,  and  contains  all 
Dodies. 

§21. — Time  is  any  limited  portion  of  duration.  We  may  conceive 
of  a  time  which  is  longer  or  shorter  than  a  given  time.  Time  has, 
therefore,  magnitude,  as  well  as  lines,  areas,  &c. 

To  measure  a  given  time,  it  is  only  necessary  to  assume  a  certain' 
interval  of  time  as  unity,  and    to    express,  by  a  number,  how  often 
this   unit  is   contained  in   the  given   time.      When   we  give   to   this 
number  the  particular  name  of  the  unit,  as  hour,  minute,  second^  &c., 
we  have  a  complete  expression  for  time. 

The  Instruments  usually  employed  in  measuring  time  are  clocks, 
chronometers,  and  common  watches,  which  arc  too  well  known  to  need 
a  description  in  a  work  like  this. 

The  smallest  division  of  time  indicated  by  these  time-pieces  is  the 
second,  of  which  there  are  CO  in  a  minute,  3G00  in  an  hour,  and 
86400  in  a  day ;  and  chronometers,  which  are  nothing  more  than  a 
species  of  watch,  have  been  brought  to  such  perfection  as  not  to  vary 
in  their  rate  a  half  a  second  in   365  days,  or  3153G000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  between  any  two 
events  or   instants,   may  be  estimated  with   as    much  precision   and 
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ease  as  the  number  of  yards,  feet,  or  inches  between  the  extremities 
of  any  given  distance. 

Time  may  be  represented  by 
lines,  by  laying  off  upon  a 
given  right  line  j^B,  the  equal 
distances  from  0  to  1,  1  to  2,  ^=^=J=f==S==j=F=F=i' 

2  to  3,  d^c,  each  one  of  these 
equal  distances  representing  the 
unit  of  time. 

A  second  is  usually  taken  as  the  unit  of  time,  and  a  foot  as  the 
linear  unit. 

§  22. — A  body  is  in  a  state  of  absolute  rest  when  it  continues  in  the 
same  place  in  space.  There  is  perhaps  no  body  absolutely  at  rest; 
our  earth  being  in  motion  about  the  sun,  nothing  connected  with  it 
can  be  at  rest.  Best  must,  therefore,  be  considered  but  as  a  relativt 
term.  A  body  is  said  to  be  at  rest,  when  it  preserves  the  same 
position  in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  place  in  a  boat, 
is  said  to  be  at  rest  in  relation  to  the  boat,  although  the  boat  itself 
may  be  in  motion  in  relation  to  the  banks  of  a  river  on  whose  sur- 
fiice  it  is  floating. 

• 

§23. — A  body  is  in  motion  when  it  occupies  successively  difTerent 
positions  in  space.  Motion,  like  rest,  is  but  relative.  A  body  is  in 
motion  when  it  changes  its  place  in  reference  to  those  which  we 
may  regard  at  rest. 

Motion  is  essentially  continuous;  that  is,  a  body  cannot  pass  from 
one  position  to  another  without  passing  through  a  series  of  interme- 
diate positions ;  a  point,  in  motion,  therefore  describes  a  continuous 
line. 

When  we  speak  of  the  path  described  by  a  body,  we  arc  to 
understand  that  of  a  certain  point  connected  with  the  body.  Thus, 
the  path  of  a  baU,  is  that  of  its  centre. 

§24. — The  motion  of  a  body  is  sai(l  to  be  curvilinear  or  rectilinear, 
according  as  the  path  described  is  a  curve  or  right  line.     Motion  is 
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either  uniform  or  varied.  A  body  is  said  to  have  uniform  moticm 
when  it  passes  over  equal  spaces  in  equal  successive  portions  of  time: 
and  it  is  said  to  have  varied  motion  when  it  passes  over  unequal 
spaces  in  equal  successive  portions  of  time.  The  motion  is  said  to 
be  accelerated  when  the  successive  increments  of  space  in  equal 
times  become  greater  and  greater.  It  is  retarded  when  these  incrc^ 
ments  become  smaller  and  smaller. 

§25. —  Velocity  is  the  rate  of  a  body's  motion.  Velocity  is  mea- 
sured by  the  length  of  path  described  uniformly  in  a  unit  of  time. 

§26. — ^The  spaces  described  in  equal  successive  portions  of  time 
being  equal  in  uniform  motion,  it  is  plain  that  the  length  of  path 
described  in  any  time  will  be  equal  to  that  described  in  a  unit  of  time 
repeated  as  many  times  as  there  are  units  in  the  time.  Let  v  denote 
tiie  velocity,  /  the  time,  and  s  the  length  of  path  described,  then  will 

s  =  v.t,    .' (3) 

If  the  position  of  the  body  be  referred  to  any  assumed  origin 
whose  distance  from  the  point  where  the  motion  begins,  estimated 
in  the  direction   of  the  path  described,  be  denoted  by  S^  then  will 

s  =:  S  +  v.t (4) 

Equation  (3)  shows  that  in  uniform  motion,  the  space  described 
is  alunye  equal  to  the  product  of  the  time  into  the  velocity;  that  the 
spaces  described  by  different  bodies  moving  urith  different  velocities  during 
the  same  time,  are  to  each  other  as  the  velocities;  and  that  tehen  the 
velocities  are  the  same^   the  spaces  are  to  each  other  as  the  times. 

§  27.— Differentiating  Equation  (3)   or  (4),  we  fmd 

7/=-' <5) 

that   is  to  say,   the  velocity  is  equal  to  the  jtrst  differential  co-efficient 
ef  the  space  reparded  as  a  function  of  the  time. 

Dividing  lK>th  members  of  Equation  (3)  by   f,  we  have 

s 


J  =*' («) 
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mhkh  allows  that,  in  uniform  motion^  (he  velocity  is  eq%tal  to  the  whole 
wpace  divided  by  the  time  ^  in  which  it  is  described. 

.  8  28.— Matter  on  the  earth,  m  its  unorganized  Ptate,  is  inanimate  or 
inert.    It  cannot  give  itself  motion,  nor  can  it  change  of  itself  the  motion 
ip^ch  it  may  have  receiTod. 
A  body  at  rest  will  forever 
remain   so    unless    disturbed 

by  something  extraneous  to         ^ ^ 

itself;  or  if  it  be  in  motion 
in  any  direction,  as  from  a 

to  6,  it  will  continue,  after  arriving  at  6,  to  move  towards  c  in  the 
prolongation  of  a6;  for  having  arrived  at  6,  there  is  no  leadon  why 
it  should  devia^  to  one  side  more  than  another.  Moreover,  if  the 
body  have  a  certain  velocity  at  6,  it  will  retain  this  velocity  unaltered, 
since  no  reason  can  be  assigned  why  it  should  be  increased  rather 
than  diminished  in  the  absence  of  all  extraneous  causes. 

If  a  billiard-ball,  thrown  upon  the  table,  seem  to  diminish  its 
rate  of  motion  till  it  stops,  it  is  because  its  motion  is  resisted  by 
the  doth  and  the  atmosphere.  If  a  body  thrown  vertically  down- 
ward seem  to  increase'  its  velocity,  it  is  because  its  weight  is  inces- 
santly urging  it  onward.  If  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  diange,  it  is  because  the 
weight  of  the  stone  urges  it  incessantly  towards  the  sur&ce  of  the 
earth.  Experience  proves  that  in  proportion  as  the  obstacles  to  a 
body^s  motion  are  removed,  will  the  motion  itself  remain  unchanged. 

When  a  body  is  at  rest,  or  moving  with  unifi>rm  motion,  its 
inertia  is  not  called  into  action. 

g  29. — A  force  has  been  defined  to  be  that  which  changes  or  tends  to 
change  the  state  of  a  body  in  respect  to  rest  or  motion.  Weight  and 
Elasticity  are  examples.  A  body  laid  upon  a  table,  or  suspended  from 
a  fixed  point  by  means  of  a  thread,  would  move  .under  the  action  of 
its  weight,  if  the  resistance  of  the  table  or  that  of  the  fixed  point  did 
not  continually  prevent  by  an  equal,  simultaneous,  and  contrary  reac- 
tion. A  body,  subjected  alone  to  the  action  of  a  spring,  would  change 
its  state  by  moving  faster  or  slower. 

3  / 


/ 
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Wlien  we  push  or  puU  a  bod j,  be  h  free  or  fixed,  we  experience 
a  sensation  denominated  pressure^  traction,  or.  in  general,  effort.  This 
efibrt  is  anal(^0QS  to  that  whidi  we  exert  in  raising  a  weight.  Foroes 
are  real  pressures.  Pressure  may  be  strong  or  feeble;  it  therefore 
has  magnitude,  and  may  be  expressed  in  numbers  by  assuming  a 
certain  pressure  as  nniiy.  The  unit  of  pressure  will  be  taken  to  be 
tnat  exerted  by  the  weight  of  -g^.?  P^^  ^^  &  cubic  foot  of  distilled 
water,  at  38°,75,  and  is  called  a  pound, 

§30. — The  intennty  of  a  force  is  its  greater  or  less  capacity  to 
produce  pressure.  This  intensity  may  be  expressed  in  pounds,  or  in 
quantity  of  motion.  Its  value  in  pounds  is  called  its  ttcUical  mea- 
sure; in  quantity  of  motion,  its  dynamical  measure. 

§31. — The  point  of  application  of  a  force,  is  the  material  point  to 
which  the  force  may  be  regarded  as  directly  applied. 

§  32. — ^The  line  of  direction  of  a  force  is  the  right  line  which  the 
point  of  application  would  describe,  if  it  were  perfectly  free. 

§33. — The  effect  of  a  force  depends  upon  its  intensity,  point  of 
application,  and  line  of  direction,  and  when  these  are  given  the  force 
18  known. 

§34. — ^Two  forces  are  equal  when  substituted,  one  for  the  other, 
in  the  same  circumstances,  they  produce  the  same  effect,  or  when 
directly  opposed,  they  neutralize  each  other. 

§35. — ^There  can  be  no  action  of  a  force  without  an  equal  and 
contrary  reaction.  This  is  a  law  of  nature,  and  our  knowledge  of  it 
comes  from  experience.  If  a  force  act  upon  a  body  retained  by  a 
fixe5  obstacle,  the  latter  will  oppose  an  equal  and  contrary  resistance. 
If  it  act  upon  a  free  body,  the  latter  will  change  its  state,  and  in 
the  act  of  doing  so,  its  inertia  will  oppose  an  equal  and  contrary 
resistance.  Action  and  reaction  are  ever  equal,  contrary  and  simulta* 
fteous, 

§36. — If  a  free  body  be  drawn  by  a  thread,  the  thread  'will  stretch 
and  even  break  if  the  action  be  too  violent,  and  this  will  the  more 
probably  happen  in   proportion  as  the  body  is  more  massive.     If  a 
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bod^   be  snspended  by  means  of  a  vertical  chain,  and  a  weighing 
spring  be  interposed  in  the  line  of  ti^tion,  the  graduated  scale  of 
the  spring  will  indicate  the  weight  of  the 
body  when  the  latter  is  at  rest;  but  if 
the   upper  end  of  the  chain  be  suddenly 
elevated,  the  spring  will  immediately  bend 
more    in    consequence    of    the    resistance 
opposed  by  the  inertia  of  the  body  while 
acquiring  motion.      When  the  motion    ac- 
quired becomes    uniform,  the    spring    will 
resume  and  preserve  the  degree  of  flexure 
which  it  had  at  rest.     If  now,  the  motion 
be  checked  by  relaxing  the  efibrt  applied 
to  the  upper  end  of  the  chain,  the  spring 
will  unbend  and   indicate  a  pressure  less 
than  the  weight    of   the  body,   in   conse- 
quence of  the  inertia  acting  in  opposition  to  the  retardation.     The 
oscillations  of  the  spring  may  therefore  serve  to  indicate  the  varia- 
tions in  the    motions  of   a  body,  and  the  energy  of   its  force  of 
inertia,  which  acts  against  or  with  a  force,   according    as   the  velo- 
city is  increased  or  diminished. 


9 

§37.— Forces  produce  various  efiects  according  to  circumstancesL 
They  sometimes  leave  a  body  at  rest,  by  balancing  one  another, 
through  its  intervention;  sometimes  they  change  its  form  or  break 
it;  sometimes  they  impress  upon  it  motion,  they  accelerate  or  retard 
that  which  it  has,  or  change  its  direction ;  sometimes  these  efiects  are 
produced  gradually,  sometimes  abruptly,  but  however  produced,  they 
require  some  atfiniie  time^  and  are  effected  by  continuous  degrees.  If 
a  body  is  sometimes  seen  to  change  suddenly  ^ts  state,  either  in 
respect  to  the  direction  or  the  rate  of  its  motion,  it  is  because  the 
force  is  so  great  as  to  produce  its  eflcct  in  a  time  so  short  as  to 
make  its  duration  imperceptible  to  our  senses,  yet  some  definite  por- 
tion of  time  is  necessary  for  the  change.  A  ball  fired  from  a  gun 
will  break  through  a  pane  of  glass,  a  piece  of  board,  or  a  sheet  of 
paper,  when  freely  suspended,  with  a  rapidity  so  great  as  to  call  into 
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■ction   ft  force   of  inertift  in   the   parts  which  remain,  greater  Atm 
Ihe  molectikr  forces  which  connect  the  ktter  with  those  torn  ftWBj. 
In  such  cases  the   effects   are   obvious,  while  the  tones  in  which 
thej  are  accomplished  are  so  short  -as  to  elude  the  senses :  and  yel 
these  times  have  had  some  definite  duration,  since  the  changes,  corres 
ponding  to  these  effects,  have  passed  in  succession  throiigh  their  diflir 
ent  degrees  from  the  beginning  to  the  ending. 

§88. — Forces  which  give  or  tend  to  give  motion  to  bodies,  an 
called  motive  forces.  The  agent,  bj  means  of  which  the  force  is 
exerted,  is  called  a  Motor, 

§39. — The  statical  measure  of  forces 
niay  be  obtained  by  an  instrument  called 
the  Dynamometer,  which  in  principle  does 
not  differ  from  the  spring  balance.  The 
dynamical  measure  will  be  explained  fur- 
ther on. 


§  40. — When  a  force  acts  against  a  point 
in  the  surface  of  a  body,  it  exerts  a  pres- 
sure which  crowds  together  the  neighbor- 
ing particles ;  the  body  yields,  is  compress- 
ed and  its  surface  indented;  the  crowded  • 

particles,  make  an  effort,  by  their  molecular  forces,  to  regain  their 
primitive  places,  and  thus  transmit  this  crowding  action  even  to  the 
remotest  particles  of  the  body.  If  these  latter  particles  are  fixed  or 
prevented  by  obstacles  from  moving,  the  result  will  be  ft  compression 
and  change  of  figure  throughout  the  body.  If^  on  the  contrary,  these 
extreme  particles  are  fi'ee,  they  will  advance,  and  motion  will  be  com- 
municated by  degrees  to  all  the  parts  of  the  body.  Thb  internal  motion, 
the  result  of  a  series  of  compressions,  proves  that  a  certain  time  is 
necessary  for  ft  force  to  produce  its  entire  effect,  and  the  error  of 
supposing  that  ft  finite  velocity  may  be  generated  instantaneously. 
The  same  kind  of  action  will  take  place  when  the  force  is  employed 
to  destroy  the  motion  which  a  body  has  already  acquired;  it  will 
first  destroy  the  motion  of  the  molecules  aft  and  nearest  the  point  of 
aetion,  and  then,  by  degrees,  that  of  those  which  are  more  remote 
in  the  order  of  distance. 
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Hie  molecular  springs  cannot  be  compressed  without  reacting  in  a 
aoiitrarj  direction,  and  with  an  equal  effort.  The  agent  which  presses 
a  body  will  experience  an  equal  pressure;  reaetUm  is  equal  and  con? 
tmy  to  action.  In  pressing  the  finger  against  a  body,  in  pulling  it 
with  a  thread,  or  pushing  it  with  a  bar,  we  are  pressed,  drawn,  or 
pushed  in  a  contrary  direction,  and  with  an  equal  effort    Two  weigh* 


ing  springs  attached  to  the  extremities  of  a  chain  or  bar,  will  indicali 
the  same  degree  of  tension  and  in  contrary  directions  when  made  to 
act  upon  each  oUier  through  its  intervention. 

In  every  case,  therefore,  the  action  of  a  force  is  transmitted  through 
a  body  to  the  ultimate  point  of  resistance,  by  a  series  of  equal  and 
contrary  actions  and  reactions  which  balance  each  othe^,  and  which 
the  molecular  springs  of  all  bodies  exert  at  every  point  of  the  right 
line,  along  which  the  force  acts.  It  is  in  virtue  of  this  property  of 
bodies,  that  the  action  of  a  force  may  be  assumed  to  be  exerted  al 
any  point  in  its  line  of  direction ^tnthin  the  boundary  of  the  body. 

§41. — Bodies  being  more  or  less  extensible  and  compressible,  when 
int^posed  between  the  motor  and  resistance,  will  be  stretched  or 
compressed  to  a  certain  degree,  depending  upon  the  energy  with  which 
Aese  forces  act;  but  as  long  as  the  force  and  resistance  remain  the 
same,  the  body  having  attained  its  new  dimensions,  will  cease  to 
efaange.  On  this  account,  ^^e  may,  in  the  investigations  which  follow, 
assume  that  the  bodies  employed  to  transmit  the  action  of  forces  fh>m* 
one  point  to  another,  are  inextensible  and  rigid. 

WOBK. 

§42.— To  work  is  to  overcome  a  resistance  continually  recurring 
along  some  path.  Thus,  to  raise  a  body  through  a  vertical  height,  its 
weig^  must  be  overcome  at  every  point  of  the  vertical  path.    If  a 
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body  fall  through  a  vertical  height,  its  weight  develops  its  inertia  at 
every  point  of  the  descent.  To  take  a  shaving  from  a  hoard  with  & 
plane,  the  cohesion  of  the  wood  must  be  overcome  at  every  point 
along  the  entire  length  of  the  path  described  by  the  edge  of  the  chiseL 

§43. — The  resistance  may  be  constant,  or  it  may  be  variable.  In 
the  first  case,  the  quantity  of  work  performed  is  the  constant  resistance 
taken  as  many  times  as  there  are  points  at  which  it  has  acted,  and 
is  measured  by  the  product  of  the  resistance  into  the  path  described 
by  its  point  of  application,  estimated  in  the  direction  of  the  resistance. 
When  the  resistance  is  variable,  the  quantity  of  work  is  obtained  by 
estimating  the  elementary  quantities  of  work  and  taking  their  sum. 
By  the  elementary  quantity  of  work,  is  meant  the  intensity  of  the 
variable  resistance  taken  as  many  times  as  there  are  points  in  tho 
indefinitely  small  path  over  which  the  resistance  may  be  regarded  aa 
constant;  and  is  measured  by  the  intensity  of  the  resistande  into  the 
dififerential  of  the  path,  estimated  in  the  direction  of  the  resistance. 

§44. — ^In  general,  let  P  denote  any  variable  resistance,  and  s  tho 

path  described  by  its  point  of  application,  estimated  in  the  direction 

of  the  resistance;  then  will  the  quantity  of  work,  denoted  by  Q,  be 

given  by 

Q^/P.d, (7)^ 

which  integrated  between  certain  limits,  will  give  the  value  of  Q, 

§45. — ^The  simplest  kind  of  work  is  that  performed  in  raising  a 
weight  through  a  vertical  height.  It  is  taken  as  a  standard  of  com- 
parison, and  suggests  at  once  an  idea  of  the  quantity  of  work 
expended  in  any  particular  case. 

Let  the  weight  be  denoted  by   W,  and  the  vertical  height  by  2?; 

then  will 

C=  W.ff (8). 

If  W  become  one  pound,  and  ff  one  foot,  then  will 

and  the  unit  of  work  is,  therefore,  the  unit  of  force,  one  pound, 
exerted  over  the  unit  of  dbtance,  one  foot;   and  is  measured  by  a 
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•^uore  of  which  Uio  adj&cent  Eides  are  respectively  one  foot  and  one 
pound,  Uken  from   the   same  scale  of  equal  parts. 

§46.— To  illustrate  the  use  of  Equation  (7),  let 
It  be  required  tr  compute  the  quautjty  of  work 
necessary  to  compress  the  spiral  spring  of  the 
oommon  spring  balance  to  any  given  degree,  say 
from  the  length  AS  to  I>S.  Let  the  resistance 
my  directly  as  the  degree  of  compression,  and 
denote  the  distance  AD'  by  x;   then  will 

in  which  0  denotes  the  resistance  of  the  spring 
when  the  balance  is  oompressed  through  the  dis- 
tance unity. 

This  value  of  i'  in  Equation  (7),  gives 

Q=/P.<h=/C.xdx  =  C.^+  C, 
wUch  integrated  between  the  limits  x  =  0  and  x  =  AD  ^  a,  gives 

Let  (7=10  pounds,  a  =  3  feet ;  then  will 

Q  =  45    units  St  work, 
and   the   quantity  of  work  will   bo   equal   to   that  required   to  raise 
45    pounds    through   a   vertical  height  of   one  foot,   or  one  pound 
through  a  height   of  45  feet,   or  Q    pounds    through    5   feet,   or  6 
pounds  through  9  feet,  Sic,  all  of  uhioli  amounts  to  the  same  thing. 

§47. — A  mean  retitlanee  is  that  which,  multiplied  into  the  entirs 
path  described  in  the  direction  of  the  resistance,  will  give  the  entire 
quantity  of  worlt.  Denote  this  by  £,  and  the  entire  path  by  ■, 
and  from  the  definition,  we  have 

B.i  =  /P.<b; 


whence, 


B  = 


fP.dt 


m. 
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Hut  is,  the  mean  realitance  la  ec^ual  to  the  entire  vork,  divided 
1^  the  entire  path. 

k  the  aboTe  example  the  padi  being  S  feet,  the  mean  reaiitMiM 
TOuld  be  16  ] 


§48. — Equation  (7)  shows  that  the  quantity  of  Toric  ia  equal  to 
the  area  included  between  the  path  (,  in  the  direction  of  th* 
resistance,  the  cnrve  whose  ordinates  are  the  different  values  of  P,  and 
the  ordinates  which  denote  the  extreme  resistances.  Whenever, 
therefore,  the  curve  which  connects  the  resistance  with  the  path  \a 
known,  the  process  for  finding  the  quautjtj  of  work  ia  one  of 
nmple  intention. 

Sometime!  this  law  cannot   be  found,  and    the   intoiaitf  ot  th* 
reristanee  is  given  onlj  at  certain  pointa  of  the  path.    In  this  oaoa 
we    proceed    as   follows,   vix. :    At  the    aeveral    points  of    the  path 
where  the  resistance  is    known,    erect    ordinates    equal  to   the  cor- 
responding reustances,  and  connect    their    extremities  by  a   curved 
line ;  then  divide  the  path  described  into  taj  even  number  of  equal 
parts,  and  erect  the  ordinates 
at  the  points  of  division,  and 
at   the    extremities ;    number 
the    ordinates    in    the    order 
of  the  natural  numbers;    ddd 
together   tha  extreme  ordinaiee, 
increaie  Ihit  <um  by  /ovr  linti 
that  of  the  even  ordinate!  and 
tmce  that  of  the   uneven  ordi- 
matee,  and  mulliplif  by  one-third 
9/   the    dietanee    betieten    any 
two  eonueutive  ordinates, 

Demomlralum.:  To  compute  the  area  comprised  bf  a  curve,  aaj 
two  of  its  ordinates  and  the  axis  of  absdsses,  by  plane  geometry, 
divide  it  into  elementary  areas,  by  drawipg  ordinates,  as  in  the 
last  figure,  and  regard  each  of  the  elementary  figures,  e,  «,  r,  r,, 
^  (,  r,  r^    dee.,    as    trapezoids ;    it    is    obvious    that    the    error  of 
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dtia  anppotition  vill  be  lew,  ia  proportion 
u  the  nnmber  of  tnpeioids  between  given 
limits  ia  greater.  Take  the  fint  tvo  trape- 
■oida  of  tbe  preceding  figure,  and  divide  the 
distance  «,  e,  into  three  equal  porta,  and  at 
the  points  of  divinon,  erect  the  ordinates 
mm,  m,  n, ;  the  area  computed  from  the  three 
bnpezoida  e,  m  n  r„  m  m,  n,  n,  m,  e,  r,  n,,  will 
be  more  accurate  than  if  computed  from  the 
two  e,  e,  r,  r,,  <,  e,  r,  r^ 
The  area  by  the  three  trapezoids  is 


*+    tl*! 


X'^ 


+    «!<,- 


But '  bj  oonstmction, 

and  the  above  may  be  written, 

J«,  *,{(,*■,  +  2m»  +  2»H«i  +  «.rO, 
but  in   the  trapezoid  mffl,n,  n, 

3ni«  +2m,n,  =  4«, r*,    very  nearly ; 
whence   the  area  becomes 

the  area  of   the    next    two    trapezoids    in  order,   of    the   preceding 

figure,  will  be 

ind  similar  expressions  for  each '  auoceedlng  pair  of  trapesoids. 
Taking  the  aum  of  these,  and  we  have  the  whole  area  bounded  by 
the  curve,  its  extreme   ordinates,  and  the  axis  of  abscisses ;   or, 


C  =  l«,<,[e,f,  +4«.r,  +  2ein  -H4c.f.  +  2e, 
whence  the  rule. 


,  +  4(.r.  +  *,r,l.(10) 
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§49. — By  the  processes  now  explained,  it  is  easj  to  estimate  the 
quantity  of  work  of  the  weights  of  bodies,  of  the  resistances  due  to 
the  forces  of  affinity  which  hold  their  elements  together,  of  their 
elasticity,  dec  It  remains  to  consider  the  rules  by  which  the  quantity 
of  work  of  inertia  may  be  computed.  Inertia  is  exerted  only  during 
a  change  of  state  in  respect  to  motion  or  rest,  and  this  brings  us 
to  the  subject  of  varied  motion. 

VARIED   MOTION. 

Sf  Ji^  §  50. — Varied  motion  has  been  defined  to  be  that  in  which  unequal 
spaces  are  described  in  equal  successive  portions  of  time.  In  this 
kind  of  motion  the  velocity  is  ever  varying.  It  is  measured  at  any 
given  instant  by  the  length  of  path  it  would  enable  a  body  to 
describe  'in  the  first  subsequent  unit  of  time,  were  it  to  remain 
unchanged.  Denote  the  space  described  by  s^  and  the  time  of  its 
description   by    /. 

However  variable  the  motion,  the  velocity  may  be  regarded  as 
constant  during  the  indefinitely  small  time,  di.  In  this  time  the 
body  will  describe  the  small  space  di  ;  and  as  this  space  is  des- 
cribed uniformly,  the  space  described  in  the  unit  of  time  would, 
were  the  velocity  constant,  be  ds  repeated  as  many  times  as  the 
unit  of  time  contains  dL  Hence,  denoting  the  value  of  the  velo- 
city at  any  instant  by  v,   we  have 

or, 

•=§■ (") 

§51. — Continual  variation  in  a  body's  velocity  can  only  be  pro- 
duced by  the  incessant  action  of  some  force.  The  body's  inertia 
opposes  an  equal  and  contrary  reaction.  This  reaction  is  directly 
proportional  to  the  mass  of  the  body  and  to  the  amount  of  change 
in  its  velocity ;  it  is,  therefore,  directly  proportional  to  the  product 
of  the  mass  into  the  increment  or  decrement  of  the  velocity.  The 
product  of  a  mass  into  a  velocity,  represents  a  qwmiity  of  motion. 
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The  iutensitj  of  a  motive  force,  at  any  instant,  is  assumed  to  be 
measured  bj  the  quantity  of  motion  which  this  intensity  can  generate 
in  a  unit  of  time. 

The  mass  remaining  the  same,  the  velocities  generated  in  equal 
successive  portions  of  time,  by  a  constant  force,  must  be  equal  to 
each  other.  However  a  force  may  vary,  it  may  be  regarded  as 
constant  during  the  indefinitely  short  interval  dli  in  this  time  it  will 
generate  a  velocity  cfv,  and  were  it  to  remain  constant,  it  would 
generate  in  a  unit  of  time,  a  velocity  equal  to  dv  repeated  as  many 
times  as  dl  b  contained  in  this  unit;  that  is,  the  velocity  generated 
would  be  equal  to 

dv.l^^JL, 

dl      dt  ' 

and  denoting  the  intensity  of  the  force  by  P,  and  the  mass  by  if, 
we  shall  have 

P  =  if.  ^ (12) 

dt 

Again,  differentiating  Equation  (11),  regarding  t  as  the  independent 
variable,  we  get, 

dv  =  — : 
dt' 

and  this,  in  Equation  (12),  gives 

P=^Af.^.    .......  (18) 

From  Equation  (11),  we  conclude  that  in  varied  motion,  the  velocity 
at  any  instant  is  equal  to  the  first  differential  coefficient  of  the  spaa 
regarded  as  a  function  of  the  time. 

From  Equation  (12),  that  the  intensity  of  any  motive  force,  or  of 
the  inertia  it  develops,  at  any  instant,  is  measured  by  the  product  of 
the  mass  into  the  first  differential  co-efficient  of  the  velocity  regarded  as 
a  function  of  the  time. 

And  from  Equation  (13),  that  the  intensity  of  the  motive  force  or 
of  inertia,  is  measured  by  the  product  of  the  mass  into  the  second 
differential  coefficient  of  the  space  regarded  as  a  function  of  the  time. 


4#  ELEMENTS    OF    ANALYTICAL    MSCHAVIC8. 

§62.— To  fflaftnte.    Let  there  be  fiie  lelation 

«  =  a/»  +  5i» (14) 

reqaired  fiie  wp^ce  described  in  three  seconds,  the  Teloci^  at  the  end 
of  the  third  second,  and  the  intensity  of  the  motiTe  Ibrce  at  the  same 
instant. 

Diflferentiating  Equation  (14)  twice,  dividing  each  resolt  hj  dt,  and 
mtiltipljing  the  last  bj  M^  we  find 

j  =  v  =:Safi  +  2bi    .    .    .    .    (15) 

ir.^  =  P  =  ir[6ar  +  26]  •    .     .     (16) 

Make  a  =  20  feet,  &  =  10  feet,  and  t  =z  Z  seconds,  we  havCi 
from  Equations  (14),  (15),  and  (16), 

$  =  20.33  +  10.33  -.  e30  feet; 

v=r  3.20.33  +  2.10.3  =  600  feet; 

P=  ir(6.20.3  +  2.10)  =  380. if. 

That  is  to  say,  the  body  will  move  over  the  distance  630  feet  in 
three  seconds,  will  have  a  velocity  of  600  feet  at  the  end  of  the 
third  second,  and  the  force  will  have  at  that  instant  an  intensity 
capable  of  generating  in  the  mass  M^  a  velocity  of  380  feet  in  one 
second,  were  it  to  retain  that  intensity  unchanged. 

§  53,— Dividing  Equations  (12)   and   (13)  by  if,  they  give 


p 

dv 

M~ 

dt 

P 

d*$ 

M~ 

dfl 

.         •         •         • 


(17) 


(18) 


The  first  member  is  the  same  in  both,  and  it  is  obviously  that 
portion  of  the  force's  intensity  which  is  impressed  upon  the  unit  of 
mass.  The  second  member  in  each  is  the  velodty  impressed  in  the 
unit  of  time,  and  is  called  the  acceleration  due  to  the  motive  force. 
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§54. — From  Equation  (11)  we  have, 

da  =:v.dt (10) 

multiplying  this  and  Equation  (12)  together,  there  will  result, 

P.ds  =  M.v.dv      ....     (20) 


and  integrating, 


fP,di^^^-^ (21) 


The  first  member  is  the  quantity  of  work  of  the  motive  force, 
which  is  equal  to  that  of  inertia ;  •  the  product  M.  v^,  is  called  the 
living  foTe$  of  the  body  whose  mass  is  M,  Whence,  we  see  that 
the  work  of  inertia  i$  equal  to  half  the  living  force ;  and  the  living 
force  of  a  body  is  double  the  quantity  of  work  expended  by  its  inertia 
while  it  ii  acquiring  it$  velocity. 

§  55. — If  the  force  become  constant  and  equal  to  F^  the  motion 
will  be  uniformly  varied^  and  we  have,   from  Equation   (18), 

F  _d^ 
M  ""  rf^* 

Multiplying  by  dt  and  integrating,  we  get 

|.«  =  1'+C  =  .+  C     .    .    (22) 

and  if  the  body  be  moved  from  rest,  the  velocity  will  be  equal  to 
lero  when  t  is  zero ;  whence  (7=0,  and 

^•'  =  '' (23) 

Multiplying  Equation  (22)  by  dt,  after  omitting  0  from  it,  and 
integrating  again,  ve  find 

J?'2='+^' 
and  if  ilie  body  start  from  the  origin  of  spaces,  C  will  be  zero,  and 

F  fi 


M   2 


=  • m 
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Making   t  equal   to   one  second,  in  Equations  (24)  and  (23),  and 
dividing  the  last  by  the  first,  we  have 

1-  -L 
2  "*  v' 

or,  V  =z2s (25) 

That  is  to  say,  the  velocity  generated  in  the  Jirst  unit  of  time  i$ 
measured  hy  double  the  space  described  in  acquiring  this  velocity, 
Equations  (23),  (24),  and  (25)    express  the  laws  of  constant  forces. 

§56. — The  dynamical  measure  for  the  intensity  of  a  force,  or  the 
pressure  it  is  capable  of  producing,  is  assumed  to  be  the  effect  this 
pressure  can  produce  in  a  unit  of  time,  this  effect  being  a  quantit} 
of  motion,  measured  by  the  product  of  the  mass  into  the  velocity 
generated.  This  assumed  measure  must  not  be  confounded  with  the 
quantity  of  work  of  the  force  while  producing  this  effect.  The 
former  is  the  measure  of  a  single  pressure;  the  latter,  this  pressure 
repeated  as  many  times  as  there  are  points  in  the  path  over  which 
this  pressure  is  exerted. 

Thus,  let  the  body  be  moved  from  A  to 
B^  under  the  action  of  a  constant  force,  in 
one  second;  the  velocity  generated  will, 
Equation  (25),  be  2AB.  Make  BC  =  2AB, 
and  complete  the  square  BCFE,  BE  will 
be  equal  to  v;  the  intensity  of  the  force 
will  be  M,v\  and  the  quantity  of  work, 
the  product  of  M,v  by  AB,  or  by  its 
equal    ^  v ;    thus    making    the    quantity   of  * 

work  •}  J/v^,  or  the  mass  into  one  half  the 
square  BF\  which  agrees  with  the  result  obtained  from  Equation  (21). 

EQUIUBRIUH. 

§57. — Equilibrium  is  a  term  employed  to  express  the  state  of 
two  or  more  forces  which  balance  one  another  through  the  interven- 
tion of  some  body  subjected  to  their  simultaneous  action.  When 
applied  to  a  body,  it  means  that  the  body  is  at  rest. 


ifBOHAKIOS    07     SOLIDS.  47 

We  must  be  careful  to  distinguish  between  the  extraneous  forces 
which  act  upon  a  bodj,  and  the  forces  of  inertia  which  they  may,  or 
may  not,  develop. 

If  a  body  subjected  to  the  simultaneous  action  of  several  extraneous 
forces,  be  at  rest,  or  have  uniform  motion,  the  extraneous  forces  are 
in  equilibrio,  and  the  force  of  inertia  is  not  developed.  If  the  body 
have  varied  motion,  the  extraneous  forces  are  not  in  equilibrio,  but 
develop  forces  of  inertia  which,  with  the  extraneous  forces,  are  in 
equilibrio.  Forces,  therefore,  including  the  force  of  inertia,  are  ever 
in  equilibrio ;  and  the  indication  of  the  presence  or  absence  of  the 
force  of  inertia,  in  any  case,  shows  that  the  body  is  or  is  not  chang- 
ing its  condition  in  respect  to  rest  or  motion.  This  is  but  a  conse- 
quence of  the  universal  law  that  every  action  is  accompanied  by  an 
equal  and  contrary  reaction, 

THE    OOBD. 

g  58. — A  cord  is  a  collection  of  material  points,  so  united  as 
to  form  one  continuous  and  flexible  line.  It  will  be  considered, 
in  what  immediately  follows,  as  perfectly  flezibUy  inexlemnble,  and 
without  thickness  or  weight. 

§59. — By  the  tension  of  a  cord  is  meant,  the  effort  by  which  any 
two  of  its  adjacent  particles  are  urged  to  separate  from  each  other. 

§160. — ^Two   equal   forces,  P   and  i^,  applied   at  the   extremijiea 
A,  A'  of  a  straight  cord,  and 
acting  in  opposite  directions 

from   its  middle  point,  will  £ ^  A j» 

maintain  each  other  in  equi- 
librio.     For,  all  the  points 

of  the  cord  being  situated  on  the  line  of  direction  of  the  forces,  any 
one  of  them,  as  0,  may  be  .taken  as  the  common  point  of  applica* 
tion  without  altering  their  effects;  but  in  this  case,  the  forces  being 
equal  will,    §34^    neutralize  each  other. 
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§  61. — If  two  equal  forces,  P  and  P\  solicit  in  opposite  direotioDB 
the  extremities  of  the  cord 
A  A\  the  tension  of  the  cord 

will  be  measured  by  the  in-  ^        -jL— ■■■»■!  n  mi  i(^         T 

tensity  of  one  of  the  forces. 
For^  the   cord  being  in  this 

case  in  equilibrio,  if  we  suppose  any  one  of  its  points  as  0,  to  become 
fixed,  the  equilibrium  will  not  be  disturbed,  while  all  communica- 
tion  between  the  forces  will  be  intercepted,  and  either  force  may 
be  destroyed  without  affecting  the  other,  or  the  part  of  the  cord  on 
which  it  acts.  But  if  the  part  ^0  of  the  cord  be  attached  to  a 
filed  point  at  0,  and  drawn  by  the  force  P  alone,  this  force  must 
measure  the  tension* 

THE    MUFFLE. 

§62. — Suppose  A^  A\  B^  ^,  &c.,  to  be  several  small  wheels  or 
pulleys  perfectly  free 
to  move  about  their 
centres,  which,  con- 
ceive for  the  present 
to  be  fixed  points. 
Let  one  end  of  a  cord 
be  fastened  to  a  fixed 
point     (7,     and     be 

wound    around    the  f^ 

« 

pulleys  as  represent- 
ed in  the  figure;  to  the  other  extremity,  attadi  a  weight  w.  Hie 
weight  w  will  be  maintained  in  equilibrio  by  the  resistance  of  the 
fixed  point  (7,  through  the  medium  of  the  cord.  The  tension  of  the 
cord  will  be  the  same  throughout  its  entire  length,  and  equal  to 
the  weight  w ;  for,  the  cord  being  perfectly  flexible,  and  the  wheeb 
perfectly  free  to  move  about  their  centres,  there  is  nothing  to 
intercept  the  fpee  transmission  of  tension  from  one  end  to  the  other. 
Let  the  points  8  and  r  of  the  cord  be  supposed  for  a  momenti 
fixed;  the  intermediate  portion  sr  may  be  removed  without  afiecting 
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the  tension  of  the  cord,  or  the  equilibrium  of  the  weight  w.  At 
the  point  r,'  apply  in  the  direction  from  r  to  a,  a  force  whose  inten- 
sity is  equal  to  the  tension  of  the  cord,  and  at  <  an  equal  force 
acting  in  the  direction  from  «  to  6;  the  points  r  and  9  may  now  be 
regarded  as  free.  Do  the  same  at  the  points  *',  r',  «^'',  r^\  ^''  and 
r"''',  and  the  action  of  the  weight  tr,  upon  the  pulleys  A  and  A'  will 
be  replaced  by  the  four  forces  at  «,  ^^  ff'  and  ff'\  all  of  equal  in- 
tensity and  acting-  in  the  same  direction. 

Now,  let  the  centres  of  the  pulleys  A  and  A'  be  firmly  con- 
nected  with  each  other,  and  with  some  other  fixed  point  as  m,  in 
the  direction  of  BA  produced,  and  suppose  the  pulleys'  diminished 
indefinitely,  or  reduced  to  their  centres.  Each  of  the  points  A  and 
A'  will  be  solicited  in  the  same  direction,  and  along  the  same  line, 
by  a  force  equal  to  2w,  and  therefore  the  point  m,  by  a  force 
equal   to  4 10. 

Had  there  been  six  pulleys  instead  of  four,  the  point  m  would 
have  been  solicited  by  a  force  equal  to  62£f,  and  so  of  a  greater 
number.  That  is  to  say,  the  point  m  would  have  been  solicited  by 
a  force  equal  to  w^  repeated  as   many  times  as  there  are  pulleys. 

If  the  extremity  C  of  the  cord  had  been  connected  with  the  point 
m,  after  passing  round  a  fiflh  pulley  at  (7,  the  point  m  would 
have  been  subjected  to  the  action  of  a  force  equal  to  5w\  if 
seven  pulleys  had  been  employed,  it  would  have  been  urged  by  a 
force  7w;  and  it  is  therefore  apparent,  that  the  intensity  of  the 
force  which  solicits  the  point  m,  is  found  by  multiplying  the  tension 
of  the  cord,  or  weight  w,  by  the  number  of  pulleys. 

This  combination  of  the  cord  with  a  number  of  wheels  or  pulleys, 
is  called  a  muffle, 

§63. — Conceive  the  point  m  to  be  transferred  to  the  position 
mf  or  m'\  on  the  line  AB,  The  centres  of  the  pulley  1^  A,  A\  dec, 
being  invariably  connected  with  the  point  m,  will  describe  equal 
paths,  and  each  equal  to  mm\  or  mm'\  so  that  each  of  the  parallel 
portions  of  the  cord  will  be  shortened  in  the  first  case,  or  length- 
ened in  the  second,  by  equal  quantities;   and  if  e  denote  the  length 

of  the  path  described  by  m,   n  the  number  of  parallel  portions  of 

3 
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tlie  cord,  which  is  equal  to  the  number  of  pulkjs,  and  g,  the  change 
in   length  of  the  portion  uur  in  consequence  of  the  motion  of   m,  ^ 
we  shall  have,  because  the  entire  length  of  the  cord  remains  the  samei, 

n.e  =  i (26) 

The  first  member  of  this  equation  we  shall  refer  to  as  the  chanff€ 
in  length  of  cord  on  the  pulleys, 

§64. — The  action  of  any  force  P,  upon  a  material  point,  may  be 
replaced  by  that  of  a  muffle,  by  making  the  tension  of  its  card  equal 
to  the  intensity  of  the  given  force^  divided  by  the  number  of  parallel 
portions  of  tlie  cord,  or  number  of  pullies, 

VIRTUAL  VELOCITIES. 

§  65. — Let  M  represent  a  collection  of  material  points,  united  in 
any  manner  whatever,  forming  a  solid  body,  and  subjected  to  the 
action  of  several  forces,  P,  F%  P^\  P^'\  &c,  ;  and  suppose  those 
fi>rces  in  equilibrio. 

Find  the  greatest  force  w,  which  will  divide  each  of  the  given 
forces  without  a  remainder;   replace  the  force  P  by  a  muffle,  having    * 


P 

a  number  of  pulleys  denoted  by  —  ;    the  tension  of  the  cord  will 

w 
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be  denoted  by  w.  Do  the  same  for  each  of  the  forces,  and  we 
shall  have  as  many  muffles  as  there  are  forces,  and  all  the  cords 
will  have  the  same  tension. 

Let  the  several  cords  be  united  into  one,  as  represented  in  the 
figure,  one  end  being  attached  at  C7,  the  other  acted  upon  by  a  weight 
equal  to  the  force  w.  The  action  upon  the  body  will  remain  un* 
changed ;  that  is,  the  substituted  forces,  including  w,  will  be  in  equi- 
librio. 

In  this  state  of  the  system,  let  a  force  Q  be  applied  to  put  the 
body  in  motion,   and   at  the    instant  motion    begins,   withdraw   this 
force  and  stop  the  motion  before  the  equilibrium  of  the  forces  is  des 
troyed.    The  points  of  application  of 
the   original    forces   will    each  have 
described  an  indefinitely  small  path, 
as  m  n.     Let  m  r  be  the  projection 
of  this  path  upon  the  original  direc- 
tion of  the    force,  and   denote  the 
length  of  this  projection  by  e.    Join 
the  point  n  with  any   point   o,  on 
the   direction   of  the   force  and  at 
some  definite  distance  from  m.    From  the  triangle  onr,  we  have     * 

— 2       — 2       — s 
on    =z  or   +  nr  'y 

the  displacement  being  indefinitely  small,  nr    may  be  neglected  in 

■ — 2 

comparison  with  or  ,  being  an  indefinitely  small  quantity  of  the  second 
order;  hence,' 


and, 


on  =:  or. 


om  —  on  z=z  om  '^  or  =:  e. 


But  the  number  of  pulleys  in   the   muffle   which  acts   along  the 
direction  of  the  force  P  is, 


w 


change 


P\  t^     P"'.  t^'     P'''.  e" 


'// 


J   > 


www 


»  6:c., 


for  the  corresponding  changes  in  the  length  of  the  cord  on  the 
muffles. 

In  all  these  changes,  the  cord  being  inextensible,  its  entire  I 
remains  the  same,  and  if  the  change  in  length  which  the  portion 
midergoes   be  denoted  by  g,  wo  shall  have 

—  (P. «  +  -P'. «'  +  P".  e"  +  P"'. «'"  +  &c.)  +  g  =  0    .    .  (27) 

This  equation  expresses  the  algebraic  sum  of  all  the  changes  * 
the  lengths  of  the  several  parts  of  the  cord,  between  the  points  of 
application,  and  the  fixed  points  towards  which  the  points  of  applica- 
tion are  solicited ;  the  effect  of  these  changes  being  to  shorten  some 
and  lengthen  others,  some  of  the  terms  of  Equation  (27)  must 
be  negative. 

Now  it  is  one  of  the    essential  properties  of  a  systdm  of  fbrces 
in   cquilibrio,  to  leave   a  body  subjected    to    their   action   as  free  to 

§  

move  as  though  these  forces  did  not  exist.  The  additional  force  Q^ 
therefore,  was  wholly  employed  in  developing  the  inertia  of  the 
body  M\  it  was  neither  assisted  nor  opposed  by  the  forces  repre- 
sented by  the  action  of  the  muffles,  bccaose  these  forces  balanced 
each  other,  and  the  motion  was  arrested  before  the  points  of  appli- 
cation were  sufficiently  disturbed  to  break  up  the  equilibrium ;  nor, 
reciprocally,  §  35,  was  tlie  action  of  the  muffles,  nor  the  tension  of 
the    cord   which    produced    this    action,  affected    by   Q.     Hence   tlie 
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muffle,  caused  by  the  slight  motion  of  the  point  of  applieatioii  of  tha  ^      T  ^^ 
force  P,  will,  since  the  cefftre  of  the  pulley  B  is  fixed,  be 

P.e 

• 

1 

w 

and  denotihg  by  e^,  e'\  «'",  &c.,  the  projections  of  the  paths  deserf 
by  the  points  to  which  the  forces  P',  P^'y  P^'%  &c,  are  respectlve^^ 
applied,  on  the  original  directions  of  these  forces,  we  shall  have 


• 
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tenaioii  of  the  cord  was  invariable  daring  the  disturbance.     But  an 

invariable  tension  must  have  kept  the  weight  w  at  rest  during  the 

^placement,  and  we  have  * 

1=0, 

ud  Equation  (27)  will  reduce  to, 

Pe  +  P'e'  +  P'V^  +  P'"e'"  +  &c  =  0  ;    .    .     .    .  (28) 

§66. — ^It  may  be  objected,  that  the  given  forces  are  incommensu« 
nlde,  and  that  therefore,  a  force  cannot  be  found  which  will  divide 
each  without  a  remainder;  to  which  it  is  answered,  that  Equation 
(28),  being  perfectly  independent  of  the  value  of  the  weight  w,  or 
tension  of  the  cord,  this  weight  may  be  taken  so  small  as  to  render 
the  remainder  afler  division  in  any  particular  case,  perfectly  inappre- 
ciable. ' 

§67. — ^The  indefinitely    small   paths  mn^  m'n'^  described   by    the 
points  of  application  of  the  forces;  P  and  P',  during  the  slight  motion 
We  have  supposed,  are  called  virtual  veloci- 
^^ ';  and  they  are  so  called,  because,  being 

^'^  actual    distances    passed    over    by  the  /^ 

P9»iit8  to  which  the  forces   are  applied,  in        ^r^'' 
^^^  same  time,  they  measure  the  relative        Jl,  ^  i»P^ 

of  motion  of  these  points.      The  dis- 
t<ci  rm  and  r'm'y  represented  by  e  4ind 
>    are  therefore,  the  projections  of  the  virtual  velocities  upon  the 
^iriections   of  the   forces.     These   projections   may  fall   on   the   side 
^'Wards  which  the  forces  tend  to  urge  these  points,  or  the  reverse, 
^^pending  j^pon  the  direction  of  the  motion  imparted  to  the  system. 
^  the  first  case,  the  projections  are  regarded  as  positive,  and  in  the 
^^eond,  as  negative.    Thus,  in  the  case  taken  for  illustration,  mr  ia 

• 

positive,   and  m'r'  negative.     The   products  Fe  and  P'e',  are  called 

^tual  moments.     They  are  the  elementary  quantities  of  work  of  the 

hrc^  P  and  P^.      The  forces  are  always  regarded  as  positive;   the 

s^  of  a  virtual   moment   will,  therefore,  depend   upon  that  of  the 

projecdon  of  the  virtual  velocity. 

g  06.-— Referring  to  Equation  (28),  we  conclude,  therefore,  that  token- 
4/99T  several  forces  are  in  equiUbrio^  the  algebraic  sum  of  their  virtual 
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moments  is  equal  to  zero;  and  in  this  consists  what  is  called  the  pra 
ciple  of  virtual  yelocities. 

§69. — Conversely,  if  in  any  system  of  forces,  the  algebraic  sum 
of  the  virtual  moments  "be  equal  tt>  zero,  the  forces  will  be  in  equi- 
librio.  For,  if  they  be  not  in  equilibrio,  some,  if  not  all  the  points  ' 
of  application  will  have  a  motion.  Let  q^  9',  q'\  &c.,  be  the  pro- 
jections of  the  paths  which  these  points  describe  in  the  first  instant 
of  time,  and  Q,  Q\  Q",  &c.,  the  intensities  of  such  forces  as  will, 
when  applied  to  these  points  in  a  direction  opposite  to  the  actual 
motions,  produce  an  equilibrium.  Then,  by  the  principle  of  virtual 
velocities,  we  shall  have 

Pe  +  PV  +  P"e"  +  <kc.  +  Qq+  Q'q'  +  Q'Y  +  &c.  =  0 
But  by  hypothesis, 

Pe  +  P'e'  +  P"c"  +  &c.  =  0, 
and  hence, 

Qq  +  Q'q'  +  Q'Y  +  &c.  =  o  .   .   .   (28)' 

Now,  the  forces  Q^  Qf^  Qf\  &c.,  have  each  been  applied  in  a  direc- 
tion contrary  to  the  actual  motion ;  hence,  all  the  virtual  moments  in 
Equation  (28)'  will  have  the  negative  sign ;  each  term  must,  therefore, 
be  equal  to  zero,  which  can  only  be  the  case  by  making  $,  $',  Qf\ 
d^c,  separately  equal  to  zero,  since  by  supposition  the  quantities 
denoted  by  q^  q\  q'\  are  not  so.  We  therefore  conclude,  that  whea 
the  algebraic  sum  of  the  virtual  moments  of  a  system  of  forces  is 
equal  to  zero,  the  forces  will  be  in  equilibrio. 

Whatever  be  its  nature,  the  effect  of  a  force  will  be  the  same  if 
we  attribute  its  effort  to  attraction  between  its  point  of  application 
and  some  remote  point  assumed  arbitrarily  and  as  fixed  upon  its  line 
of  direction,  the  intensity  of  the  attraction  being  equal  to  that  of  the 
force.  Denote  the  distance  from  the  point  of  application  of  P,  to 
that  towards  which  it  is  attracted,  by  ^,  and  the  corresponding  dis- 
tances in  the  case  of  the  forces  P\  P",  &c.,  by  jo',  p'\  &c.,  respect- 
ively ;  also,  let  ^p^  hp\  ^p",  &c.,  represent  the  augmentation  or  dimi- 
nution of  these  distances  caused  by  the  displacement,  supposed  indefi- 
nitely small,  then  §65,  will 

t  =  hp^  e'  =  hp\  e"  =  h]/\  &c., 
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and  Equation  (28)  may  be  written 

F$p  +  F'Sp'  +  P''6p"  +  &c  =  0    .    .    .  (29) 

In  which  the  Greek  letter  8  simply  denotes  change  in  the  value  oC 
the  letter  written  immediately  afler  it,  this  change  arising  from  the 
small  displacement. 

§70. — If  the  extraneous  forces  applied  to  a  body  be  not  in  equi* 
librio,  they  will  communicate  motion  to  it,  and  will  develop  forces  of 
inertia  in  its  various  elementary  masses  with  which  they  will  be  in 
equilibrio ;  and  if  extraneous  forces  equal  in  all  respects  to  these  forces 
of  inertia  were  introduced  into  the  system,  the  algebraic  sum  of  the 
virtual  moments  would  be  equal  to  zero. 

But  if  m  denote  the  mass  of  any  element  of  the  body,  s  the 
path  it  describes,  its  force  of  inertia  will,  Eq.  (13),  be 

and  denoting  the  projection  of  its  virtual  velocity  on  9  by  ^«,  its  vir- 
tual  moment  will  be 

m i. .  Ss  • 

and  because  the  forces  of  inertia  act  in  opposition  to  the  extraneous 
forces,  their  virtual  moments  must  have  signs  contrary  to  those  of 
the  latter,  and  Equation  (29)  may  be  written 

2P.ap  -  2m .  ^  .  (J«  =  0;  .     .     .     .  (30), 

in  which  2  denotes  the  algebraic  sum  of  the  terms  similar  to  that 
written  immediately  after  it. 


PRINCIPLE    OF    D'ALEMBERT. 

§71.-i-This  simple  equation  involves  the  whole  doctrine  of  Mechanics.  '^ 

The   extraneous  forces   P,  P\  P",  &c.,  are  called   impressed  forces.. 

4he  forces  of  inertia  which  they  develop  may  or  may  not  be  equal  to 

them,  depending  upon  the  manner  of  their  application.     If  the  impressed 

forces  be  in  equilibrio,  for  instance,  they  will  develop  no  force  of  inertia ; 
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bat  in  all  cases,  the  forces  of  inertia  developed  will  be  equal  and  con- 
trary to  so  much  of  the  impressed  forces  as  determines  the  change  of 
motion.  The  portions  of  the  impressed  forces  which  determine  a  change 
6f  motion  are  called  effective  forces ;  and  from  Equation  (30),  we  infer 
that  the  impressed  and  effective  forces  are  always  in  equilibrio'when  the 
directions  of  the  latter  are  reversed.  This  is  usually  known  as  D^Alem-^ 
berths  Principle^  and  is  nothing  more  than  a  plain  consequence  of  the 
law  that  action  and  reaction  are  ever  equal  and  contrary. 

This  same  principle  is  also  enunciated  in  another  way.  Since  the 
effective  forces  reversed  would  maintain  the  impressed  forces  in  equi- 
librio,  and  prevent  them  from  producing  a  change  of  motion,  it  follows 
thai  whatever  forces  may  he  lost  and  gained  must  be  in  equilibria;  else 
a  motion  different  from  that  which  actually  takes  place  must  occur. 

REFERENCE  TO  CO-ORDINATE  AXES. 

§  72. — First  Transformation.  Equation  (30)  is  of  a  form  too  general 
(or  easy  discussion,  and  may  be  simplified  by  referring  the  forces  and 
motions  to  rectangular  axes. 

Denote  by  a,  jS,  y,  the  angles  which  the  direction  of  the  force 
F  makes  with  the  axes  x,  y,  z,  respectively;  by  a,  b,  c,  the  angles 
which  its  virtual  velocity  makes  with  the  same  axes;  and  by  9,  the 
angle  which  the  virtual  velocity  and  direction  of  the  force  make  with 
each  other,  then  will 

cos  9  =  cos  a .  cos  a  +  cos  b  .  cos  fi  +  cos  c .  cos  y, 

» 

Denote  by  it,  the  virtual  velocity,  and  multiply  the   above    equation 
by  PAr,  and  we  have 

Pk  cos  p  =  Pk  cos  a .  cos  a  +  Pkcos  b .  cos  )3  +  PJ:  cos  c ,  cos  y ; 

But  denoting  the  co-ordinates  of  the  point  of  application  of  P  by 
«,  y,  ar,  we  have 

k  cos  9  =  ^/) ;  k  cos  a  -=  ^x  \  k  cos  6  =  ^y  ;  k  cos  c  =  ^«  ; 
and  these  values  substituted  above,  give 

P.(Jp  =  Pcosa.^a;  +  Pco8)3.^y  +  Pcosy.fo.  .  .(31). 
Similar  values  may  be  found  for  the  virtual  moments  of  other  forces. 
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§  73. — If  P  be  replaced  by  the  force  of  inertia,  then  will  a,  j3,  and 
y  denote  the  inclinations  of  the  direction  of  this  force  to  the  axes  xyz\ 
h  its  yirtaal  velocity;  a,  d,  and  c  the  inclinations  of  the  latter  to  the 
axesy  and  ^  its  inclination  to  the  direction  of  the  force  of  inertia,  and 
we  iDay,^£q.  (1^,  write 

in»-T— •Arcos^  =  m-7— •co8«.A:co8a-|-m -— co8p.A:coe64"*»  j;;C<>»  y.iboosc. 

But 

ir  cos  0  =  d« ;     ir  cos  a  =  do; ;      )&  cos  d  =  dy ;      i(;  cos  c  =  ds; ; 

(T^.oosarsc^^r;    cP«  cos/3  =  rf'y;    cT*  cos  y  =  cP« ; 
whence, 

m--^-d«  =in--^-d;r  +  «»--;^-^y  +  ^r-j^'^^]  •  (82), 

and  similar  expressions  may  be  found  for  the  virtual  moments  of  the 
forces  of  inertia  of  the  other  elementary  masses. 

§  74. — If  the  intensity  of  the  force  P,  be  represented  by  a  portion 
of  its  line  of  direction,  which  is  the  practice  in  all  geometrical 
illustrations  of  Mechanics,  the  factors  F  cos  a,  P  cos  P,  and  P  cos  y, 
in  Equation  (31),  would  represent  the  intensities  of  forces  equal  to 
the  projections  of  the  intensity  P,  on  the  axe^ ;  and  regarding  these 
as  actmg  in  the  directions  of  the  axes,  the  factors  Sx^  ^y,  and  Sz,  will 
represent  the  projections  of  their  virtual  velocities,  which  virtual  veloci- 
ties will  coincide  with  that  of  the  force  P. 

Again,  Equation  (32), 

(Px  d^y  d^z 

dt^         dt^         dt^ 

are  forces  of  inertia  in  the  directions  of  the  axes,  and  Sx,  Sy,  Sz,  aro 
the  projections  of  their  virtual  velocities ;  these  virtual  velocities  coincide 
with  that  of  the  inertia  of  m. 

The    values  of  these  virtual  velocities  depend  upon^the  nature  of 
the  displacement. 
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TREB   MOTION   OF   A   RIGID    BTSTBM. 

§  I64 — Second  Trans/armation.    By  the  substitation,  ia  Equation  (30), 

for  Pdp  and  m .  j-; .  d«,  their  values  in  Equations  (31)  and  (32),  tliere 

would  result  an  equation  containing,  in  general,  three  times  as  many  vari- 
ations of  xyz  as  there  are  extraneous  forces  and  elementary  masses,  m. 
Where  the  forces  are  applied  to  a  body  Avhose  elementary  masses  are  in- 
variably connected — that  is,  to  a  rigid  solid — tlie  number  of  these  varia- 
tions is  greatly  reduced,  in  consequence  of  the  relations  determined  by 
tliis  connection. 

The  most  general  motion  wo  can  attribute  to  a  body  is  one 
of  translation  and  of  rotation  combined.  A  motion  of  tranala- 
tion  carries  a  body  from  place  to  place  through  space,  and  its 
position,  at  any  instant,  is  determined  by  that  of  some  one  of  its 
elements.  A  motion  of  rotation  carries  the  elements  of  a  body 
around  some  assumed 
point  In  this  investi- 
gation, let  this  '  point 
bo  lliat  which  deter- 
mines the  body's  place. 

Denote  its  oo-ordi- 
nalts  by  r^  y,  x^  and 
those  of  the  element 
w,  referred  to  this  point 
as  an  origin  by  jr',  y\ 
t' \  there  will  thus  bo 
two  sots  of  axes,  and 
suppi^sing  them  parallel, 
wo  have 


/r 


«  =  »,  +  *'. 
y  —  yi-^  y\ 


(33). 


and  differentiating, 


rfx  =  (ir,  -f 
dy  =  dy^  -f 
dM  ziz  dx^+  di\ 


dx\    ^ 
d^\     I 


(34). 
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Demit  from  m,  the  per- 
pendiculars m  JT,  m  F^,  mZ' 
upon  the  movable  axes.  • 
Denote  the  first  by  r',  the 
second  by  r",  and  the  third 
by  r''\  Let  0',  0",  0'", 
be  the  projections  of  m,  on 
the  planes  xy^  xz,  j/z,  res- 
pectively. Join  the  several 
points  by  right  lines  as 
indicated  in  the  figure. 

Denote  the  angle 


f/ 


*•'<_. 


^         ^^T^^'^'^J    ^  ^-^    _ 


^ 


r 


1    /    / 


.r 


'.J 


.^ -',,'.' 


C^ 


ii^<    ... 


•  i»-  •         r' 


e-  ■ 


.  «#iAb««*w««akK      twAO 


dx'  =•  — r'"  sin  9 .  <^  9 ; 

if  it   be  turned   through  a   like  angle   about    the   axis  y',   the    cor- 
responding  increment  of  x'  is  found   by   differentiating   the   firbt  of 

Equations  (30),  and 

dx!  z^r'^  cos  •]*  .d-\f. 

If   these    motions  take    place    simultaneously   about    both    axes,   the 

above    become   partial   difierentials   of  x\  and   we  have  for  its  total 

dilTerential, 

dx'  =  r" cos 4^.  1/4^  —  r'"8in9.  rf^, 


eo 
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replacing  r"  cos  4/  and  r"'  sin  9,  by  their  values  in  the  above  Equi^ 
tions,  and  we  get 

dx'  =  z'  .d-^f  —  y'.  J9; 

and  in  the  same  way, 

rfy'  =  a;' .  c?9  —  z'  .dts^ 
dzi' :=  y' .dfH -- z\d -^f^ 


>   .     .     .(38) 


which  substituted  in  Equations  (34),  give 


dx  =  dx^  +  z\d^ 

-y\dq>, 

dy  =  dy^  -f-  x'  .d  9 

—  «' .  rf«r, 

dz  —  d  Zf  +  y'  .d  vS 

^x\d^. 

.    .(39) 


and  because  the  displacement  is  indefinitely  small,  we  may  write 


$x  =:  Sx^  +  2?' ,^4/  —  y'.^9, 
Sy  =  Jy^  +  a:'.  ^9  —  z'  .Svt^ 
6z  =z  $z,  +  y' .Svi  -^  x' ,6^'^ 

and  tbese  in  Equations  (31)  and  (32),  give 

Pco8a,Sx,  +Pcosfi,$y^  +Pcosy.&^ 
+  P  ,{x^  .cosfi  —  y' .  cos  a) .  ^9 
+  P .  (z' .  cos  a  —  «' .  cos  /) .  S^ 
L  +  P  .  (y' .  cos  y  —  2' .  cos  )3) .  te. 


•     • 


.(39)' 


P.Sp  =    H 


dfi    '"'   •   '"    rf/2 

a:'  .  cPy    —    y'  .  ^;p 


dfi 


m  •  -3-5-  •  0 «  =  -s 
at* 


+  m 


+  m 


dfi 
z'.d^x  —  x'  .d^z 


^9 


^4. 


y  ,d^z  —  2' .  cf^y    ^ 


rf»«' 


Similar  values  may  be  found  for  P' .  ^^'  and  m' .  -r-j-  •  Btf^  dec.     in 

these  values  Bx^^  S  y^  and  ^2^ ,  will  be  the  same,  as  also  .^9,  ^4")  ^^ 
SzSj  for  the  first  relate  to  the  movable  origin,  and  the  latter  to  the 
angular  rotation  which,  since  the  body  -is  a  solid,  must  be  of  fqual 
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Talues  for  all  the  elements ;  so  that  to  find  the  values  of  the  virtual 
moments  of  the  other  forces,  it  will  be  only  necessary  suitably  to 
accent  P,  a,  ^,  y,    a?,  y,  «,   x\  y\  z\ 

These  values  being  found  and  substituted  in  Equation   (30),  wa 
shall  find, 


+  Ps  P.  (*\  cosp-y'.  COS tt)-2  w  "'  •  '^y  ~  '^'  •  '^•']  6(f 


>  =0 .  (40) 


t'.d^x  —X 


■^]n 


+  rsP.(«'.oosa— jc'.cos/)— 2  m 

+  [2P.(y\cosy-g^cos/3)-2m.^'''^'^^^'''^]  Sv( 


Now  the  displacement  was  wholly  arbitrary;  the  values  of  drr^,  dy^^ 
dz^j  d9,  6^,  df^,  determined  by  this  displacement,  are  also  arbitrary; 
whence,  by  the  principle  of  indeterminate  co-efficients, 


2P. cos  a  —  2m 


JP.cosjS  —  2m 


cPx 


=  0, 


=  0, 


JP.oosy  —  2m. -3— =  0; 


•       ■    # 


'  / 


(^) 


<:• 


35ii.  (a?'.cosi8  —  y'.cosa)—  2  m 
2  P.  («' .  cos  «  —  a?' .  cos  /)  —  2  m  • 

2P. (/. cosy  — »'.  cos  i3)  — 2m« 


x'.dhf^  y\  d^x 

z'.  d^x  ~  x\  dhi 
dfi 

y^  d^z  —  z\  d^y 
dt^ 


=  0, 


=  0. 


C:.  ^■■-   ■ 


=  0,  U    .  (5) 


; 


r,-*  *■         y. 


%^v.   -  /J 


* '  ■■ 
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§76. — ^These  six  equations  express  either  all  the  circumstances  of 
motion  attending  the  action  of  forces,  or  all  the  circumstances  of 
equilibrium  of  the  forces,  according  as  inertia  is  or  is  not  brought 
into  action;  and  the  study  of  the  principles  of  Mechanics  is  little 
else  than  an  attentive  consideration  of  the  conclusions  which  follow 
firom  their  discussion. 

Equations  {A)  relate  to  a  motion  of  translation,  and  Equations 
{B)  to  a  motion  of  rotation.  They  are  perfectly  symmetrical  and 
may  bo  memorized  with  great  ease. 


COMPOSITION    AND    BESOLTTTION    OF    F0B0E8. 


k 


^  §  77. — When  a  free  body  is  subjected  to  the  simultaneous  action 
of  several  extraneous  forces  which  are  not  in  equilibrio,  its  state  will 
bo  changed ;  and  if  this  change  may  be  produced  by  the  action  ol 
a  single  force,  this  force  is  called  the  resultant,  and  the  several  forces 
are  termed  components. 

The  resultant  of  several  forces  is  a  single  force  whick^  acting  alone^ 
will  produce  the  sanie  effect  as  tlie  several  forces  acting  simultaneously ; 
and  the  components  of  a  single  force,  are  several  forces  whose  simulta- 
neous action  produces   the  same  effect  as   the  single  force. 

If,  then,  several  extraneous  forces  applied  to  a  body,  be  not  in 
equilibrio,  but  have  a  resultant,  a  single  force,  equal  in  intensity  to 
this  resultant,  and  applied  so  as  to  be  immediately  opposed  to  it, 
will  produce  an  equilibrium;  or,  what  amounts  to  the  same  thing, 
if  in  any  system  of  extraneous  forces  in  equilibrio,  the  resultant  of  all 
the  forces  but  one  be  found,  this  resultant  will  be  equal  in  intensity 
and  immediately  opposed  to  the  remaining  force;  otherwise  the  sys- 
tem could  not  be   in  equilibrio. 

Conceive  a  system  of  extraneous  forces,  not  in  equilibrio,  Ad 
applied  to  a  solid  body,  and  suppose  that  the  equilibrium  may  be 
produced  by  the  introduction  of  an  additional  extraneous  force. 
Denote  the  intensity  of  this  force  by  i?,  the  angles  which  its  direc- 
tion makes  with  the  axes  a:,  y  and  «,  by  a,  5  and  c,  respectively, 
and  the  co-ordinates  of  its  point  of  application  by  x,  y,  z.  Then, 
because  the  inertia  cannot  act,  (Px,  cPy,  d!^z  will  be  zero,  and  taking 
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the  two  origins  to  coincide,  Equations  {A)  and  {B),  will  give 

-R  cos  a  +  P'  cos  a'  +  P"  cos  a"  +  P'"  cos  a'"  +  &c.  =  0, 
Jtcosb  +  F'cosp'  +  P"  cos  /3"  +  P'"  cos  /3'"  +  &c.  =  0, 
i?  cos  c  +  P'  cos  /'  +  P"  cos  7"  +  P'"  cos  /'"  +  &C.  =  0  ; 


jR  (4:  cos  d  —  y  cos  a)  +  P'  (ar'  cos  jS'  —  y'  cos  a') 
+  P"  («"  cos  jS"  -  y"  cos  a")  +  &c. 

iJ  («  cos  a  —  a;  cos  c)  +  P'  (2'  cos  a'  —  x'  cos  /') 
+  P"  («"  cos  a"  -  a;"  cos  /')  +  &c. 

iJ  (y  cos  c  —  «  cos  ^)  4-  P'  (y'  cos  y'  —  ar'  cos  )3') 
+  P"  (y"  cos  7"  -  «"  cos  iS")  +  dec. 


0, 


0, 


0. 


Now  B  is  equal  in  intensity  to  the  resultant  of  all  the  other 
forces  of  the  system,  or  in  other  words,  to  the  resultant  of  all  the 
original  forces;  imd  if  we  give  it  a  direction  directly  opposite  to 
that  in  which  it  is  supposed  to  act  in  the  above  equations,  it  be- 
comes in  all  respects  the  same  as  that  resultant,  being  equal  to  it 
m  intensity  and  having  the  same  point  of  application  and  line  of 
direction.  Adding,  therefore,  180®  to  each  of  the  angles  a,  6,  and  c, 
the  first  terms  of  the  foregoing  equations  become  negative,  and 
transposing  the  other  terms  to  the  second  member  and  changing  all 
the  signs,  we  have, 


B'cos  a  =  P'  cos  a'  +  P"  cos  a"  +  P'"  cos  a'"  +  dec. 
i^  cos  6  =  P'  cos  /3'  +  P"  cos  /3"  +  P"'  cos  /3'"  +  &c. 
jR  cos  c  =  P'  cos  7'  +  P"  cos  7"  +  P'"  cos  7'"  +  &c. 


z. . 


I  . .  (41) 


.B(arco86  — ycosa)  = 


£(£008  a —-a;  cose)  = 


B  (y  008  c  —  «  cos  6)  = 


P'  (ar'  cos  /3'  - 
+P"(«"cosi3" 
+  dec. 

P'  («'  cos  a'  - 
+P"(/'cosa" 
+  dec 

P'  (y'  cos  7'  - 
+P"  (y"  cos  7"  . 
+  <Src 


y'  cos  a') 
-y"cos  a") 

x'  cos  7') 
. «"  cos  7") 

^'cosjS')    ^ 
■«"cos/3") 


=Z; 


/  .  ;^"  ''■"• 


4Sp-i#-# 


=iV. 


•  f 
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or, 


jB  cos  a  =  Jf, 

Bcosb  =  Y,  }• (43) 

Bcose  =z  Z, 

jB  {x  cos  b  —  y  cos  a)  =  Z, 

i?  («  cos  a  —  a:  cos  c)  =  M^  > •     (44) 

JR  (y  cos  c  —  z  cos  b)  z=:  N.  ^ 

Eliminating  R  cos  a,  i2  cos  b  and  i^  cos  c,  from  Equations  (44), 
by  means  of  Equations  (43),  we  get,  by  transposing  all  the  terms  to 
the  first  member, 


JTy  -  For  +  Z  =  0, 1 

=  0,    > 


Zx^  Xz  +  M=0,  y (45) 

Yz-  Zy  +  N  z=0.] 

Either  one  of  these  equations  is  but  a  consequence  of  the  other  two. 
Thej  are,  therefore,  the  equations  of  a  right  line — the  locus  of  the 
points  of  application ;  and  from  which  it  is  apparent,  that  the  point  of 
application  of  a  force  may  be  taken  anywhere  on  its  line  of  direction, 
within  the  limits  of  the  body,  without  altering  the  effects  of  the  force. 
The  condition  expressive  of  the  existence  of  the  dependence  of  one  of 
these  equations  on  the  others,  will,  also,  express  the  existencer  of  a  single 
resultant. 

§  78. — To  find  this  condition,  multiply  the  first  of  these  Equations 
by  Z,  the  second  by  F,  the  third  by  X,  and  add  the  products; 
we  obtain, 

ZL+  YM+  XN=:0 (46). 

§70. — Having  ascertained,  by  the  verification  of  this  Equation, 
that  the  forces  .  have  a  single  resultant,  its  intensity,  direction,  and 
the  equations  of  its  direction  may  be  readily  found  from  Equations 
(43)  and  (44). 

Squaring  each  of  the  group  (43),  and  adding,  we  obtain^ 

R^  (cosa  a  +  cos^  d  +  cos2  c)  =  ^  +  F^  +  Z». 


/*'        <**«-^5r,        '' 
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Extiucting  the  square  root  and  reducing  by  the  relationi 


cos'  a  +  cos*  b  +  cos'  c  =  1, 


there  will  result, 


B  =  ^X^  +  Y^  +  z^ 


(47), 


whidi  gives  the  intensify  of  the  resultant,   since  X,   Y  and  Z 
bown. 

Again,  from  the  same  Equations, 


cos  a  =  -TT 


cos  &  = 


cos  c  =  — 


Y 
W 

Z 
B 


(48). 


which  make  known  the  direction  of  the  resultant. 
Hie  group  of  Equations  (45)  give, 

Xy  —Fa;  +  2  P'  (cos  ^'x'  -  cos  a'y')  =  0,  1 

Z  aj  —  -ar«  +  2  P'  (cos  a'  z'  —  cos/' a;')  =  0,  I   .    .    •     (49) 

72  -  Z  y  +  2  P'  (cos  /y'  -  cos^'z')  =  0.  J 

vhicfa  are  the  equations  of  the  line  of  the  resultant 


\ 


f% 


PASALLELOOBAM  OF  FOSOES. 


§80. — If  all  the  forces  be  applied  to  the  same  point,  this  pmnt 
^7  be  taken  as  the  origin  of  co-ordinates,  in  which  case, 


«"  =  «'"  &c.  =  0, 
y"  =  y'"  dec.  =  0, 
f "  =  z'"  &C.  =  0, 


nd  the  last  term  in  each  of  Equations  (40),  will  deduce  to  zero. 
flenoe,  to  determine  the  intensitj,  direction  and  equations   of   the 
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line  of  direction   of  the  resultant,   we   have,   Equations  (47),  (48) 
and  (49), 

B  =  y^jra  +  y^  +  Z^    ....        (50) 


X    ^ 
cos  a  =  — ) 
Ji 


cos  b  = 


r 


cos  c  =  —  > 


(51) 


Xy-  Fa:  =  0,1 

Zx'-Xz=zOA (52) 

r«-Zy  =  O.J 

The  last  three  equations  show  that  the  direction  of  the  resultant 
passes  through  the  common  point  of  application  of  all  the  forces, 
which  might  have  been  anticipated. 

§81. — Let  the  forces  be  now  reduced  to  two,  and  take  the  plane 
of  these  forces  as  that  of  a;y;  then  will 

f  =  7"  =  /"  =  <kc.  =  90«> ;  «  =  0, 
the  last  Equation  of  group  (41)  reduces  to, 


Z  =  0; 
and  the  above  Equations  become. 


X 
cos  a  =  -5» 

.        Y 

cos  6  —  -H' 

Ji 


(53) 


(54) 


COS  c  =  0, 

Xy-  rar  =  0 (55) 

The  last  is  an  equation  of  a  right  line  passing  through  the 
origin.  The  direction  of  the  resultant  wiily  therefore,  past  through  the 
point  of  application  of  the  forces.  The  cos  c  being  zero,  e  is  90®, 
and  ike  direction  of  the  resultant  is  therefore  in  the  plane  of  the  forcee. 
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6T 


l«?; 


) 


0 


; 


Substitating  in  Equation  (53),  for  X  and   Pj  their  values  ftom 
Equations  (41),  we  obtain, 

•  B  =  -/  {P'  cos  a'  +  F"  cos  a")*  +  (/>'  cos  jS'  +  P"  cos  /8")»  j 
and  since 

cos*  a'  +  cos'  i8'  =  1, 
cos'  a"  +  cos3  jS"  =  1, 

this  /^educes  to 


B  =  V-P*  +  -P"a  +  2  P'  P"  (cos  a'  cos  a"  -f  cos  ^'  cos  jS") ; 

denoting  the  angle  made  bj  the  directions  of  the  forces  by  S^  ve 

have, 

cos  a'  cos  a"  +  cos  j8'  cos  j8"  =  cos  ^ ; 

and  therefore^ 

J2  =  yP'2  +  />"2  +  2  F'P"  cos  5 


•    • 


(5«)  J- 


from  which  we  conclude  that  the  intensity  of  the  resultant  is   equal 
to  that  diagonal  of  a  parallelogram  whose  adjacent  sides  represent  the 
dUrtctiont  and  intensities  of  the  components^  which  passes  through  ths 
foini  of  application. 

§82. — Substituting  in  Equations  (54),  the  values  of  X  and  Y^  from 
Equations  (41),  we  have, 

B  cos  a  =z  JP'  cos  a'  +  P"  cos  a", 
-B  cos  6  =  P'  cos  jS'  +  P"  cos  jS", 
and  because 

a'  =  90<>  -  i8', 

a    =90^-6, 
these  Equations  reduce  to, 

i2  cos  a  =  P'  cos  a'  +  P"  cos  a", 
i2  sin  a  =  P'  sin  a'  +  P''  sin  a^j^ 
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and,  by  division, 


fling  _  F  sill  a^  +  P"  sin  a" . 
COS  tt  "■  P'  cos  a'  +  F'  cos  a" ' 

clearing  fractions  and  transposing,  we  find, 

P*'  (sin  a"  cos  a  —  cos  a"  sin  a)  =  P'  (sin  a  cos  a'  —  cos  a  sin  a') ; 

whence, 

P'  __  sin  a"  cos  a  —  cos  a"  sin  a  __  sin  (a"  —-  a)  .     ., 

Sin  a  cos  a  —  cos  a  sm  a         sm  (a  —  a') 

That  is  to  say,  the  intensities  of  the  components  are  inversely  propor- 
tional to  the  sines  of  the  angles  which  their  directions  make  with  that 
of  their  resnltant;  but  this  is  the  relation  that  subsists  between  the 
two  adjacent  sides  of  a  parallelogram  and  the  sines  of  the  angles  which 
they  make  with  the  diagonal  through  their  point  of  meeting.     Whence, 

Eqs.  (50)  and  (66)', 

•  

The  resultant  of  any  two  forces^  applied  to  the  same  pointy  u  t^prt" 

sented^  in  intensity  and  direction,  by  that  diagonal  of  a  parallelogram  of 

which  the  adjacent  sides  represent  the  components. 

Making 

a  —  a'  =  the  angle  RmP*  =z  9', 

and 

R  +  F  +  F'      ^ 

2 =  ^' 

we  have,  from  the  usual  trigonometrical  formula. 


§  83. — In  the  triangle  R  m  T',  since  P'  R  is  equal  and  parallel  to 
the  line  which  represents  the  force  P",  the  angle  mP'R=z(p,  is  the 
supplement  of  the  angle  d,  made  by  the  directions  of  the  components, 
and  there  will  result  the  following  equation : 


cos  ^d  =  sin  ^9 

■:■  /'--'• 

y. 

« 

W' 


{S  -  P')  {S  -  P") 

pf  ptt  •    •    •    V^°; 
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t 


Equation  (57),  will  make  known  the  angle  made  by  the  direction 
of  the  resultant  with  that  of  either  of  two  oblique  components,  pro 
Tided,  the  intensities  of  the  components  and  resultant  be  known. 

§84.^Also,  from  the  two  triangles  RmF'  and  RmF'\  we  find, 


nn9'  = 


0119"  = 


F" .  sin  6 
R       ' 

P' .  sin  ^ 
R       • 


'^  i/i  o"'  C^)-    ^fm   " 


(59), 


from  which  the  angles  made 
by  the  direction  of  the  result- 
Mit  with  its  two  components  may  be  found. 

§85. — Let  there  now  be  the  three  forces  P,  P',  P",  applied  to 
the  material  point  m,  in 
the  directions  m  P,  m  P', 
••P',  not  in  the  same  plane ; 
tke  resultant  will  be  repre- 
sented in  intensity  and  direc- 
tion by  the  diagonal  of  a 
P^ndlelopipedon,  constructed 
upon  the  lines  representing 
^  directions  and  intensities 
^^  these  components.  For, 
^1  off  the  distances  mA^ 
'^  0,  and  m  E^  proportional 
to  the  intensities  of  the  com- 
ponents which  act  in  the  direction  of  these  lines,  and  construct  the 
F^^dopipedon  UB  \  the  resultant  of  the  components  P'  and  P 
^  §82^  be  r^yres^ted  by  the  diagonal  mP,  of  the  parallelogram 
^ABOi  '^^  ^  resultant  of  this  resultant  and  the  remaining  com- 
i^^^nA  P^,  will  be  represented  by  the  diagonal  m  2)  of  the  parallelo- 
t^  BmBD^  which  is  that  of  the  parallelopipedon. 

|Hb«— If  llie  fbrces  act  at  right  angles  to  each  other,  the  parallel* 
idoR  irfll  become  rectangular,  and  the  intensity  of  the  resultant^ 
f  vQ]  become  known  ftom  the  formula 
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B=:  -/^T'p^M^P^; 


and  if  the  angles  which  the 
direction  of  the  resultant 
makes  with  those  of  the 
forces  P,  P'  and  P",  be 
represented  by  a,  6,  and  c, 
respectively,  then  will 


B 

cos  a 

= 

p. 

B 

C086 

= 

p'. 

B 

cose 

— ■ 

p". 

Let  three  lines  be  drawn  through  the  point  of  application  m\  of 
the  force  P\  parallel  to  any  three  rectangular  axes  x,y,z]  and  denote 
by  a',  P',  y\  the  angles  which 
the  direction  of    this    force 
makes   with  these  axes  res- 
pectively; then  will 

F*  cos  a', 
F'  cos  ^\ 
F*  cos  7 ', 


be  the  components  of  the  force  P',  in  the  direction  of  the  axes,  and 
they  will  act  along  the  lines  drawn  through  the  point  m\  These  are 
the  same  as  the  terms  composing  in  part  Equations  (A),  and  as  the 
effect  of  the  components  is  identical  with  that  of  the  resultant,  tliese 
components  may  always  be  substituted  for  the  force  P'.     The  isame 


for  the    forces  of   inertia^  and    iw-t-tj  «»— r:T»  and  m— r^ 

dt^         dfi  dr- 

components  of  this  force  in  the  directions  of  the  axes. 


denote   the 
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^S7,— Examples. — 1.  Let  the  point  m,  be  solicited  by  two  forces 
whose  intensities  are  9  and  5,  and  whose  directions 
make  an  angle  with  each  other  of  57°  S0\  He- 
quired  the  intensity  of  the  force  by  which  the 
point  is  urged,  and  the  direction  in  which  it  is 
compelled  to  move. 

First,  the  intensity;  make  in  Equation  (56), 


S 


9, 

57<»  30' ; 


and  there  will  result, 


B  =  V  8i  +  25  +  90  X  0,  537  =  12,422. 

Again,  substituting  the  values  of  J,  P'  P"  and  i2  in  the  first  <f 
Equations  (59),  we  have, 

5  X  sin  57<»  30' 


sin  (p'  = 


12,422 


or. 


9'  =  19°  50'  35"  nearly. 


which  is  the  angle  made  by  the  direction  of  the  force  9  with  that  of 
the  resultant 


2. — Bequired  the  angle  under  which  two  equal  components  should 
act,  in  order  that  their  resultant  shall  be  the  n*^  part  of  either  of  them 
separately. 

By  condition,  we  have 


hence. 


P'rr  P"  =  fiR; 


P'  +  P"  +  B  nR  +  nR  +  E_  {2n  +  I)  B 

2  "      "*  2  "  2  ' 


and|  Equation  (58), 


^  t,  =  ^/SZ9^H3,    " 
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which  reduoes  to 

fdn  i-o  =  ±  — • 

If  n  be  equal  to  unitj,  or  the  resultant  be  equal  to  eidier  foroi^ 

9  =  600, 

and,  §83,  the  angle  of  the  components  should  be  120^. 

3. — Required  to  resolve  the  force  18  =  a,  into  two  components 
whose  difference  shall  be  5  =  5,  and  whose  directions  make  with 
each  other  an  angle  of  38°  =  S.  Also,  to  find  the  angle  which  tha 
direction  of  each  component  makes  with  that  of  the  resultant* 

Writing  a  for  i2  in  Equation  (56),  we  have, 

jy2  +  p/'2  +  2P'i>"  cos  ^  =  a^, 

and  by  condition, 

P''-P"=:b (c). 

Squaring  the  second  and  subtracting  it  from  the  first,  we  get 

2P'P"  (1  +  cos  ^  =  a'  -  ja ; 

which,  replacing  (1  +  cos  S)  by  2  cos^  i  ^,  reduces  to 

COS*  i  $ 

This  added  to  the  square  of  the  Equation  (c),  gives 

V  cos^  -J-  0 

from  which  and  Equation  (c)  we  finally  obtain, 


^  =  i  (*  x/^^^^F®  +  0  =  ■^'»». 


which  are  the  required  components. 

To  find  the  angles  which  their  directions  make  with  the  resu!taiit| 
we  have  from  Equations  (59), 

9"  =  24®  =  the  angle  which  P"  makes  with  the  resultant. 
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and, 


9'  =  14®  =  angle  which  P'  makes  with  the  resultant. 


4. — Required  the  angle  under  which  two  components  whose  inten- 

5  and  7  should  act,  to  give  a  resultant  whose 


^ 


s 


^•i 


l*^-^ 


^ 


V 


w 


s 

c 


) 


\ 


> 


\ 


X 

> 


;» 


wne  pome . 

Let  P',  P",  P"',  &C.,  be 
Beveral  forces  applied  to  the 
same  point  m.  Upon  the 
directions  of  the  forces,  lay 
off  from  the  point  of  ap- 
plication distances  propor- 
tional to  the  intensities  of 
tlie  forces,  and  let  these  dis- 
tances  represent  the  forces. 
From  the  extremity  P'  of 
the  line  fnP\   which   repre- 


y 


w 
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sents  the  first  force,  draw  the  line  P'n  equal  and  parallel  to  mP* 
which  represents  the  second,  then  will  the  line  joining  the  extremity 
of  this  line  and  the  point  of  application,  represent  the  resultant  of 
these  two  forces.  From  the  extremity  n,  draw  the  line  nW  equal 
and  parallel  to  mP"'  which  represents  the  third  force;  mn'  will 
represent  the  resultant  of  the  first  three  forces.  The  constructioii 
being  thus  continued  till  a  line  be  drawn  equal  and  parallel  to 
every  line  representing  a  force  of  the  system,  the  resultant  of  the 
whole  will  be  represented  by  the  line,  (in  this  instance  m  n"),  join- 
ing the  point  of  application  with  the  last  extremity  of  the  last 
line  ^rawn.  Should  the  line  which  is  drawn  equal  and  parallel  to 
that  which  represents  the  last  force,  terminate  in  the  point  of  appli- 
cation, the  resultant  will  be  equal  to  zero. 

The  reason  for  this  construction  is  .too  obvious  to  need  expla- 
nation. 

§89. — ^If  the  forces  still  be  supposed  to  act  in  the  same  plane, 
but  upon  different  points  of  the  plane,  the  first  of  Equations  (49) 
takes  the  form, 

Za;  -  JTy  =  2  [P'  (cos  jS'  x'  -  cos  a'  y')  ], 

thus,  differing  from  Equation  (55),  in  giving  the  equation  of  the  line 
of  direction  of  the  resultant  an  independent  term,  and  showing 
that  this  line  no  longer  passes  through  the  origin.  It  may  be  con- 
structed from   the  above  equation. 

§90. — To  Hnd  the  resultant  in  this  case,  by  a  graphical  constnio 
tion,  let  the  forces  P', 
P",  P'"  &c.,  be  ap- 
plied to  the  points  iw', 
m",  m'",  <kc.,  respec- 
tively. Produce  the 
directions  of  the  forces 
P  and  P"  till  they 
meet  at  0,  and  take 
this  as  their  common 
point  of  application ; 
lay  off  from    0,   on  the    ines.  of  direction,  distances  OS  and  Off- 
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proportional  to  the  intensities  of  the  forces  P'  and  P",  and  construct 
the  parallelogram  0 BRff^  then  will  OR  represent  the  resultant  of 
these  forces.  The  direction  of  this  resultant  being  produced  till  it 
meet  the  direction  of  the  force  P"\  produced,  a  similar  construction 
will  give  the  resultant  of  the  first  resultant  and  the  force  P"'^ 
which  will  be  the  resultant  of  the  three  forces  F\  P"  and  P"' \ 
and  the  same  for  the  other  forces. 


OF  PARALLEL  FOSCES. 

X 

§91. — If  the  forces  act  in  parallel  directions, 

cos  a'  =  cos  a"  =  cos  a'"  =  &c., 
cos  i8'  =  cosiS"  =  cos  jS'"  =  &C., 
COS  y  =  cos  /"  =  cos  y'"  =  Ac, 

and  Equations  (41)  become, 

X  =  (P'  +  P"  +  P'"  +  &o,)  cos  a', 
F  =  (P'  +  P"  +  P'"  +  <kc.)  cos  ^\ 
Z=:(P'  +  P"  +  P'"  +  <kc)  cos  7' ; 

these  values  in  Equation  (47)  give, 

-R  =  db      V(P'  +  P"  +  P'"  +  &c.)'  (cos2  a'  +  cos3  )8'  +  cos*  pj, 

but, 

oos«  a'  +  cos3  iS'  +  cos2  7'  =  1 ; 
hence, 

J2  =  P'  +  P"  +  P'"  +  &c  .    .    .    .-^  .  ^60) 

If  some  of  the  forces  as  P",  P"',  act  in  directions  opposite  to 
the  others,  the  cosines  of  a"  and  a'"  will  be  negative  while  they 
have   the  same  numerical  value;  and  the  last  equation  will  become 

22  =  P'  -  P"  -  P"'  +  &C. 

Whence  we  conclude,  that  the  resultant  of  a  number  of  parallel 
forees  is  equal  in  intensity  to  the  excess  of  the  sum  of  the  inteti- 
sities  of  those  which  act  in  one  direction  over  the  sum  of  ths 
intensities  of  those  which  act  in  the  opposite  direction. 
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§  92.— The  values  of  i2,  X,  T  and  Z  being  substituted  in  Eqoi^ 
tions  (48)  give, 

_  {P'  +  P"  -f  P""  +  &c)  OPS  a' ^  ^, 

P'  +  P"  +  P'"  +  <fec.  -      — 


cos  a  =  ■    ^.     . ;;TTr-: »»,     .      o =  COS  tt', 


,       (P'  4-  P"  +  P'"  +  &c)  COS  i8'  -, 

^^  =  V  +  i>--f  P-  +  &C =  ~^^» 

(P'  +  P"  +  P'"  +  &c.)  COS  y' 
"^''^'F^F^-^P^'^  +  ^c. =^^- 

The  denominator  of  these  expressions,  being  the  resultant,  is  essen- 
tially positive ;    the  signs  of  the  cosines  of  the  angles  a,  b  and   e^ 
will,  therefore,  depend  upon  the  numerators;   these  are  sums  of  the 
components  parallel  to  the  three  axes. 

Hence,  the  resultant  acts  in  the  direction  of  those  forces  who$€ 
cosine  coefficients  are  negative  or  positive  according  as  the  sum  of  the 
former  or  latter  forces  is  the  greater. 

§93. — Equations  (49),  which  are  those  of  the  resultant,  becomei 
after  replacing  X,  F,  and  Z,  by  their  values  In  Equations  (42), 

By  .COS  a  — Hx.  cos  6  -h  cos  jSM  P'x'  —  cos  a' .  S  P'y' =  0, 
Ex .  cos  c  —  jRz  .  cos  a  -f-  cos  a' .  2  P'z'  —  cos  7' .  2  PV=  0, 

Bz ,co8b—Ey. cos c  -f  cos  7M  P'y'  —  cos /3'. 2  P'z'=  0  ; 

and  because, 

^   cos  a  =  cos  a', 

cos  b  =  cos  /8', 

cos  c  =  cos  y  ; 
we  have, 

{Ry  -  IPy') .  cos  a'-  {Rx  -  2PV) .  cos  ^'=  0,     7 
(i2x  -  2PV) .  cos  y-  {Rz  -  2P'2') .  cos  a'  =:  0,        '" '  5^ 
(i?2  -  2P'2') .  cos  i^'-  {Ry  -  2P'?/') .  cos  7'  =  0  ;  J 
and  because  a',  /3'   and  7',  are  connected  only  by  the  relation 
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cosV  +  cos'i3'  -f  co8*y'  =  1  ; 

gmesof  these  angles   are  wholly  arbitrary,  and 

-  .      ^        "  ,       '  y  dispens- 


*       •  ■ 


.     \      ' 


•  • 


(61) 


>»**»<' 


v*J 


s  known, 
equations ; 
•  direction 
retain  the 
:ntB  being 


^    .    •-.*^  point    of 

foTcen^  and 
^J  be  detmed  to  .oe,  imu  ptnn$  %n  u  ey^^ctf  s^j  ^^« «••«»  ^«.  ses  ihrough 
vAmA  (hi  resultant  of  the  system  will  always  pass,  whatever  be  the 
^^eljbn  of  the  forces^  provided^  their  intensities  and  points  of  applU 
^^^  remain  the  same. 

§91— Dividing  each  of  the  above  Equations  bj  B^  we  shall  have 


X  = 


y  = 


z  = 


PV  +  P''x''  +  P'^'x'"'  +  &c. 

P'  +  P"  +  P'"  +  &c. 

PV  +  P^^g^^  +  P'^'z'^'  +  &c. 
P'  +  P"  +  P'"  +  &c. 


>  • 


(62) 


Ijence,  eiMer  co-ordinate  of  the  centre  of  a  system  of  parallel  forces 
*  *9tta/  tfi  the  algebraic  sum  of  the  products  which  result  from  multU 
*^'n^  the  intensity  of  each  force  by  the  corresponding  co-ordinate  of  its 
^Hi  of  ajfplication,  divided  by  the  algebraic  sum  of  the  forces. 

If  the  points  of  application  of  the  forces  be  in  the  same  plane, 


Y8 
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the  co-ordinate  plane  «y,  maj  be  taken  parallel  to  this  plane,  in 
which  case 


and, 


f  = 


^  =  «"  =  «'"  =  «""  &c. ; 
{P'  +  P*'  +  P'''  +  dec)  g^ 


=  ''; 


from  which  it  follows  that  the  centre  of  parallel  forces  is  also  in  this 
plane. 

If  the  points  of  application  be  upon  the  same  straight  line,  tak« 
the  axis  of  x  parallel  to  this  Une ;  then  in  addition  to  the  above  results, 
ire  have 

y'  =  y"  =  y'"  =  &C. ; 

and, 

whence,  the  centre  of  parallel  forces  is  also  upon  this  line.       , 

§  95.^If  we  suppose  the  parallel  forces  to  be  reduced  to  two,  viz, 
P*  and  P",  we  may  assume  the  axis  x  to  pass  through  their  points 
of  application,  and  the  plane  z  y  to  contain  their  directions,  in  which 
case.  Equations  (60)  and  (61)  become, 

R  ^  P'  -^r  P" 
y       Rx-  P'x^  +  P"x" 
s;  =  0  and  y  =  0. 


Multiplying  the  first  by  x\  and  subtracting 
the  product  from  the  second,  we  obtain 

R  {x  -  x')  =  P"  («"  -  x')  .  .  (a) 

Multiplying  the  first  by  x"  and   sub- 
tracting  the  second  from  the  product, 

we  get 

R  {x"  ^x)  =  P'  {x" 


-*0 


a  a  •  • 


(>) 


Denoting  by  J^  and  S",  the  distances  from  the  points  of  application 
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of  P'  and  P"  to  that  of  the  resultant,  which  are  x-^x'  and  x"  ••*  » 
respectivelj,  ve  have 

ar"-«'  =  5'  +  ^'\ 

and  from  Equations  (a)  and  (5),  there  will  result 

F'  X  P"  I  B  II  ^'  I  ff  I  S'  +  ff     .    .    .    .   (63) 

If  the  forces  act  in  opposite  directions,  then,  on  the  supposition 
that  P'  is  the  greater,  will 

JB  =  P'  -  P" 
jRr  =  PV  -  P"x"    X 
«  =  0,  y  =  0. 

and  bj  a  process  plainly  indicated  by 
what  precedes, 

P'iP"iRixS^'iS^:S'-^S\  .    (64). 


From  this  and  Proportion  (63),  it  is       Ji     " 
obvious  that  the  point  of  application  of 
the  resultant  is  always  nearer  that  of  the 
greater- component;   and  that  when   the 

components  act  in  the  same  direction,  the  distance  between  the  point 
of,  application  of  the  smaller  component  and  that  of  the  resultant,  is 
less  than  the  distance  between  the  points  of  application  of  the  com* 
ponents,  while  the  reverse  is  the  case  when  the  components  act  in 
opposite  directions.  In  the  first  case,  then,  the  resultant  is  between 
the  components,  and  in  the  second,  the  larger  component  is  always 
l)etween  the  smaller  component  and  the  resultant. 

And  we  conclude,  generally,  that  the  resultant  of  two  forces  which 
solicit  two  points  of  a  right  line  in  parallel  directions,  is  equal  in  inten- 
9itj/  to  the  sum  or  difference  of  the  intensities  of  the  components,  accord- 
ing as  they  act  in  the  same  or  opposite  directions,  that  it  always  acts 
in  the  direction  of  the  greater  component,  that  its  line  of  direction  is 
contained  in  the  plane  of  the  components,  and  that  the  intensity  of  eitlier 
component  is  to  that  of  the  resultant,  as  the  distance  between  the  point 
cf  application  of  the  other  component  and  that  of  the  resultant,  is  to 
the  distance  between  the  points  of  application  of  the  components. 
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JCi 


IJF 


§96. — ExampleB. — 1.  The  length  of  the  line  m' m"  joining  the 
points  of  application  of  two  parallel  forces 
acting  in  the  same  direction,  is  30  feet ;  the 
forces  are  represented  hj  the  numbers  15 
and  5.  Required  the  intensity  of  the  re- 
sultant, and  its  point  of  application. 

i?  =  P'  +  P"  =  15  +  5  =  20 ; 

20  :  15  ::  30  :  m''o  =  22,5  feet. 

A  single  force,  therefore,  whose  intensity  is  represented  by  20,  applied 
at  a  distance  from  the  point  of  application  of  the  smaller  force  equal 
to  22,5  feet,  will  produce  the  same  effect  as  the  given  forces  applied 
at  m"  and  m', 

2. — Required  the  intensity  and  point 
of  application  of  the  resultant  of  two 
parallel  forces,  whose  intensities  are  de-  /  ^fL 

noted  by  the  numbers  11  and  3,  and 
which  solicit  the  extremities  of  a  right 
line  whose  length  is  16  feet  in  opposite 
directions.  '  ^'^ 


i?  =  P'  -  P"  =  11  -  3  =  8, 
F'  ^r'  :  P'  ::  f»"m' 


m"o  = 


F'^.m^'m' 


=  22  feet. 


P'  -  P" 

3. — Giyen  the  length  of  a  line  whose  extremities  are  solicited  in 
the  same  direction  by  two  forces,  the  intensities  of  which  differ  by 
the  n'^  part  of  that  of  the  'smaller.  Required  the  distance  of  the 
point  of  application  of  the  resultant  from  the  middle  of  the  Ihie. 
Let  2  /,  denote  the  length  of  the  line.    Then,  by  the  conditions, 


F'  =zF"  +  — P"  =  (^^^^^  P" 

J2=    (1±1)  p"  +  p'r  ^^!L±1 
\     n     /  n 

(?^-±-i)  P"  :F"::2i:  m'o  = 


^ 

i ' 


vt 


2n+  1 


co  =  /- 


2nl 


2»  +  1       2»  +  1 


/. 


4- 
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§97. — ^The  rule  at  the  dose  of  §05,  enables  us  to  determine  by  a 
very  easy  graphical  construction,  the  position  and  point  of  application 
of  the  resultant  of  a  number  of  parallel  forces,  whose  directions, 
intensities,  and  points, of  application  are  given. 

Let  P,  P',  F\  F*\  and  P^ 
be  several  forces  applied  to  the 
material  points  m,  m',  m",  m'", 
and  m*^,  in  parallel  directions. 
Join  the  points  m  and  m*  by  a 
straight  line,  and  divide  this  line 
at  the  point  o,  in  the  inverse 
ratio  of  the  intensities  of  the 
forces  P  and  P* ;  join  the  points 
o  and  m!'  by  the  straight  line 
om'',  and  divide  this  line  at  o\ 

in  the  inverse  ratio  of  the  sum  of  the  first  two  forces  and  the  force 
P" ;  and  continue  this  construction  till  the  last  point  m^  is  included, 
then  will  the  last  point  of  division  be  the  point  of  application  of  ihe 
resultant,  through  which  its  direction  may  be  drawn  parallel  to  that 
of  the  forces.  The  intensity  of  the  resultant  will  be  equal  to  tha 
algebraic  sum  of  the  intensities  of  the  forces. 

Hie  position  of  the  point  o  wiU  result  from  the  proportion 


P  +  P'  :  P'  : :  m  m'  :  m  0  = 


P*  .mm' 
P+  r' 


that  of  o'  from 


P  +  P*  +  P"  I'P"  i:  om"  :oo'  = 


F'.om" 


P+P'  +  P' 


t  f 


tliat  of  o"  from 


JP+  P'  +  P''  ^  P"' :  -  P"'  :  o'm'"  :  o'o"  = 


and  finally,  that  of  o'"  from 

P+P+P"'-P'"+P^  :P^::  o"m*^:  o"o'": 

6 


//   «/  ^»f 


-  P"' .  o'  m 


P  +  P'+P'^-P' 


//> 


PKo^'m*" 


P+P'+P"^P"'+J*' 
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OF    COUPLES. 

§98. — When  two  forces  P'  and  P"  act  in  opposite  directions,  the 
distance  of  the  point  o,  at  which  the  resultant 
is  applied,  from   the  point  m',   at  which  the 
component  P'  is  applied,  is  found  from  the 
formula 


m"  m' .  P"  ^ 


and    if   the  components  P'  and  P"  becpme 

equal,  the  distance  m*  o  will  be  infinite,  and 

thQ  resultant,  zero.     In  other  words,  the  forces 

will   have  no   resultant,  and  their  joint  effect 

will  be  to  turn  the  line  m"  m\  about  some  point  between  the  points 

of  application. 

The  forces  in  this  case  act  in  opposite  directions,  are  equal^  but 
not  immediately  opposed.  To  such  forces  the  term  couple  is  applied. 
A  couple  having  no  single  resultant,  their  action  cannot  be  compared 
to  that  of  a  single  force. 

§99. — ^The  analytical  condition,  Equation  (46),  expressive  of  the 
existence  of  a  single  resultant  in  any  system  of  forces,  will  obviously 
be  fulfilled,  when 

JT  =  0,    F  =  0,    and  Z  =  0. 

But  this  may  arise  from  the  parallel  groups  of  forces  whose  sums 
are  denoted  by  X,  F,  and  Z,  reducing  e^ich  ^to  a  couple.  These  three 
eouples  may  easily  be  reduced  by  composition  to  a  single  couple, 
boyond  which,  no  further  reduction  can  be  made.  It  is,  therefore,  a 
failing  case  of  the  general  analytical  condition  referred  to. 

WORK  OF  THE  RESULTANT  AND  OF   ITS   COMPONENTS. 

§  100. — We  have  seen  that  when  the  resultant  of  several  forces 
is  introduced  as  an  additional  force  with  its  direction  reversed,  it 
will  hold  its  components  in  equilibrio.     Denoting  the  intensity  of 
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the  resultant    by  jR,  and  the  projection  of   its  virtual  velocity  by 
^  r,  we  have  from  Equation  (29), 

-  E$r  +  P.8p  +  rjp'  +  F^.Sp''  +  &c  =  0, 
or, 

E$r  =zP.Sp  +  P'Sp'  +  P"  Sp''  +  &c., ....    (65) 

in  which  P,  P'  P",  &c.  are  the  components,  and  Sp,  6p'  $p"^  &e. 
the  projections  of  their  virtual  velocities. 

§  101. — Now,  the  displacement  by  which  Equation  (29)  was  de- 
duced, was  entirely  arbitrary ;  it  may,  therefore,  be  made  to  conform 
in  all  respects  to  that  which  would  be  produced  by  the  components 
P,  P',  &c,  acting  without  the  opposition  of  the  force  equal  and 
contrary  to  their  resultant;  and  writing  dr  for  ^r,  dp  for  $p^  &o., 
Equation  (65)  will  become 

Bdr  =  Pdp  +P'dp'  +  P"dp"  +  &c.,  .    .    •    (66) 
and  int^rating, 

/Bdr  =  fPdp  +  JFdp'  +  /P"(fy  +  &c.,  .    .     (67) 

in  which  R^  P,  P\  &c  may  be  constant  or  functions  of  r,  p^  p\  &c., 
respectively. 

From  Equations  (66)  and  (67),  it  appears  tiiat  the  quantity  of 
work  of  the  resultant  of  several  forces  is  equal  to  the  algebraic  sum 
of  the  quantities  of  work  of  its  components. 

Again,  replacing  P^p^  ^^i>',  &c.  in  Equation  (65),  by  their  valuen 
in  Equation  (31),  and  writing  dr  for  ^r,  dp  for  ^p^  &c,  we  find, 

/Rdr  z=,  f^P.cosa.dx  +  f^P.cosp.dy  +fZP.cosy.dz,  -  .  (68) 

in  which  B  may  be  constant  or  a  function  of  r ;  P,  constant  or  a 
function  of  a?,  y,  ir,  &c. 

If  the  forces  be  in  equilibrio,  then  will  i?  =  0,  and, 

2P.  cos  a.  dx  +  IP.  cos  p.dy  +  2 P.  cos y.dz  =•  0.  •    •    (69) 
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^  MOMENTS. 

§  102. — ^It  is  now  apparent  that  in  the  transformation  of  Eqaation 
(30)  to  Eqaation  (40)^  each  force  of  the  original  system  was  replaced 
by  its  three  components  in  directions  of  three  rectangular  azeS|  arbitra- 
lilj  assumed. 

The  components  parallel  to  either  axis  will,  §  43,  work  daring  any 
motion  which  will  cany  their  points  of  application  in  the  direction 
of  that  axis,  and  will  cease  to  work  when  the  motion  becomes  per* 
pendicular  to  the  same  line. 

Let  the  points  of  application  of  the  forces  move  in  lines  parallel 
to  the  axis  z;  the  components  parallel  to  z  alone  can  work,  for  the 
paths  being  perpendicular  to  the  directions  of  the  other  components, 
the  work  of  the  latter  will  be  nothing,  because  the  projections  of 
the  paths  upon  their  lines  of  direction  will  be  zero.  The  elementary 
work  of  the  extraneous  forces  will,  in  this  case,  be  found  in  the  third 
term  of  Equation  (40),  and  equal  to 

{IP  cosy). 6 z^. 

Again,  let  the  points  of  application  turn  around  the  axis  z,  parallel 
to  the  plane  xt/;  the  components  parallel  to  the  axes  x  and  y  alone 
can  work,  since  the  paths  will  be  perpendicular  to  the  components 
in  the  direction  of  z,  and  their  projections,  therefore,  zero.  The  ele- 
mentary work  in  this  case  will  be  found  in  the  fourth  term  of  Equa- 
tion (40),  and  equal  to 

[S  P  (ar'  COS  /3  —  y'  cos  d)]  d9. 

Now  let  both  of  these  motions  take  place  simultaneously;  that  is,  let 
the  points  of  application  move  in  the  direction  of  the  axis  2,  and  aUb 
turn  about  that  line;  all  the  components  will  work,  because  the  paths 
will  be  oblique  to  their  directions,  and,  therefore,  have  projections  of 
measurable  valuer  The  amount  of  elementary  work  of  the  extrane- 
ous forces  will,  in  this  case  be  found  in  the  third  and  fourth  tenaa 
of  Equation  (40),  and  equal  to 

[(SPcofly)].i«,-h[SP(«'co8i3-y'co8a)].59. 
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Tlie  same   remarks  apply  to   motion   in   the  direction   of  and   about 
ea:h  of  the  other  axes,  Jfii^Jm^  J 

§  103. — The    rule  for  estimaung  the  quantity  of  work  when  the 
motion   is  parallel   to   either   axis  or  to  a  right  line  oblique  to  the 
three  axes,  is  simple;  that  for  getting  the  work  during  motion  about 
an  axis,  is  not  so  obvious.     Let  the  motion  take  place  around  the 
ixis  2;.  and  consider,  first,  the  work  of  the  force  P.     The  two  compo- 
nents of  this  force,  viz.,  P  cos  j3  and  P  cos  a,  which  enter  the  fourth 
term  of  Equation  (40),  have  for  their  resultant  P  sin  y.    This  resultant, 
1 81,  acts  in  a  plane  parallel  to  that  of  xy^  and,  therefore,  at  right 
angles  to  the  axis  2.     Denote  by  a^  the   angle  which  this  resultant 
Diktt  with  the  axis  »\  then  will 


=  P  sin  y  .  cos  a^,  \ 
=  P  sin  y  •  sin  a^  j 


(70) 


P  cos  a  =  P  sin  y  .  cos  a^ 
Poosj3 

and  these  values  in  the  term  P  (o;^  cos  /3  —  y'  cos  a),  give 

P  («'  cos  i3  —  y'  cos  a)  =  P .  sin  y  («'  sin  a^  —  y'  cos  a^)  •    (71) 

From  the  point  of  ap- 
plicatioa  m  of  P,  draw 
tl^  line  m  ^'  perpendicu- 
lar to  the  axis  z\  denote 
its  length  by  K\  and  its 
inclination  to  the  axis  x 
by  9'.  Mullaply  and  di- 
vide Equation  (71)  by  h' 
and  reduce   by  the   rela- 


^,  =  cos9^;    ^,  =  sin9'; 
ftcn  win  result 

'(<* 001 /!  —  y  COS  «) = P  sin  y  V  (sin  a^ .  cos  ^'— cos  a^ .  Bin  ^') = P nn  X  A' sin  (a,  —  ^7* 

^w  from  A'  the  line  A'  V  perpendicular  to  the  direction  of  the  line 
^  A  (produced),  and  denote  its-  length  by  V ;  then  will 

A'sm(«,-(p')  =  ifc', 
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and  then  will  resalt 

P  {z"  cos^  ^^^A^  F  siny  .k\  .    .    •     •     (72) 

and  the  same  for  the  forces  P',  P",  &c.;  so  that  we  may  write,  omit- 
ting  the  accent  from  k, 

2P(ap'co8j3  — y'cosa)  =  2P.siny.Xr;    .    .     .     (78) 

and  the  measure  of  the  elementary  work  due  to  rotation  about  the  axis 
Zf  will  be  given  by  either  member  of  the  Equation 

pP(aj'cosj3  — y'cosa)]  d9=:[SPsin7.q  d9   .     .     (74) 

§  104. — So  that  in  estimating  the  work  due  to  rotation  alone  about 
the  axis  2,  each  force  is,  in  cifect,  replaced  by  its  two  components,  the 
one  parallel,  the  other  perpendicular  to  that  line,  and  the  former  is 
neglected  because,  in  this  motion,  it  cannot  work. 

§  105. — ^The  quantity  of  work  obtained  by  multiplying  that  one  of 
tiie  two  components  of  a  force  which  is  perpendicular,  while  the  other 
is  parallel,  to  a  given  line,  into  the  perpendicular  distance  between  this 
line  and  that  of  the  force,  is  called  the  component  moment  of  the  Jbree 
in  reference  to  the  line. 

§  106. — The  line  in  reference  to  which  the  moment  is  taken,  ia 
called,  in  general,  a  component  axis;  the  perpendicular  distance  from 
the  axis  to  the  line  of  direction  of  the  force,  is  called  the  lever  arm  of 
the  force ;  and  the  extremity  of  the  lever  arm  on  the  axis  is  called  a 
centre  of  the  moment. 

When  the  direction  of  the  force  is  perpendicular  to  the  axis,  the 
latter  is  called  the  moment  axis  t>f  the  force.  In  this  case  the  compo- 
nent parallel  to  the  axis  becomes  zero,  and  the  normal  component  the 
force  itselt 

The  moment  of  the  resultant  of  several  component  forces,  taken  in 
reference  to  its  moment  axis,  is  called  the  resultant  moment.  The 
moments  of  the  component  forces  are  called  component  moments. 

.§  107. — Changing  d  9  into  rf  9  in  Equation  (74),  we  may  write 

[S  P  (ar' cos  j3 -y' cos  a)]  (f<p=[2P   vaiy.Jc\d(^.    .    (74) 
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or  .^.•-^•/•'; 

f  *  , 

Whence  it  appears,  that  the  elementary  quantity  of  work  a  force  will 
perform  daring  the  motion  of  its  point  of  application  about  an  axis,  is 
eqaal  to  the  product  of  the  moment  of  the  force  into  the  differential  of 
the  path  described  at  the  unites  distance  from  the  axis. 

§  108. — The  whole  quantity  of  work  will  result  from  the  integration 
of  Equation  (74)'  between  limits.  In  this  integration  two  cases  may 
arise,  viz.;  either  the  moment  may  be  constant,  or  it  may  be  variable. 
In  the  first  case,  the  quantity  of  work  is  obtained  by  multiplying  the 
constant  moment  into  the  path  described  by  a  point  at  the  unites  dis- 
tance from  the  axis.  In  the  second,  the  force  may  be  constant  and 
the  lever  arm  variable;  the  force  variable  and  the  lever  arm  constant; 
or  both  may  be  variable,  and  in  such  way  as  not  to  make  their  prod- 
net  constant.  In  all  such  cases,  relations  between  the  intensity  of  the 
force,  its  lever  arm,  and  the  path  described  at  the.  unit's  distance,  must 
be  known  in  order  to  reduce,  by  elimination,  the  second  member  of 
Equation  (74)'  to  a  function  of  a  single  variable. 

These  remarks  are  equally  true  of  the  forces  of  inertia.  The  intensir 
ties  of  these  depend  upon  the  masses  of  the  material  elements  and  their 
degree  of  acceleration  or  retardation ;  their  points  of  application  are  on 
the  elements  themselves ;  the  elementary  arc  described  at  the  unit's  dis- 
tance* is  the  same  for  both  sets  of  moments,  and  its  value  depends  upon 
the  distribution  of  the  material  with  reference  to  the  axis  of  motion. 

The  moments  of  the  forces  which  urge  a  body  to  turn  in  opposite' 
directions  about  any  assumed  axis  must  have  contrary  signs. 

The  sign  of  P  sin  y  k\  or  its  equal  P  cos  j3 .  ar'  —  P  cos  a .  y',  de- 
pends upon  thfe  angles  which  the  direction  of  the  force  makes  with  the 
axes,  and  upon  the  signs  and  relative  values  of  the  co-ordinates  of  the 
point  of  application. 

Let  the  angles  which  the  direction  of  any  force  makes  with  the 
co-ordinate  axes  be  estimated  from  the  positive  side  of  the  origin ; 
then,  if  the  angles  which  this  direction  makes  with  both  axes  be 
acute,  and  the  point  of  application  lie  in  the  first  angle,  P  cos  j3 .  a;' 
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and  P  cos  a  •  y',  will  be  positive,  and  if  the  first  of  these  prodacti. 
exceed  the  second,  the  moment-  will  be  positive ;  but  if  the  latter 
be  the  greater,  the  moment  wifl  be  negative.  The  same  remarks 
apply  to  the  other  axes. 


.  GOHFOBinON    AND    BESOLirnON    OF    MOMENTS. 

§  109. — ^The  forces  being  supposed  to  act  in  anj  directions  whaterer, 
join  the  point  of  application  of  the  resultant  B  and  the  origin  by 
a  right  line,  and  denote  its  length  by  If,  Multiply  and  divide  each 
of  the  Equations  (44)  by  JET,  and  reduce  by  the  relations, 


J£ 


-|:=C08  5, 


e 

s 


•5^  =  COS  », 


in  which  ^,  f  and  f,  denote  the   angles   which   the  line  H 
the  axes  x^  y  and  ir,  respectively;  then  will 

R.H.  (cos  5 .  cos  ^  —  cos  a .  cos  J)  =  i, 

B .  H,  (cos  a .  cos  »  —  cos  e  .  cos  (^  =  Jf,    ^   .     .    •   (76/ 

R .  H.  (cos  c  .  cos  {  —  cos  h .  cos  «)  =  N, 


"» 


Squaring  each  of  these  Equations  and  adding,  we  find 

{cos'  h  •  cos*  ^  —  2  cos  5 .  cos  a .  cos  ^ .  cos  f  +  cos*  a .  C08*f 
+C0S*  a .  COS*  9  —  2  COS  a .  cos  c  .  cos  » .  cos  ^  +  cos*  c .  cos*  ^ 
+C0S*  c .  cos*  f  —  2  cos  6 .  cos  c  .  cos  f .  cos  »  +  cos*  h .  cos*  f 

=  X*  +  iP  +  iV* (76) 

But 

cos*  a  +  cos*  h  +  cos*  c  =  1, (77) 

cos*  I  +  cos*  I  +  cos*  s  =  1, (78) 

cos  a . cos  ^  +  cos  6 . cos f  +  cos  c.  cos  s  =  cos  9,  .  (79) 


HEOHAKIOS    OF    SOLIDS.  89 

tiie  angle  ^,  being  that  made  hj  the  line  JET,  with  the  direction  of 
the  resultant. 

Colleeting   the   oo-efficients  of   oos*  <r,   cos'  bj  cos'  e,  and  redudng 
by  the  following  relations,  deduced  from  Equation    (78) ;  viz. : 

cos*  8  +  cos*  f  =  1  —  cos*  ^, 

cos*  ^  +    cos*  J  r=  1   —  COS*  f , 
COS*  J  +  COS*  ^  =   1   —  COS*  8, 

we  find, 

jR* .  JJ* .  [1  — (cos  a .  cos  ?;  +  cos  6 .  c6s  g  +  cos  c .  cos  s)2]  =2;*+i/*+iP ; 

firom  Equation  (70), 

1  —  (cob  a .  cos  ^  +  cos  6 .  cos  f  +  cos  e .  cos  s)*  =  1  —  cos*  9  =  sin*  9 ; 

which  reduces  the  above  to 

i2«.J7*.sin*9  =  Z*  +  Jf*  +  JVT*. 

But  JET* .  sin*  9  is  the  square  of  the  perpendicular  drawn  from  the 
origin  to  the  direction  of  the  resultant;  it  is,  therefore,  the  square 
<^  1^  lever  arm  of  the  resultant  referred  to  the  origin  as  a  centre 
of  moments.  Denoting  this  lever  arm  by  ^  we  have,  after  taking 
the  square  root, 

M.K=  VI^  +  ^  +  •N'^ (80) 

lliat  is  to  say,  the  rentlkmt  moment  of  any  eyeiem  of  forces  is  equal 
to  the  square  root  of  the  sum  of  the  squares  of  the  sums  of  the  eom- 
jponent  momefits,  taken  in  reference  to  any  three  rectangular  axes  through 
the  point  assumed  as  the  centre  of  moments, 

§  110.— Dividing   the  first  of  Equations   (75),  by  Equation  (80), 
we  find, 

ff  (cos  b ,  cos  ^  —  cos  a .  cos  f)  L 


K  VX*  +  if*  +  JV* 

Hie  effect  of  a  force  is,  §77,  independent  of  the  position  of  its 
point  of  application,  provided  it  be  taken  on  the  line  of  direction* 
Let  the  point  of  application  of  22,  be  taken  at  the  extremity  of  ita 
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lever  arm,   then  will  H  coincide  with  and  be  equal  in  length  to  K^ 
\  and  ^  will  become  the  angles  which  the  lever  arm  makes  with  the 
axes  X  and  y,  respectively,   and   the   well   known   relation    obtained 
from   tlio   formulas  for  the  transformation  of  coordinates  from  one 
set  of  rectangular  axes  to  another,  will  give 

cos  6,  =  cos  h .  cos  2^  —  cos  a .  cos  \ ; 


« 


in  which  8.  is  the  angle  the  resultant  axis  makes  with  the  axis  z\ 
whence,* 

cos  6.  =  -— =rJ^.== (81) 

Li  the  same  way,  denoting  by  6,  and  6«  the  angles  whiph  the 
moment  axis  of  R  makes  with  the  co-ordinate  axes  y  and  x  respec- 
tively, will 

M 

C08  9y=-— : (82) 

N 
cos  e,  =  —=z (88) 

% 
whence  we   conclude   that,  iht  cosine  of  the  angle  which   the  resultant 
ojcis  makes  with  any  assumed  line  is  equal   to   the  sum  of  the  moments 
of  the  forces  in  reference  to  this  line  taken  as  a  component  axis  divided 
hy  the  resultant  moment, 

§  111.— Multiplying  Equation  (81)  by  Equation  (80),  there  will 
result, 

i2.ir.cos0.  =  Z (84) 

which  shows  that  the  component  moment  of  any  system  of  forces  in 
reference  to  any  oblique  axis  is  equal  to  the  product  of  the  resultant 
moment  of  the  system  into  the  cosine  of  tlie  angle  between,  the  resultant 
and  component  axes. 

For  the  same  system  of  forces  and  the  same  centre  of  momenta, 
it  is  obvious  that  B  and  JC  will  be  constant ;  whence,  Equation  (80), 
the    sum   of  the   squares    of  the   sums   of  the    moments   in  reference 

*8m  Appendix,  Na  L 
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$§  any  three  rectangular  axee  through  the  centre  of  momente^  taken 
OB  component  axes^  is  a  constant  quantity.  Also,  since  the  axis  z^ 
may  have  an  infinite  number  of  positions  and  still  satisfy  the  con- 
dition of  making  equal  angles  with  the  resultant  axis,  ve  see, 
Equation  (84),  that  the  sum  of  the  moments  of  the  forces  in  reference 
to  all  component  axes  which  make  equal  angles  with  the  resultant 
axis  will  he  constant. 

§112. — Denote  by  ^,,^,,  ^.,  the  angles  which  any  component 
axis  makes  with  the  co-ordinate  axes  «,  y  and  re,  respectively,  and 
by  ^  the  angle  which  the  component  and  resultant  axes  make  with 
each  other,  then  Will 

.  008  d  =  006  8.  •  006  d.  +  COS  0, .  cos  ^,  +  cos  6« .  cos  ^« ; 

multiplying  both  members  by  R.K^  we  have 

jS.JT.  cos  d= i^.JT.  cos  6. .  cos  ^s +i2 .  JT.  cos  6,  COS  ^,+i^  •'£'•  cos  6« .  cos  ^«« 

But,  Eouation  (84), 

jR.JT.cosG,  =  A 
^  72.  jr.cos6,=  ilT, 

which  substituted  above,  give 

22.  JT.coed  =  Z.cos^,  4- ^.cos^y  4- iV.  cosd.    •    •    (86) 

That  is  to  say,  the  component  moment  in  reference  to  any  assumed  com- 
ponent axis,  is  equal  to  the  sum  of  the  products  arising  from  multiplying 
the  sum  of  the  moments  in  reference  to  the  co-ordinate  axes^  by  the 
cosines  of  the  angles  which  the  direction  of  the  component  axis  makes 
with  these  co-ordinate  axes,  respectively,  I 

TRANSLATION  OF  EQUATIONS  {A)  AND  (B). 

§  113. — Equations  (A)  and  {B)  may  now  be  translated.  They  express 
the  conditions  of  equilibrium  of  a  system  of  forces  acting  in  various 
directions  and  upon  different  points  of  a  solid  lody.  These  condi* 
lions  are  six  in  number;  viz.: 


/ 
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I. — The  algehraie  sum  of  the  components  of  the  fbrees  in  each  of 
any  three  rectangular  directions  must  be  separately  equal  to  zero; 

2. — The  algebraic  sum  of  the  moments  of  the  forces  taken  in  r^er* 
ence  to  each  of  three  rectangular  axes  drawn  through  any  assumed 
centre  of  moments^  must  be  separately  equal  to  zero. 

If  the  extraneous  forces  be  in  equilibrio,  the  terms  which  measure 
the  forces  of  inertia  will  disappear,  and  these  conditions  of  equilibrium 
will  be  expressed  bj  / 


2  P.  cos  a  =  0, 
2  P  cos  iS  =  0, 
2 P.  cosy  =  0; 


(^y 


2P.(«'cosi3 
2  P.  {z'.QOS  a 
2  P.  (y'  cos  y 


y*  cos  a)  =  0, 
x'  cos  y)  =  0, 
z'cos/S)  =  0. 


(if)' 


The  above  conditions,  which  relate  to  the  action  of  a  system  of 
forces  on  a  free  body,  are  qualified  by'  conditions  of  constraint  that 
determine  the  possible  motion* 

§  114. — If  the  body  contain  a  fixed  pointy  the  ori^n  of  the  movi^ 
ble  co-ordinates,  in  Equation  (40),  may  be  taken  at  this  point;  in 
which  case  we  shall  have, 


Sx, 

= 

0, 

^y. 

— 

0, 

Sz, 

= 

0; 

and  it  will  only  be  necessary  that  the  forces  satisfy-  Equations 
(£^),,  these  being  the  co-efficients  of  the  indeterminate  quantities  that 
do  not  reduce  to  zero.  Hence,  in  the  case  of  a  fixed  point,  the 
sum  of  the  moments  of  the  forces,  taken  in  reference  to  each  of  three 
rectangular  axes,  parsing  through  the  point,  must  separately  reduce  to 
wero. 

Should  the  system  contain   two  fixed  points,  one  of  the  axes,  at 
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that  of  «,  may  be  assumed  to  coincide  with  the  line  joining  these 
points,  in  which  case,  there  will  result  in  Equation  (40),  * 

8x.  =  0,  ^(p  =  0, 
5y,  =0,  S-\,=  0. 
St,  =  0, 

and  it  will  onlj  be  necessary  that  the  forces  satisfy  the  last  Equa* 
tion  in  group  {B);  or  that  the  sum  of  the  moments  of  the  forces  in 
reference  to  the  line  joining  the  fixed  pointSj  reduce  to  zero. 

If  the  system  be  free  to  slide  along  this  line,  Bx^  will  not  reduce 
to  zero,  and  it  will  be  necessary  that  its  co-efficient,  in  Equation 
(40),  reduce  to  zero ;  or  that  the  algebraic  sum  of  the  components  of 
the  given  forces  parallel  to  the  line  joining  the  fixed  points^  also  reduce 
to  zero. 

If  three  points  of  the  system  be  constrained  to  remain  in  a 
fixed  plane,  one  of  the  co-ordinate  planes,  as  that  of  xy,  may  be 
assumed  parallel  to  this  plane;  in  which  case, 

$z,  =  0, 

and  the  forces  must  satisfy  the  first  and  second  of  Equations  (A) 
and  the  first  of  {BY;  that  is,  the  algebraic  sum  of  the  components 
cf  the  given  forces  parallel  to  each  of  two  rectangular  axes  parallel  to 
the  given  plane,  must  separately  reduce  to  zero,  and  the  sum  of  the 
moments  in  reference  to  an  axis  perpendicular  to  this  plane  must  reduce 
lb  zero. 

OENTBB    OF    ORAYirT. 

§  115. — Gravity  is  the  name  given  to  that  force  which  urges  all 
bodies  towards  the  centre  of  the  earth.  This  force  acts  upon  every 
particle  of  matter.  Every  body  may,  therefore,  be  regarded  as 
subjected  to  the  action  of  a  syste;m  of  forces  whose  number  is  equal 
to  the  number  of  its  particles,  and  whose  points  of  application  have, 
with  respect  to  any  system  of  axes,  the  same  co-ordinates  as  these 
particles. 
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The  weight  of  a  body  is  the  resultant  of  this  system,  or  (he 
resultant  of  all  the  forces  of  gravity  which  act  upon  it,  and  is  equal, 
in  intensity,  but  directly  opposed  to  the  force  which  is  just  sufficient 
to  support  the  body. 

llie  direction  of  the  force  of  gravity  is  perpendicular  to  the 
earth's  surface.  The  earth  is  an  oblate  spheroid,  of  small  eccentri- 
city, whose  mean  radius  is  nearly  four  thousand  miles;  hence,  as  the 
directions  of  the  force  of  gravity  converge  towards  the  centre,  it  is 
obvious  that  these  directions,  when  they  appertain  to  particles  of 
the  same  body  of  ordinary  magnitude,  are  sensibly  parallel,  sincQ 
the  linear  dimensions  of  such  bodies  may  be  neglected,  in  compari 
son  with  any  radius  of  curvature  of  the  earth. 

The  centre  of  such  a  system  of  forces  is  determined  by  Equa- 
tions (62),  §94,  which  are 


^i  -        P'  +  P"  +  P'"  +  dec. 

_  P'y'  +  P^'y'*  +  P"Y'  +  &c» 
Vi-  pf  _^  pn  ^  puf  ^  ^^         ' 

__  PV  +  P'^z''  +  P'^'z*''  +  &c. 

«/   -  pi  j^  pn  ^  pn,  ^  ^^  » 


>  • 


(86) 


in  which  x^  y^  «^,  are  the  co-ordinates  of  the  centre;  P',  P",  &c., 
the  forces  arising  from  the  action  of  the  force  of  gravity,  that  is, 
the  weights  of  the  elementary  masses  m',  m",  &c,  of  which  the 
co-ordinates  arc  respectively  x'  y*  z\  x"  y"  z",  &c 

This  centre  is  called  the  centre  of  gravity.  From  the  values  of 
its  co-ordinates,  Equations  (86),  it  is  apparent  that  the  position  of 
this  point  is  independent  of  the  direction  of  the  force  of  gravity  in 
reference  to  any  assumed  line  of  the  body;  and  the  centre  of  gravity 
of  a  body  may  be  defined  to  be  that  point  through  which  its  weight 
ahoays  passes  in  whatever  way  the  body  may  be  turned  in  regard  to 
the  direction  of  the  force  of  gravity. 

The  values  of  P',  P",  &c,  being  regarded  as  the  weights  w',  w'\ 
dec,  of  the  elementary  masses  iw',  m",  <kc.,  we  have.  Equation  (1), 

P'  =  w'  =  m'/;    P"  =  w"  =  m"/' ;   P'"  =  w'"  =  m'"^'";  &c, 
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.05 


andi  Equadons  (86), 


X,  = 


yy  = 


Z,  = 


m*g'y*  +  m,"  g"  y''  4-  m'''g'''y'/+  &o. 
m^  g'  z'  +  m^^  jy^^  z'*  +  m^^^  ry^^^  g^^^  +  &c. 


§116. — It  will  be  shown  by  a  process  to  be  given  in  the  proper 
place,  that  the  intensity  of  the  force  of  gravity  varies  inversely  as 
the  square  of  the  distance  from  the  centre  of  the  earth.  The  distance 
from  the  surface  to  the  centre  of  the  earth  is  nearly  four  thousand 
miles ;  a  change  of  half  a  mile  in  the  distance  at  the  surface  would 
therefore,  only  cause  a  chadge  of  one  four-thousandth  part  of  its 
entire  amount  in  the  force,  of  gravity;  and  hence,  within  the  limits 
of  bodies  whose  centres  of  gravity  it  may  be  desirable  in  practice  to 
determine,  the  change  would  be  inappreciable.  Assuming,  then,  the 
force  of  gravity  at  the  same  place  as  constant.  Equations  (87), 
become 


^i  = 


m'ar'  +  m"ar"  +  m'"ar'" 


+  &c.  ^ 
— J 


^s  = 


m'  z'  +  m''  z''  +  m"'  z'''  4-  &c. 
m!  4-  »*"  4-  »*'"  4-  &C 


.     .     .     .     .   (88) 


from  which  it  appears,  that  when  the  action  of  the  force  of  gravity 
38  constant  throughout  any  collection  of  particles,  the  position  of  the 
centre  of  gravity  is  independent  of  the  intensity  of  the  force. 

J117.-rSubstituting  the  value  of  the  masses,  given  in  Equation  (1)', 
t&ere  will  result, 


*/  = 


y/  = 


*i  = 


v'd'x'  4-  v'Wz"  4-  v''*d!'*x*''  4-  &c  ^ 
v'  d!  +  v'f  rf"  +  i;'"  rf'"  +  &c. 

_  v'  d!  y*  +  v''  d"  y"  +  v'"  d*'*  y'"  +  &c. 
v'd'  4-  V'rf"  +  t;'"rf'"  4-  &C.        ' 
v'd'z'  4-  v"  d"z"  +  v'"  i'"2'"  4-  &c. 


v'  d'  4-  v"  <^"  4-  v'"  rf'"  4-  &c. 


m 


ua 
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and  if  the  elements  be  of  homogenous  density  throug)iout|  we  aliall 
have, 

tod  Equations  (89)  become, 


X,  = 


v'  y'  +  v"  y"  +  v'"  y'"  +  &c. 
y^  =  —^ — 7—. — ?7-^ — .,,   .    , »  >•    •    •    • 


v'  +  v"  +  v'"  +  <&c. 


«,    =    7—. TT—. ».      .       . 9 


v'  +  v"  +  v'"  +  <Sic. 


.    (90) 


wnence  it  follows,  that  in  all  homogeneous  bodies,  the  position  of 
the  centre  of  gravity  is  independent  of  the  density,  provided  th* 
intensity  of  gravity  is  the  same  throughout. 

§  118. — Employing  the  character  2,  in  its  usual  signification,  Equa- 
tfons  (90),  may  be  written. 


2  (v«) 

X    =:  ^^ -^ 

2(»g). 
2(v)'J 


«/  = 


(91) 


and  if  the  system  be  so  united  as  to  be  continuous. 


mm 

r 

dV 

■v 

## 

V 
J,"  y. 

dV 

9 

V 

r 

dV 

m 


§119. — If  the  collection  be  divided  symmetrically  by  the  plane 

ry,  then  will 

2(rf)  =  0, 
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»T 


and,  therefore, 


^=0; 


hence,  the  centre  of  gravitj  will  lie  in  this  plane. 

If,  at  the  same  time,  the  collection  of  elements  be  symmetricalij 
divided  bj  the  plane  xgy  we  shall  have, 

2(vy)  =  0, 

the  collection  of  elements  will  be  symmetrically  disposed  about  the 
axis  Xy  and  the  centre  of  gravity  will  be  on  that  line. 

Although  it  is  always  true,  that  the  centre  of  gravity  will  lie  in 
a  plane  or  line  that  divides  a  homogeneous  collection  of  particles 
symmetrically;  yet,  the  converse,  it  is  obvious,  is  not  always  true, 
viz. :  that  the  collection  will  be  symmetrically  divided  by  a  plane  or 
line  that  may  contain  the  centre  of  gravity. 

Equations  (92)  are  employed  to  determine  the  centres  of  gravity 
of  all  geometrical  figures.  * 


THB  CENTRE  OF  ORAVITT  OF  IJNE8. 

§  120. — Let  8  represent  the  entire  length  of  an  arc  of  any  curve, 
whose  centre  of  gravity  is  to  be  found,  and  of  which  the  co-ordi- 
nates of  the  extremities  are  d^,  y',  z\  and  x'\  y",  g". 

To  be  applicable  to  this  general  case  of  a  curve,  included  within 
the  given  limits,  Equations  (92)  become 


X,  = 


J^„  xdx.y^ 


dy^        JW 
^  dx»  ^  dx^ 


Vs  = 


u,  = 


t 

c 

ydx.^J  \  + 

dy^ 
dx' 

d^ 
^  dx^ 

9 

c 

zdx.Ki  1  + 

dx^ 

dz* 

(frS) 
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in  which 


=  fl  dx^ 


1  4-^4.  ££ 


•         •         •         • 


(94) 


Example  1. — Find   the  position  of  the  centre  of  gravity  of  a  riffki 
Une.    Let, 

y  z=  a  X  +  fi,  0 

2  =  a'x  +  P\ 

be  the  equations  of  the 
line. 

Difiercntiating,  substi- 
tuting in  Equations  (94) 
and  (93),  integrating  be- 
tween the  proper  limits, 
and  reducing,  there  will 
result, 


*/  = 


«'  4-  x" 


y/  = 


«/  = 


_  a.{x'  +  x") 


+  ^, 


^l(fMl^^^, 


which  are  the  co-ordinates  of  the  middle  point  of  the  line ;  x^  y'  t' 
and  x"  y"  «",  being  those  of  its  extremities;  whence  we  conclude 
that  the  centre  of  gravity  of  a  straight  line  is  at  its  middle  point. 

9 

Example  2. — Find  the  centre  of  gravity  of  the  perimeter  of  a  polygon* 
This  may  be  done,  according  to  Equations  (90),  by  taking  the  sum 
of  the  products  which  result  from  multiplying  the  length  of  each  side 
by  the  co-ordinate  of  its  middle  point,  and  dividing  this  sum  by  the 
length  of  the  perimeter  of  the  polygon.  Or  by  construction,  as  fol» 
lows: 

The  Weights  of  the  several  sides  of  the  polygon  constitute  a  system 
of  parallel  forces,  whose  points  of  application  are  the  centres  of 
gravity  of  the  sides.  The  sides  being  of  homogeneous  density,  their 
weights  are  proportional  to  their  lengths.     Hence,  to  find  the  centre 
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=/ ac^\^.£*^^  ^■^•-  ~  •  j^^r-:'" 


y/  /  -^  . 


>V   "^       ^-Cv-*- 


./fT  >: 


.y  two 

3  ratio 

,§97. 

point 

ie  this 

is  third 

He  three 

he  last 

n. 


}  curve, 


and  Equations  (93)  and  (94)  become, 


X,  = 


fn    'dx  \j 


dy' 


.      "^'Sf^  +  dx^ 


y,  = 


f,"  y^'v 


1  + 


rfy» 


=/''''' >ATg 


(95) 


(96) 


Example  3. — I^nd  the  centre  of  gravity  of  a  circular  arc. 

Take  the  origin  at  the  centre  of  curvature,  and  the  axis  of  y 
passing  through  the  middle  point  of  the  arc.  The  equation  of  the 
carve  is, 

y2  =  o*  —  «», 
whence, 


dy 
dx 


7 


which  substituted  in  Equations  (95), 


914^ti^ 


%  \f  asmz^t: 


f.^ 5 

f/  =  — » 


^  oaimtmrt  mad  ita 
eqmal  to  #  farntik 


KmmpU  4, — I^nd  th$  cenin  of  ffrawity  of  ike  awe  €f  a  cyeiaid. 
llm  fHA'tun  t/f  tim  generitiog  circle  being  a,  the  difierential  eqn 


#/#- 


y.tty 


f  •  •  • 


(«) 


lliit  tM^\\\  lM«lng  At  >1,  and 

A  It  ht'lng  ilin  AxU  of  r. 

Aiid  (Ifiitntn  li/  #',y'thonow 

im  ot'iUim(i>N|  dm  Ibrmor  boing  cwtlinatod  in  the  direction  C7i>,  and  tl 

laU«»v  In  \\\^  lUnnsUon  J9i4.    Then  will 


A^l  llM^n^^T^ 


Srt  -#' 


V^)l«4r  —  jr~ 


«• » 


(« 


'ie« 


«-^ 


-■     <ivy   , 


-  -  X 


<^ 


.V^ 


^y 


?■      :=    ' 


«  ^ 


V- 


■-<-•  -^J^-* 


^  *       .* 


r 


..'    vt    *:■  '• 


'3r 


•^ 


'^  .     ^^^ 


•f  •   «. 


•'-  ' 


£   ^«      « 


»\. 


>.»      >r     :^-    ^  -^  '*• 


>c 


^41^ 


tlie  value  of  dy^  obtained  from  Equation  {a)'^  and  ro» 
cing,  there  will  result, 

«y^  =  2-v/2c(y-v/a:  — /-/2a"=rj.rfa?), 

axid  taking  the  integral  between  the  indicated  limits, 

#y,  =  2-/27[y(-/?'  -  V^)  +  |(2a  -  «")*  -  t(2a  ^  «')*]» 
lience,  replacing  9  by  its  value,  and  dividing. 


./«! 


(2«-x")»-(2a-y)* 

Supposing  the  arc  V>  begin  at  C7,  we  have, 

«'  =  0, 

and, 
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If  the  entire  semi-arc  from  0  to  A  he  taken,  these  values  become^ 

*/  =  !«> 


*  •^ 


Taking  the  entire  arc  A  C  By  the  curve  will  be  symmetrical  with  res 
pect  to  the  axis  of  xi  and  therefore, 

y/  =  0; 

hence,  ike  centre  of  gravity  of  the  arc  of  the  cycloid,  generated  by  one 

entire  revolution  of  the  generating  circle,  is  on  the  line  which  divides 
the  curve  symmetrically,  and  at  a  distance  from  the  summit  of  the  curve  • 
equal  to  one-third    of  its  height. 


THE    OENTBB    OF    ORAYITT    OF    BUBFAOES. 

§  121. — Let  Z  =  0,  be  the  equation  of  anj  surface ;  L  being  a 
function  of  xyz;  then  will  dxdy,  be  the  projection  of  an  element 
of  this  surface,  whose  co-ordinates  are  xyz,  upon  the  plane  xy\  and 
if  h"  denote  the  angle  which  a  plane  tangent  to  the  surface  at  the 
same  point  makes  with  the  plane  xy,  the  value  of  the  element  itself 
will  be         '' 


/    ■     I    !•>  •  ■ 


/'. 


dx.dy 
cos^ 


tf 


But  the  angle  which  a  plane 
makes  with  the  co-ordinate 
plane  xy,  is  equal  to  the 
angle  which  the  normal  to 
the  plane  makes  with  the 
axis  z,  and,  therefore. 


cos  6"  =t  ± 


4- 


dL 

dz 


•> 


TW^W^- 


^=-=^—  .    •    (97) 


/  - 


oi  Y-^  ir 


'/    ""    '*^-^',      *^"    ''^•^r   J.    .V     <.-/-'r....-^ 
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and  hence,  in  Equations  (92),  omitting  the  double  sign, 


dV  =z  dX'dy'W^  . 


•    • 


on!  those  Equations  become, 


y?y: 


y,  =-« 


J  J*  J  9*  v>  ,z.dx\ 
t,  =  -^ 


w  ,x,dx.dy 


w ,ydx , dy    V 


rfy 


in  which. 


y'  /•*' 


«=  V^  Jnf^n^'dx.dy, 


vf  being  a  function  of  ar,  y,  2r. 

If  the  surface  be  plane,  the 
plane  of  xy  may  be  taken  in  the 
sur&ce,  in  which  case, 

w  =  1,        »^'  •   .   / 
and  Equations  (99),  and  (100),  be- 


oome. 


X.  = 


y/V,"  rfy.arrfa; 


y/  = 


«/  y  t/  X    ax* 


ydy 


.»'  /.»' 
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.    .    .    (98) 


(99) 


.    (100) 


(101) 


t=f„f^„dx.dy, (102) 

I 

in  which   the  intend  is  to  be  taken   first  with  respect  to  y,  and 
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I 

between  the  limits  y"  =  Pm"  and  y'  =  Pm'\  then  in  k^moI  to  m^ 
between  the  limits  v^l  =  AP"^  and  s^  =  AP\    Henoe 


X,  = 


L"{y"-y').xdx 


.=^;(y"-yOrf* 


(108) 


(104) 


|f'  and  y'',  denoting  running  co-ordinates,  which  maj  be  eitber  roots 
of  the  same  equation,  resulting  from  the  same  value  of  or,  or  thej 
may  belong  to  two  distinct  functions  of  or,  the  value  of  x  being  the 
same  in  each.     For  instance,  if 

F   {xy)  =  0, 

i>e  the  equation  of  the  curve  n'm"n"m'y  it  is  obvious  diat  between 
the  limits  x"  =:  AP"  and  x'  =  A  P\  every  value  of  «,  as  u4  P, 
must  give  two  values  for  y,  viz.:  y"  =  Pm"  and  y'  z:^  Pm\     Or  if 


F{xy)^0, 
F'  {xy)  =  0, 

be  the  equations  of  two  distinct 
curves  m"  n"  and  m'  n',  referred 
to  the  same  origin  A^  then  will 
y"  and  y'  result  from  these 
functions  separately,  when  the 
same  value  is  given  to  «  in 
each. 


Example  1. — Bequtrtd  the  poritian  of  the  centre  of  gravity  of  the 
mrea  of  a  triangle. 
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Lot  A  S  C,  he  the  triangle. 
AjanniQ  the  origin  of  co-ordi- 
iul«>  ftt  one  of  the  anglea  A, 
and  draw  the  axis  y  parallel  to 
the  opposite  ride  £C.  Denoto 
the  distance  A  P  by  «',  and 
suppose, 

y'  =  bz, 
to   he  the  equations  of  the  udea  A  C  and  A  B,  reBpectively,  then 

•win 

y"  -  y'  =  («  —  4)  X, 


_jy-^ 


^dx 


J^ia  -b)x 


iriience  we  conclnde,  that  the  eetUre  of  ffravily  of  a  triaitgU  it  on  m 
iine  drawn  from  any  one  of  the  anglti  to  the  middle  of  the  oj^potitt 
aide,  and  at  a  diilance  from  ihit  angle  equal  to  two-lhirdt  of  the  lin4 
tUu*  drawn. 

JSxatnple  3. — Find  the  eenfre  of  gravity  of  the  area  of  any  polygon, 

From  any  one  of  the  angles 
as  A,  of  the  polj'gon,  draw  lines 
to  all  the  other  angles  except 
those  which  are  adjacent  on  either 
side;  the  poljgon  will  thus  be 
divided  into  triangles.  Find  hj 
the  rule  just  given,  the  centre  of 
gravity  of  each  of  the  triangles; 
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join  any  two  of  these  centres  by  a  right  line,  and  divide  this  line  in 
the  inverse  ratio  of  the  areas  of  the  triangles  to  which  these  centres 
belong ;  the  point  of  division  will  be  the  centre  of  gravity  of  these 
two  triangles.  Join,  by  a  straight  line,  this  centre  with  the  centre  of 
gravity  of  a  third  triangle,  and  divide  this  line  in  the  inverse  ratio 
of  the  sum  of  the  areas  of  the  first  t^o  triangles  and  of  the  third,  this 
point  of  division  will  be  the  centre  of  gravity  of  the  three  triangles. 
G>ntlnue  this  process  till  all  the  triangles  be  embraced  by  it,  and  the 
last  point  of  division  will  be  the  centre  of  gravity  of  the  polygon, 
the  reasons  for  the  rule  being  the  same  as  those  given  for  the  deter- 
mination of  the  centre  of  gravity  of  the  perimeter  of  a  polygon,  it 
being  only  necessary  to  substitute  the  areas  of  the  triangles  for  the 
lengths  of  the  sides. 

Example  3. — Determine   the  poHtion    of  the  centre  of  gravity  of  a 
circular  sector. 

The  centre  of  gravity  of  the  sec- 
tor will  be  on  the  radius  drawn  to 
the  middle  point  of  the  arc,  since  this 
radius  divides  the  sector  symmetri- 
cally. Conceive  the  sector  CAB,  to 
be  divided  into  an  indefmite  number 
of  elementary  sectors ;  each  one  of 
these  may  be  regarded  as  a  triangle 
whose  centre  of  gravity  is  at  a  dis- 
tance  from   the    centre    (7,   equal    to 

two-thirds  of  the  radius.  If,  therefore,  from  this  centre  an  arc  be 
described  with  a  radius  equal  to  two-thirds  the  radius  of  the  sector, 
this  arc  will  be  the  locus  of  the  centres  of  gravity  of  all  the 
elementary  sectors;  and  for  reasons  already  explained,  the  centre  of 
gravity  of  the  entire  sector  will  be  the  same  as  that  of  the  portion 
of  this  arc  which  is  included  between  the  extreme  radii  of  the  sector. 
Hence,  calling  r  the  radius  of  the  sector,  a  and  c  its  arc  and  chord 
respectively,  and  x,  the  distance  of  the  centre  of  gravity  from  the 
centre  C,  we  have, 

jr.jc         2     r,c 
'  f  a  8      o 
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The  centx^  of  grayitj  of  a  circular  sector  is  therefore  on  the  radius 
drawn  to  the  middle  point  of  the  arc  of  the  sector,  and  at  a  distance 
from  the  centre  of  curvature  equal  to  two-thirds  of  a  fourth  propor^ 
tional   to  the  ore,  chord  and  radius  of  the  sector. 

Example  4. — I^nd  the  centre  of  gravity  of  a  tircular  segment. 

Assume    the    origin    at   the    centre    C, 
and  take  the  axis  x  passing  through  the  JP 

middle  point  of  the  arc,  the  centre  of 
gravity  in  question  will  be  on  this  axis, 
and»  therefore, 

y/  =  o. 

Let  A  B  HA  be  the  segment,  and 


the  equation  of  the  circle,  the  origin  being 
at  the  centre  C,  then  will 

y"=       Va«-x«,     . 
y'  =  -  Vo*  -  *», 

and,  Equations  (103)  and  (104),  '    " '  ^  ' 

H.  ■y/<£'-x'.x.dx  _  I  (a«  -  a")^ 


I      , 


'        .''•.-• 


*/     = 


s 


%  =  2^^'  ^a^^x^.dx   =     «^  (|  -  «n"^  — )  -  «'  V**  -  a:'», 

«   being  the   area  of  the  entire  segment.     Denoting  the  chord  AB 

by  c,  we  have, 

•y/a*  —  x'^z=.  -J-c;  ;•  *'^-         . 

irhenoe, 

c3 


""'  -  T2Ti  '  ^' 


and  we  conclude,  that  the  centre  of  gravity  of  a  circular  segment 
is  on  the  radius  drawn  to  the  middle  of  the  arc,  and  at  a  distance 
Jrom  the  centre  equal  to  the  cube  of  the  chord,  divided  by  tioelve 
times  the  area  of  the  segment. 


--'^V? 


■i,  a-  -  i' 
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Repladng  the  value  of  «,  and  supposing  d;'  tp  be  zero,  ta 
ease  the  segment  becomes  a  semicircle,  we  shall  find,  ^    - 

4a  '    *■*  . 

§  122. — If  the  surface  be  one  of  reyolution,  about  the  axis  s  for 
instance,  it  will  be  symmetrical  with  respect  to  this  axis;  hence, 

y,  =  0;    f,=0; 

and  if  i^(jry)  =  0,  be  the  equation  of  a  meridian  section  in  the 
plane  «y,  then  will  the  area  of  an  elementary,  zone  comprised  be- 
tween two  planes  perpendicular  to  the  axis  of  revolution  be, 

and  therefore,  Equations    (92), 


te,  =  2* 


fl'^y^y 


^  +  55-^* 


•  •  •  • 


8 


(105) 


^2*fl!,y.yJ\  +^'dx    ....     (106) 


Example  1. — Find 
the  position  of  the 
centre  of  gravity  of 
a  right  conical  sur- 
face. 

The  equation  of 
the  element  in  the 
plane  xy^  is,  assum- 
ing the  origin  at  the 
vertex. 


y  =  c«; 


hence, 


2*  Tnas^dx'y/l  -t-a* 
'Z*  r„ax  dx^/\  +a» 


«.  = 


3 


x". 
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Hence,  the  etnlre  1/  gravity  of  a  tphtrieal  eone,  is  at  tht  tiuddU 
fomt  vf  a  litt»  joining  the  eenlra  of  itt  circular  baset.  And  in  the 
taee  t^  one   bate  it  i*  only  nteettary  to  make  x"=  a,  akich  givtt, 

-.  =  ^-^ 

So  that  the  centre  1^  gravity  if  a  tone  of  one  bate  ie  at  the  middle 
ef  (kt  ver-rine  of  itt  meridian  curve. 


7HK    CESTBSB    OF    QSATTTr    OT    TOLnUBB,  X 

g  123. — When  it  is  the  question  to  determine  tlie  centre  of  gravity 
of  the  volume  of  any  body,  we  have 

dV  =dx.dy.dt, 

•nd  Equationa  (9S)  become. 


• 
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• 


and, 


I  tt  fn   f  „y.dy.dz.dx 

Vi ^ y » 

Jff  J"  J  n  Z'dy.dz.dx 
z,  =  —5 1— , 

F  =  ffi  fff  J  n  dy.dz.dt. 


In  which  the  triple  integral  must  be  extended  to  include  the 
entire  space  embraced  by  the  surface  of  the  body ;  this  surface 
being  given  by  its  equation* 

If  the  volume  be  symifietrical  with  respect  to  any  line,  this  line 
may  be  assumed  as  one  of  the  co-ordin^  axes,  as  that  of  4?;  in 
which  case,  if  X  represent  tiie  area  of  a  section  perpendicular  to  this 
axis,  and  x,  its  distance  from  the  plane  yz^  then  will  Xdx,  be  an 
elementary  volume  symmetrically  disposed  in  regard  to  the  axis  x, 
and  Equations  (92),  become 

I  ,f  Xxdx 
^s=^^^ , (107) 

y/  =  o, 

«/  =  0, 

and, 

V=fJuXdx.     .......      (108) 

Example  1. — Find  the  position  of  the  centre  of  gravity  of  a  semi- 
ellipsoid,  the  equation  of  whose  surface  is 

x^        V*         «* 
A^       JP        C^ 

The    semi-axes  of  the  elliptical  section  parallel  to  the  plane  yz,  are. 


V 
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X  =  *5C(1-J). 


and,  Equations  (107)  and  (108), 


^=/;-^^(i-y^^ 


£.Bc{i-!^;)dx 


»\    .  8  -  , 


/■   ' 


If  the  figure  be  one  of  revolution  about  the  axis  of  x^  then,  deno^^ing 
by 

F{xy)  =  0, (109) 

the  equation  of  the  meridian  section  bj  the  plane  xy,  will 
•|id  Equations  (107)  and  (108),  may  be  written. 


fj'  *y" 


f^xdx 
V 

V 


«-  =  — == > (110) 


^  fi^y^dx (Ill) 

Example  1. — Required  the  position   of  the  centre  of  gravity   of  a 
paraboloid  of  revolution. 

In  this  case,  Equation  (109), 

F{xy)  =  ya  -2|>a?  =  0, 
whence,  ^ 

r  =  "St^p  j^ xdxy 

2^pfx^dx       2 

Xf  =  =  —  OL 

2* p J  xdx  .    . 


t 


y 
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Msampli  2. — Required  the  pontion  of  the  centre  of  gravity  iff  tki 
volume  of  a  spherical  eeffment. 


F{xy)  =  y2  +  ««-a»  =  0, 


whence. 


©r. 


^J^„{a^-^x^)dx 

-A  p''H'^^ - ^"^) -^'^ (2fl^ - ^"^yi 

'  ^  T    LT^Sa*  -  ar"2)  -a;'  (3a»  -  «'»)J' 


and  for  a  segment  of  one  base,  x"  =  a, 


«,  = 


If  the  Tolume  have  a  plane  face,  and  be  of  such  figure  that  the 
areas  of  all  sections  parallel  to  this  face,  are  connected  by  any  law 
of  their  distances  from  it,  the  position  of  the  centre  of  gravity,  may 
also  be  found  by  the  method  of  single  integrals. 

Example  1. — Find  the  centre  of  gravity  of  any  pyramid. 

Firtd  by  the  method  explained,  the  centre  of  gravity  of 'the  base 
of  the  pyramid,  and  join  this  point  with  the  vertex  by  a  straight  line. 
All  sections  parallel  to  the  base  are  similar  to  it,  and  will  be  pierced 
by  this  line  in  homologous  points  and  therefore  in  their  centres  of 
gravity.  Each  section  being  supposed  indefinitely  thin,  and  its  weight 
acting  at  its  centre  of  gravity,  the  centre  of  gravity  of  the  entire 
pyramid  will,  §97,  be  found  somewhere  on  the  same  line. 

Take  the  origin  at  the  vertex,  draw  the  axis  x  perpendicular  to 
the  plane  of   the   base,   and    the    plane  xy   through  its   centre  of 
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grayity ;  and  let  X  repreaent  anj  section  parallel  to   the  base,  then 
will  Equations  (92)  become, 

/  „Xxdx 


*/  = 


•  J  „Xydz 
»,  =  0, 


aad, 


Represent  by  A  the  base  of  the  pyramid,  e  its  altitude,  and  let 

be  the  equation  of  the  line  joining  the  veli;ex  and  centre  of  graTi^ 
of  the  base. 


Then, 


and  for  any  frustum, 


-j:- 


'Ax^dx 


X.  = 


y/  = 


4   \B"a  —  ^'3/  • 


aA 


A  /•*' 
-2-     ^dx 


dx 


and  for  the  entire  pyramid,  make  x"  =  c,  and  ar'  =  0,  which  give 


8 
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/whence  we  conclude  that  the  centre  of  gravity  of  a  pyramid  is  on 
tks  line  drawn  from  the  vertex  to  the  centre  of  gravity  of  the  base^ 
and  at  a  distance  from  tJie  vertex  equal  to  threefourths  of  the  length 
of  this  line. 

The  same  rule  obviously  applies  to  a  cone,  since  the  result  is 
independent  of  the  figure  of  the  base. 

The  weight  of  a  body  always  acting  at  its  centre  of  gravity,  and 
in  a  vertical  direction,  it  follows,  that  if  the  body  be  freely  sus- 
pended in  succession  from  any  two  of  its  points  by  a  perfectly 
flexible  thread,  and  the  directions  of  this  thread,  when  the  body  is 
in  equilibrio,  be  produced,  they  will  intersect  at  the  centre  of  gravity; 
and  hence  it  will  only  be  necessary,  in  any  particular  case,  to  deter, 
mine  this  point  of  intersection,  to  find,  experimentally,  the  centre 
of  gravity  of  a  body. 

THE  CENTSOBABTO  METHOD. 

§124. — Resuming  the  second  of  Equations  (95)  and  (103),  whidi 


are^ 


Vi 


£nydxsJl+% 


in  which 


-  fj'^'sj 


'-S 


and 


Vi  =  —^ ^ 


in  which 


,  =  fj,{y"-y')dx; 

clearing   the   fractions    and'  multiplying  both    members    by    2  rr,    we 
diall  have, 

2*.y,«=   /*''2*y   ^/dx'  +  Jp»,      •     •    •     (112) 
2*y,»  =  J^,*{y"'-y'*)dx    ....    (113) 


*. 
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The  second  member  of  Equation  (112)  is  the  area  of  a  surface 
generated  by  the  revolution  of  a  plane  curve,  whose  extremities 
are  given  by  the  ordinates  answering  to  the  abscisses  x'  and  «", 
about  the  axis  x.  In  the  first  member,  «  is  the  entire  length  of 
this  arc,  and  2«'y,  is  the  circumference  generated  by  its  centre  of 
gravity.  Hence,  we  have  this  simple  rule  for  finding  the  area  of  a 
figure  of    revolution,  viz. : 

Multiply  the  length  of  the  generating  curve  hy  the  circumference 
described  by  its  centre  of  gravity  about  the  axis  of  rotation;  the 
product  will  be    tJte  required  surface. 

The  second  member  of  Equation  (113)  is  the  volume  generated 
by  a  plane  area,  bounded  by  two  branches  of  the  same  curve  or 
by  two  different  curves,  and  the  ordinates  answering  to  the  abscisses 
y  and  a:",  about  the  axis  x.  «,  in  the  first  member,  is  the  generating 
area,  and  2«'y^.the  circumference  described  by  its  centre  of  gravity. 
Hence,  this  rule  foe  finding  the  volume  of  any  figure  of  revolution,  viz. : 

Multiply  the  generating  area  by  the  circumference  described  by  its 
centre  of  gravity  about  the  axis  of  rotation ;  the  product  will  be  the 
volume  sought. 

Example  1,— Required  the  measure  of  the  surface  of  a  right  cone. 

Let  the  cone  be  generated  by  the 
rotation  of  the  line  A  B  about  the 
line  A  C.  The  centre  of  gravity  of 
the  generatrix  is  at  its  middle  point 
G^  and  therefore,  the  radius  of  the 
circle  described  by  it  will  be  one- 
half  of  the  radius  CB^  of  the  circu- 
lar base  of  the  cone.      Hence, 


2*y,,s  =  2fl'. 


BC.AB 


=  't  BC.AB. 


Example  2, — Find  the  volume  of  the  cone. 

The  area  of  the  generatrix  ABC,  is  ^BC.AC;  and  the  radius 
of  the  circle  described  by  its  centre  of  gravity  is  ^  B  C.     Hence, 


2^yj8  =  l^BC 


BC.AC 


Z=l   € 


BC^.AC 
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§125. — ^When  the  elementaiy  masses  of  a  body  exert  their  foroef 
of  inertia  simultaneously  and  in  parallel  directions,  they  must  expe- 
rience equal  accelerations  or  retardations  in  the  same  time,  and  the 
&ctor 

in  the  measures  of  these  forces,  as  given  in  Equation  (13),  must  be 
the  same  for  all.  Substituting  these  measures  for  P',  P'\  &c.,  in 
Equations  (62),  we  find. 


X   = 


•  Sm*' 


y  = 


€P8 


Im 


Imy' 


2l»    * 


^2my\ 


t  = 


dfi 


Im 


'Imt' 


Im 


d^8 
1^ 


Im 


(114) 


Whence,  Equations  (88),  the  centre  of  inertia  coincides  with  the 
centre  of  gravity  when  the  force  of  gravity  is  constant,  both  being  at  the 
centre  of  mass.  In  strictness,  however,  the  centre  of  gravity  ia 
always  below  the  centre  of  inertia;  for  when  the  variation  in  the 
force  of  gravity,  arising  from  change  of  distance,  is  taken  into 
account,  the  lower  of  two  equal  masses  will  be  foimd  the  heavier. 
And  in  bodies  whose  linear  dimensions  bear  some  appreciable  propor- 
tion to  their  distances  from  the  centre  of  attraction,  the  distance 
between  these  centres  becomes  sensible,  and  gives  rise  to  some  curious 
phenomena. 


^  • 
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HOnON    OF   THE    CENTRE   OF    INEBTIA* 


§  126. — Substitute  in  Equations  (^),the  values  of  d^x^d!^y^  aqd  c^f, 

given  by  Equations  (34),  and  we  have,  because  dt  \s  constant,  and 
d^Xf^  d^y^  and  c^z^,  will  each  be  a  common  &otor  for  all  the  elemen- 
tary masses,  ^ 


2  P  cos  a  —  if- 


«Pa?, 


-•:7:r-2w».cPa:'  =  0, 


2Poosi8'-ir.5^  — 


2  P  cos  y  —  if- 


d^ 

dfi 

dt^ 

1 
dt^ 

d^z, 

1 

dfi 


Im.d^y'  =  0, 


— -^.Sm.cPz'  =  0. 


In  which  M,  denotes  the  entire  mass  of  the  body,  being  equal  to  2fii» 
Denote  by  x^  y,  z,  the  co-ordinates  of  the  centre  of  inertia  referred 
to  the  movable  origin,  then,  Equations  (114), 


M.y 


2  ms', 


and  differentiating  twice, 


M.dhi 
M.d^ 
M.dh 


2m. d^^ 
2  m .  d»y', 
2  m .  dhi\ 


which  substituted  in  the  preceding  Equations,  give, 


(116) 


2P«co8  a  —  Jtf". 


2P.co8i8  — Jf. 


d^x, 

dfl 
d^z, 


^M 


-  Jf 


2P.cosy- j/-.::|j;f -if. 


tPx 

<Py 
di» 

d^z 
1^ 


=  0, 


=  0, 


^0, 


•    • 


(116) 
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and  if  the  movable  origin  be  taken  at  the  centre  of  inertia,   then 
wiU, 

and  «^,  y, ,  ir^,  will  become  the  co-ordinates  of  the  centre  of  inertu 
referred  to  the  fixed  origin,  and  we  have, 

2  P.cos  a  —  if . -rl^  =  0, 
2P.cosi8-Jir.^  =  0, 
2P.cosy-if.^  =  0; 


•    • 


(117) 


Equations  which  are  wholly  independent  of  the  relative  positions 
of  the  elementary  masses  m\  m"  &c.,  since  their  co-ordinates  x'y  y\ 
a',  dec,  do  not  enter.  It  will  also  be  observed  that  the  resistance  of 
inertia  is  the  same  as  that  of  an  equal  mass  concentrated  at  the 
body's  centre  of  inertia. 

Whence  we  conclude,  that  when  a  body  is  subjected  to  the  action 
of  any  system  of  extraneous  forces,  the  motion  of  its  centre  of  inertia 
will  be  the  same  as  though  the  entire  mass  were  concentrated  into 
that  point,  and  the  forces  applied  without  change  of  intensity  and 
direction,  directly  to  it 

This  is  an  important  fact,  and  shows  that  in  discussing  the  motion 
of  translation  of  bodies,  we  may  confine  our  attention  to  the  motion 
of  their  centres  of  inertia  regarded  as  material  points. 


BOTATION  AEOUND  THE  CENTBE  OF  INEETIA. 

§127. — Now, 'retaining  the  movable  origin  at  the  centre  of  inertia, 
substitute  in  Equations  (^),  the  values  of  e^x,  dh/^  and  c^,  as  given 
by  Equations  (34),  and  reduce  by  the  relations, 

ilf.y  =  2m.y's=0, 
M.z  =  2m.2'  =0; 


-••  -• 


/•--    .*"'.     '. 


>.    :■*  s. 


>     «  «  ' 


and  we  havej 


.-.'y   •» 
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/      .       /  ,  ■>!   . 


.    r 


y  ■ 


(118) 


from  which  all  traces  of  the  position  of  the  centre  of  inertia  have 
disappeared,  and  froip  which  we  infer  that  when  a  free  body  is  acted 
upon  by  any  system  of  forces,  the  body  will  rotate  about  its  centre 
of  inertia  exactly  the  same  whether  that  centre  be  at  rest  or  in 
motion. 

§128. — ^And  we  are  to  conclude,  Equations  (117)  and  (118),  that 
when  a  body  is  subjected  to  the  action  of  one  or  more  forces,  it  will 
in  general,  take  up  two  motions-— one  of  translation,  and  one  of  rota- 
tion, each  being  perfectly  independent  of  the  other. 

§  129. — Multiply  the  first  of  Equations  (117),  by  y^,  the  second  by 
ar^,  and  subtract  the  first  product  from  the  second;  also,  the  first  by 
2^ ,  the  third  by  x^ ,  and  subtract  the  second  of  these  products  from 
the  first ;  also  the  third  by  y^ ,  and  the  second  by  z^ ,  and  subtract 
the  second  of  these  products  from  the  first,  and  we  have, 


2(Poos^).«,-2{i'co8<t).y,-if.  (l^.x,  _^.y,)  =0, 
2(Poo8  7).y,-2(Pcos^).«,-Jf.  (^.y,  -  ^.2,)  =0; 


(119) 


Equations  from  which  may  be  found  the  circumstances  of  motion 
ilt  the  centre  oi  inertia  about  the  fixed  origin. 
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HOnOK    OF    TSAN8LATI0H. 


§180. — Regarding  the  forces  as  applied  directlj  to  the  centre  of 
inertia,  replace  in  Equations  (117),  the  values  Z  P.  cos  a,  iP.coap^ 
and  2  P.  cos  /,  by  JT,  F*,  and  Z,  respectively,  and  we  may  write. 


cPx 
X-^  M-—-  =  0, 


(190) 


from  which  the  accents  are  omitted,  and  in  which  ar,  y,  and  ir,  must 
1m  understood  as  appertaining  to  the  centre  of  inertia. 


GENERAL    THEOBEK    Ot   WOBE,    VELOGTIT    AND    LIVING-    FOBGE. 

§  131.— Multiply  the  first  of  Equations  (120)  by  fSt,dXy  the  second 
by  2iy,  the  ^ihird  by  ^dz^  add  and  integrate,  we  have 

2j(Xd»  +  Tdy  +  Zdz)  -•  M.  Jfi  +  C  =z  0. 


But,  ^  ;: 


=   F'; 


(/(«  di^ 

whence, 

2f(Xdx+rdy  +  Zdz)-^M.V^+C-0    •    •    (121) 

The  first  term  is,  §  101,  twice  the  quantity  of  work  of  the  ex- 
traneous forces,  the  second  is  twice  the  quantity  of  work  of  the 
inertia,  measured  by  the  living  force,  and  the  third  is  the  constant 
of  int^ration. 

If  the  forces  JT,  F,  Z,  be  variable,  they  must  be  expressed  in 
functions    of   x^  y,   z,    before    the    integration    can    be    perfoiroeii 
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Soppodng  this  latter  oondidon  fulfiUed,  and  that  the  forms  of  the 
fmetioas  are  sadi  as  make  the  integration  possible,  wc  may  write, 

F(xfx)^iM.V*+C'=0,      ....     (122) 

and  between  the  limits  x^  y^  z,  and  x/  y/  z/ , 

wbenoe  we  ecmdude,  that  the   quantity   of  work   expended   by   the 
.  extnoeous  fi>rces  impressed  upon  a  body  during  its  passage  from  one 
position  to  another,  is 'equal  to  half  the  difference  of  the  living  forces 
of  the  body  at  these  two  positions. 

We  also  see,  from  Equation  (123),  that  whenever  the  body 
retains  to  any  position  it  may  have  occupied  before,  its  velocity  will 
be  the  same  as  it  was  previously  at  that  place.  Also,  that  the 
velocity,  at  any  point,  is  wholly  independent  of  the  path  described. 

If 

Xdx-\'  Tdy  +  Zdz  =  0, 

the  extraneous  forces  will,  §  101,  be  in  equilibrio,  and 

that  is,  the    velocity  will  be    constant,  and    the    motion,   therefore, 
onifoniL 

§132. — Again,  multiply  the  first  of  Equations  (118)  by  J  5,  th^j  Hr-c- 
ond  by  d^p^  the  third  by  rf«r;  add  and  reduce  by  the  rolationrt  pvi-n 
in  £(|uations  (38) :   we  find 

\      dt^  dC     ^     dt'     /' 

integrating  and   replacing  the  first  member   by  its  .-^jiiiil   in   Jvjiiation 
(68),  we  have 

I>enotiDg  the  lever  arm  of  i?  by  A",  the  velocity  of  the  molecule  m  m 
reference  to  the  centre  of  inertia  by  v,  Ac,  and  the  arc  described  by  a 
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poiDt  in  tho  plane  of  the  resultant  R  and  of  its  lever  arm,  at  the  unit's 
distance  from  the  centre  of  inertia,  by  «^,  we  have 

c^>^  .ifc/i    j  Rdr  z:zjRK.d8^\     ~  ^^,      =  v*,  &c; 

whence 

Adding  this  to  Equation  (121),  there  will  result 

2j*{Xdx  +  rdy  +  Zdz)  +  2j*B.K.d8,  =  MV^+lmv*+C  (121)' 

From  which  it  is  apparent  that  the  quantity  of  work  impressed  upon 
a  body,  or  the  living  force  with  which  it  will  move,  is  dependent  not 
only  upon  the  intensity  of  the  force,  but  also  upon  the  distance  of  its 
line  of  direction  from  the  centre  of  inertia. 

§  133. — If  Equation  (121)  be  applied  to  each  one  of  a  collection  of 
elements,  of  which  the  masses  are  m,  m'j  &c^  Uiere  will  be  as  many 
equations  as  elements;  and  if  the  velocities  of  these  elements  be  de- 
noted by  V,  v\  (fee,  we  have,  by  addition, 

2:sJ*{Xdx  +  Ydi/'{'Zdz)  =  lmv*--C     .    .     (121)" 

Let  the  extraneous  forces  be  only  those  arising  from  the  mutual  actions 
and  reactions  of  the  elements  upon  one  another.  If  the  elements  m 
and  y?i'  be  separated  by  the  distance  r,  and  their  co-ordinates  ho  xyz 
and  x'  y'  z\  respectively,  then,  the  reciprocal  action  being  along  r,  will 

a?  —  ar'                  /.y  —  y'                        2  — «' 
OQs  a  = ;  cos  /J  = ^  ;         cos  y  = ; 

,        « — «'  ^.         V  —  y'  .        « — «' 

cos  a'= ;     cos  j3'  =  —  ^ — ;    cos  y'  = : 

T  r      '  /  r     * 

cind  for  the  element  m  we  have 

Xdx'\'Ydy-\-Zdz^p{^^^dx-\-^-.^:^ 
for  the  element  m', 
X'dx'+rdy'+Z'dz'=.^p('^^dx'+^^ 
>     and  by  addition, 

XrfflP+rdy+ZrfH-J^<'»'+rrfj<+r<l»'==p[(»-a>')d(»-a04<y-lO<'(y-/)+(»-Orf(»-OJ. 
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But 

and  differentiating, 

so   that   the  second  member   above   reduces   to  Pdr;    and   Equalbi: 
(121)"  to  2j:J^Pdr  =  lmv^--C (121)'" 

If  the  elements  be  invariably  connected  dnring  the  motion,  the  differ- 
entials of  r  will  be  zero,  and 

This  is  called  the  conservation  of  living  force, 

8TABLB  AND    I7NSTABLB   EQUILIBBIUlff. 

§  134 — Resuming  Equation  (123),  omitting  the  subscript  accents, 
and  bearing  in  mind  that  the  co^)rdinates  refer  to  the  centre  of 
inertia,  into  which  we  may  suppose  for  simplification  the  body  to  be 
concentrated,  we  may  write, 

^MV^  -  ^MJri  =  F{x'y'z')  -  F{xyz), 

in  which 

F{xyz)  =  f{Xdx  +  Ydy  +  Zdz\ 

and 

dF{xyz)  =  Xdx  +  Ydy  +  Zdz. 

Now,  if  the  limits  x' y* z*  and  xyz  be  taken  very  near  to  eacli 
other,  then  will 

ap'  =  a:  +  dx\    y'  =z  y  +  dy;    «'  =  «  +  dz; 

which  substituted   above,  give 

|if  r'2  _  ^MV^  =  F{x  +  dx,y  +  dy,  z  +  dz)  ^  F{xyg), 

ind  developing  by  Taylor's  theorem, 

Adx  +  Bdy  +  Cdu 

y^  +  ^c+i), 

in  which  D  denotes    the  sum   of   the    terms    involving    the  higher 
powers  of  dx^  dy  and  dz. 


I       Adx  4-  Bdv  +  Ci 
*  *  \  +  A'dx^  +  B'dy^  + 
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J£  ^MV^  he  A  maximum  or  minimum,  then  will  , 

Adx  +  Bdy  +  Cdz  z=0; (128)' 

and  since 

*  •  ■ 

Adz  +  Bdy  +  Cdz  =  dF{xyz)  =  Xdx  +  Tdy  +  Z</r, 

we  haye, 

Q     _  Xdx  +  Tdy  +  Zdz  =  0. 

But  when  this  condition  is  fulfilled,  the  forces  will,  Equation  (69), 
be  in  equilibrio ;  and  we  therefore  conclude  that  whenever  a  body 
whose  centre  of  inertia  is  acted  upon  by  force iJ  not  in  equilibrio, 
reaches  a  position  in  which  the  living  force  or  the  quantity  of 
work  is  a  maximum  or  minimum,  these  forces  will  be  in  equilibrio. 

And,  reciprocally,  it  may  be  said,  in  general^  that  when  the  forces 
are  in  equilibrio,  the  body  has  a  position  such  that  the  quantity  of 
action  will  be  a  maximum  or  minimum,  though  this  is  not  alway% 
true,  since  the  function  b  not  necessarily  either  a  maximum  or  a 
minimum  when  its  first  differential  co>efficient  is  zero. 

§  135. — Equation  (123)' ,  being  satisfied,  we  have 

^MV'^  --^MV^  z^  dc  {A'dx^  +  B'dy^  +  &a  +  2>)  •  •  •  (124) 

The  upper  sign  answers  to  the  case  of  a  minimum,  and  the  lower 
to  a  maximum. 

Now,  if  V  be  very  small,  and  at  the  same  time  a  maximum,  V 
must  also  be  very  small  and  less  than  F,  in  order  that  the  second 
member  may  be  negative ;  whence  it  appears  that  whenever  the  system 
arrives  at  a  position  in  which  the  living  force  or  quantity  of  .work  is 
a  maximum  and  the  system  in  a  state  bordering  on  rest,  it  cannot 
depart  far  from  this  position  if  subjected  alone  to  the  forces  which 
brought  it  mere.  This  position,  which  we  have  seen  is  one  of  equi- 
librium, is  called  a  position  of  stable  equilibrium.  In  fact,  the  quantity 
of  work  immediately  succeeding  the  position  in  question  becoming 
negative,  shows  that  the  projection  of  the  virtual  velocity  is  negative, 
and  therefore  that  it  is  described  in  opposition  to  the  resultant  of  the 
forces,  which,  as  soon  as  it  overcomes  the  living  force  already  existing^ 
will  cause  the  body  to  retrace  its  course. 
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1 13G. — ^If,  on  the  contrary,  the  body  reach  a  position  in  which  the 
quantity  of  work  is  a  minimum,  the  upper  sign  in  Equation  (VM) 
must  be  taken,  the  second  member  will  always  be  positive  and  there 
will  be  no  limit  to  the  increase  of  V\  The  body  may  therefore 
depart  fiirther  and  further  from  this  position,  however  small  V  may  be ; 
and  hence,  this  is  called  a  position  of  unstable  equilibrium. 

§  137. — If  the  entire  second  member  of  Equation  (124),  be  zorO| 
then  will, 

and  there  will  be  neither  increase  nor  diminution  of  quantity  of  work, 
and  whatever  position  the  body  occupies  the  forces  will  be  in  equili- 
brio.    This  is  called  equilibrium  of  indifference, 

§138. — If  the  system  consist  of  the  union  of  several  bodies  acted 
upon  ouly  by  the  force  of  gravity,  the  forces  become  the  weights 
of  the  bodies  which,  being  proportional  to  their  masses,  will  be  con- 
stant. Denoting  these  weights  by  W,  TT",  TT'",  &c.,  and  assum* 
ing  the  axis  of  z  vertical,  we  have  from  Equations  (87), 

Bt,  =  TTV  +  W"x"  +  W"'g"'  +  &c., 

m  .which  22,  is  the  weight  of  the  entire  system,  and  z,  the  co-ordi- 
"Hate  of  its  centre  of  gravity;  and  difTerentiatiDg, 

Bdz,  =  W'dg'  +  W"d%"  +  W'dz'*'  +  dec   .    .    .    (126) 

Kow,  if  ^^  be  a  maximum  or  minimum,  then  will 

Wdz'  +  W'dz''  +  W"'dz'"  +  dec  =  0, 

"which  is  the  condition  of  equilibrium  of  the  weights.  Whence,  wo 
<»nclude  that  when  the  centre  of  gravity  of  the  system  is  at  the 
liighest  or  lowest  point,  the  system  will  be  in  equilibrio. 

In  order  that  the  virtual  moment  of  a  weight  may  be  positive, 
vertical  distances,  when  estimated  downwards,  must  be  regarded  as 
3>ositive.  This  will  make  the  second  differential  of  z^ ,  positive  at 
the  limit  of  the  highest,  and  negative  at  the  limit  of  the  lowest 
3K)int.  The  equilibrium  will,  therefore,  be  stable  when  the  centre  cif 
gravity  is  at  the  lowest,  and  unstable  when  at  the  highest  point. 
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Integrating    Equation    (125),    between    the    limits    g^  =  H^    and 
M^  =  jET',  z'  =  h^  and  «'  =  A',  &c.,  and  we  find, 

i?(Zr,  -  JET')  =  Tr'(A,  -  A')  +  TT"  (A,,  -  A")  +  &a ;  •  (12«) 

from  which  we  see  that  the  work  of  the  entire  weight  of  the  system, 
acting  at  its  centre  of  gravity,  is  equal  to  the  sum  of  the  quantities 
of  work  of  the  component  weights,  which  descend  diminished  by  the 
sum  of  the  quantities  of  work  of  those  which  ascend. 


INITIAL   CONDITIONS,   DIBECT   AND    INYEBSB    PROBLEM. 

§139. — By  integrating  each  of  Equations  (120)  twice,  we  obtain 
three  equations  involving  four  variables,  viz. :  a;,  y,  ir  and  /.  By 
eliminating  /,  there  will  result  two  equations  between  the  variables 
X,  7  and  2r,  which  will  be  the  equations  of  the  path  described  by 
the  centre  of  inertia  of  the  body. 

§  140. — In  the  course  of  integration,  six  arbitrary  constants  will 
be  introduced,  whose  values  are  determined  by  the  initial  circum- 
stances of  the  motion.  By  the  term  initial,  is  meant  the  epoch 
from   which  t  is  estimated. 

The  initial  elements  are,  1st.  The  three  co-ordinates  which  give 
the  position  of  the  centre  of  inertia  at  the  epoch ;  and  2d.  The 
component  velocities  in  the  direction  of  the  three  axes  at  the  same 
instant. 

The  general  integrals  determine  the  nature  only,  and  not  the 
dimensions  of  the  path. 

§  141. — Now  two  distinct  propositions  may  arise.  Either  it  may 
be  required  to  find  the  path  from  given  initial  conditions,  or  to 
find   the  initial  conditions  necessary   to   describe  a  given  path. 

in  the  first  case,  by  integrating  Eqs.  (120)  twice,  we  obtain  six  equa- 

dx      dy       dz 
tions  in  x,  y,  z,  /,  the  component  velocities,  ~ ,     -^ ,     -r-,  and  six  arbi- 
trary constants  of  integration.     Making  in  these  equations   /  =  0,   and 
substituting  for   the  co-ordinates  and  component  velocities  their  initial 
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▼aluea,  the  constants  become  known.  These,  in  the  three  equations 
obtained  from  last  integration,  give  three  equations  in  x,  y,  z  and  /,  from 
vhich,  if  t  be  eliminated,  two  equations  in  x,  y  and  z^  will  result.  These  will 
be  the  equations  of  the  path,  and  the  problem  will  be  completely  solved. 
In  the  second  case,  the  two  equations  of  the  path  being  differentiated 
twice  and  divided  each  time  by  rf/,  give  only  four  equations  involving 
three  first,  and  three  second  differential  co-efficients.  The  inverse  problem 
is,  therefore,  indeterminate. 

But  Equation   (121)  being   differentiated   and  divided  by  the  dif- 
ferential  of  one  of  the   variables,  say  rfar,  gives 


dV^  dv  dz 


(127) 


dx  dx    '        dx 

which  is  a  fifth  equation  involving  X,  Y,  Z,  and  V.  By  assuming 
a  value  for  any  one  of  these  four  quantities,  or  any  condition  con- 
necting them,  the  other    five    may  be  found  in  terms  of  x^  y  and  z. 


VEETICAL  MOTION  OF  HEAVY  BODIES. 


js^Mc. 


§  142. — When  a  body  is  abandoned  to  itself,  it  falls  toward  the 
earth^s  surface.  To  find  the  circumstances  of  motion,  resume  Equa- 
tions (120),  in  which  the  only  force  acting,  neglecting  the  resistance 
of  the  air,  will   be   the    weight    =  Mg  \    and   we  shall  have,   Equa» 

tions  (117), 

2  P  cos  a  =  X  r=  Mg .  cos  a ; 

2Pcosi8  =  F=  if^.  cos/3; 
2  P  cos  y  =  Z  =  Mg  .  cos  y  \ 

^   '^hich  M  denotes  the    mase  of 

the  body.  Tlie  force  of  gravity 
varies  inversely  as  the  square  of 
^^  distance  from  the  centre  of 
^i^^  earth,  •  but  within  moderate 
liu"iit8  may  be  considered  invaria- 
^1^-  The  weight  will  therefore  be 
^^istant  during  the  fall. 

Take  the  co-ordinate  z  vertical, 
^d  positive  when  estimated  downwards,  then  will 

cos  a  =  0 ;     cos  )8  =  0 ;     cos  y  =  1, 


-X 
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and  Equations  (120)  become,  after  omitting  the  oommon  fiictor  Jf, 


t±^0'    ^-0-    —-a    ^  c^ee^'--^ 


and  integrating^ 


dx  dy 

dt         «'  dt         f' 


—  =z  V  :=z  gt  +  u^ (128) 

in  which  v  is  the  actual  velocity  in  a  vertical  direction. 
Making  ^  =  0,  we  have 

dz 

dt  • 

The  constants  u  ,  u    and  tf  ,   are    the    initial    velocities    in    the 

di|^ctioj^  ofthe   axes  x^  y  and  t^  respectively.    Supposing  the  firtt 
two^zA^^Q^omitting  the  subscript  z^  from,  the  third,  we  have, 

dx       ^     dy 
»=^  =  i?<  +  « (129) 

•  fit.    .       ..  '  ...•.■••/.      «ii  »  .  ^"^ 

Integrating  again,  we  find 

V-    1^.  ■•.,  .» '       , 

X  z=:  C\     y  ^  C^ 

Zz:z\g(^  +  Ut+   C'\ 

and  if  when   <  =  0,  the  body  be  on  the  axis  2,  and  at  a  distance 
below  the  origin  equal   to  a,   then   will 

a:  =  0  ;    y  =  0 ; 
«=:^^<«  +  u^  +  a (130) 

If  the  body  had  been  moving  upwards  at  the  epoch,  then  would 
u  have  been  negative,  and,  Equations  (120)  and  (130), 

v=^<  —  ti     •    • (131) 

«=rjy<a  — i#<  +  a (182) 
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If  the  body  had  moved  from  rest  at  the  epoch  and  from  the 
origin  of  oo-ordinates,  then  would  v  be  the  actual  velocity  generated 
l>j  the  body's  weight,  and  2  =  A,  the  actual  space  described  in  the 
time  t;  and  Equations  (129)  and  (130)  would  become, 


:.r 


V  z=zgt      .'../....      (138)  ^ 
h  =igfi .     (134)  ^ 

and  eliminating  t, 

V  =  yT^Jh .     (135)  ^ 

whence,  we  see  that  the  velocity  varies  as  the  time  in  which  it  is 
generated;  that  the  height  fallen  through  varies  as  the  square  of  the 
time  of  fall;  and  that  the  velocity  varies  directly  as  the  square  root 
of  the  height. 

The  value  of  A,  is  called  the  height  due  to  the  velocity  v ;  and 
tfie  value    v,  is  called  the  velocity  due  to  the  height  h. 

m 

If,  in  Equation  (132),  we  suppose  a  =  0,  we  shall  have  the  case 
of  a  body  thrown  vertically  upwards  with  a  velocity  u,  from  the 
origin,  and  we  may  write, 

^  v^gt^u,     .   ^ (186) 

*  =  i^/a-ti<; (137) 

when  the  body  has  reached  its  highest  pointy  v  will  be  zero,  and  we 
find,  ^ 

^/-  u  =  0; 
or,  "^ 

9 

which  is  the  time  of  ascent;  and  this  value  of  /,  in  Equation  (137), 
will  give  the  greatest  height,  A  =  ^r,  to  which  the  body  will  attain, 

§143. — In  the  preceding  discussion,  no  account  is  taken  of  the 

atmospheric  resbtanoe.     For  the  same  body,  tins  resistance  varies  as 

0 
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the  square  of  the  velocity,  so  that  if  kj  denote  the  velocity  when  tlia 
retustance  becomes  equal  to  the  body's  weight,  then  will 


.  ^    ■;■ 


M.g.v* 
~1P        • 


be  the  resistance  when  the  velocity  is  v,  and  in  Equations  (117)»  we 
shall  have, 

2  P  COS  a  ==  X  =  M  g  cos  a  +  Mg  •  —  •  cos  a\ 
2Pco8/3=  F=if^oosi8  +  i/*^~.  008/3', 
2 P  cos  7  =  Z  =  Mg  COS  7  +  Mg  •  —  -.cos  y' ; 

taking  the  co-ordinate  r,  vertical  and  positive  downward,  then  will, 

cos  a  r=  cos  a'  =  0, 
cos  P  =  cos  jS'  =  0, 
cos  7  =  1,    cos  7'  =  —  1 ; 

add  Equations  (120)  give, 

M^^=:Mg^Mg'-^ 

Omitting  the  common  factor  M,  and  replacing  -y-^  by  its  value  -r- , 

rft.  /,        »»\ 

whence, 

k^.dv  h  /     dv      ^        dv    \  „_^. 

Integrating  and  supposing  the  initial  velocity  zero, 

ir<  =  i*.log   i±^ (140) 


4  -f  ^ 

.-••■*      '  .'V  .  '    '        .J 

^    '    .  ■ 


I 


* 
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•'    /    ■  ^ 

yAoA  i^ves  flie  time  in  terms  of  the  vel^xnty;  or  redprooaQj, 

j^  =  '    * ("0 

in   which  e,  is  the  base  of  the   Naperian  system  of  logarithicSy  and 
from  which  we  find,  •  -* 

v^^^-^ ^ (142) 

il  IL 

^  which  giyes  the^vf^ocitij^in  torms_of_^  Substituting  for  v,   ( 

dg 
its  value  -7-9     integrating  and  sugposing  the  initial  space  zero,   we 

have  ' 

•  log  i  (e 

Multiplying  Equation  (139)  by 

dz 


M  X     £i  -tiv 

«  =  -.logi  (tf*  +  tf    *^ (148) 


Tt=''' 


we  have, 

gde  r= 


A»  -  t>» 


and  int^^Tftting,  observing  the  initial  conditions  as  above, 

which  gives  the  relation  between  the  space  and  velodty. 

As  the  time  increases,  the  quantity  b  ^  becomes  less  and  less, 
and  the  velocity,  Equation  (142),  becomes  more  nearly  uniform ; 
for,  if  <  be  infinite,  then  will 

r  *  =  0, 

and.  Equation  (142), 

making  the  resistance  of  the  air  equal  to  the  body^s  weight. 


'. «  •      •    • 


» 
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§144b — ^If  the  bodj  had  been  moving  upwards  with  a  velooitif 
%  then,  taking  z  positive  upwards,  would,  Equations  (120), 

dfl  ^  It*  * 

4 

dv  d^z 

substituting^  —    for  -rr^t  and  omitting  the  common  &ctor,  we  find, 


k.dv  gdt 


integrating, 

and  supposing  the  initial  velocity  equal  to  a,  we  find 

-la 
0=z  tan    -7-» 
k 


(146) 


and, 


—I  V             — 1  a         o  < 
tan-j-=taii-j;--V (146), 


k        ""     *         i 
Taking  the  tangent  of  both  members  and  reducing,  ire  find 


'.       ■  ■..■'■  .  ■,  -     • 

/ 


>»■  'fck*      »' 


gt  ' 

a  —  Ar.tan^ 

il  +  o.tan-r- 
k 


which  may  be  put  under  the  form. 


.^  « • 


a .  cos  ^ ife .  sm  ^ 

:      ^  V:^k.^ ^; =;        ....      (148) 

'    9^   ,   u         9^ 
At  k 

d  z 
Substitudng  for  v  its  value  —^    integrating,   and   supposing   the 

initial  space  zero,  we  have  ^ 

f  =  —  .log(-|--sin^  +  cos-|-)  .    .    •    •    (14*) 


y 
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Multiplying  Equation  (145),  bj  /     .    .  '' 


"^rr 


and  we  baye, 


Jfc»  + v» 

•\ 

and  integrating,  with  the  same  initial  conditions  of  v  being  equal  to 

^  <i       •         ■       • 

a,  when  a;  is  zero,  there  will  result^ 

r 

« 

§  145. — If  we  denote  bj  hj  the  greatest  height  to  nhich  the  body 
will  ascend,  we  have  a  =  ^  when  v  =s  0,  and  henoe. 


'  .1  ' 


A  =  ^,log.^±^ (161) 

finding  the  value  of  ^  from  Equation  (146),  we  have. 


t 


from  which,  by  making  v  =s  0,  we  have, 

which  is  the  time  required  for  the  body  to  attain  the  greatest  eleva- 
tion. Having  attained  the  greatest  height,  the  body  will  descend,  and 
the  circumstances  of  the  fell  will  be  given  by  the  Equations  of  §  148. 
Denoting  by  a\  the  velocity  when  the  body  returns  to  the  point  of 
starting.  Equation  (144),  gives, 

h  =  -^r —  •  log 


2g      ^  k^^a'^ 

and  placing  this  value  of  k  equal  to  that  given  by  Equation  (151)^ 
there  will  result, 

k^         _    P  +  a» 


< 


.   1 
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whence, 

L3 

a*  +  jfca  ' 

that   is,  the  velocity  of  the  body  when   it  returns  to   the  pDint  of 
departure  is  less  than  that  with  which  it  set  out 
Making  v  =  a'  in  Equation  (140),  we  have. 


and,  substituting  for  a\  its  value  above, 


^  ■  * 


»«.  ■  ■ 


tf  =  -j7—  •  log  '^  ....    (154) 

ft  value  very  different  from  that  of  ^^,  given  by  Equation  (153),  for 
the  ascent. 

Multiplying  both  numerator  and  denominator  of  the  quantity  whose 
logarithm  is  taken,  by  y^a*  +  k'*  —  a,   the  above  becomes, 

/^  =  -i.log—        ^    (155) 

A.dding  Equations  (153)  and  (155),  wo  have, 

<    +  ^^  =  —    tan     -T-  +  log     ,  I 

0-,  making  t=zt^  +  t^ 

^==  tan'' 4-  + log     ^       ^     .    •    .    (156) 

If  a  ball  be  thrown  vertically  upwards,  and  the  time  of  its 
absence' from  the  surface  of  the  earth  be  carefully  noted,  t  will  be 
known,  and  the  value  of  k  may  be  found  from  this  equation.  This 
experiment  being  repeated  with  balls  of  different  diametets,  and  the 
resulting  values  of  k  calculated,  the  resistance  of  the  air,  for  any 
given  velocity,  will  be  known. 
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FBOJEGTILEB. 

§  146.-^ATiy  body  projected  or  impelled  forward,  is  called  a  pro- 
jectile^ and  the  curve  described  hj  its  centre  of  inertia,  is  called  a 
hrqjeetory.  The  projectiles  of  artillery,  which  are  usually  thrown  with 
great  velocity,  will  be  here  discussed.  ^^L^^*        W 

§147. — ^And  first,  let  us  consider  what  the  trajectory  would  be 
in  the  absence  of  the  atmosphere.  In  this  case,  the  only  force  which 
acts  upon  the  projectile  afler  it  leaves  the  cannon,  is  its  own  weight ; 
and,  Equations  (117), 

2  P  COS  a  =  JT  =  Mg  cos  a, 
2P  cos  /8  =  Y  =:  Mgcosp, 
2  P  cos  7  =  Z  =  Mg  cos  y. 


Assuming  the  origin 
at  the  point  of  de- 
parture, or  the  mouth 
of  the  piece,  and 
taking  the  axis  z 
vertical,  and  posi- 
tive upwards,  then 
will 


C08a  =  0;    cosi9=:0;    0037  =  —.1 ;    and.  Equations  (120), 


'•^=«'*ft=«>'-?j 


=  -Mg; 


and  integrating,  omitting  Jj/*, 


dx 

dt  «' 


dy  dz 

dt  9*  .  dt 


=  --gt  +  u^   •    •   (157) 


Integrating  again,  and  recollecting  that  the  initial  spaces  are  zero,  we 
have, 

(158) 


X  = 


=  «,•<;  y  =  <»y'<;  »  =  — i^<*  +  «,•/ 
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A 


» 


and  eliminating  /,  from  the  first  two,  we  obtain, 

'4' 

V  '  '      '■ 

■'  u 

y  =  —  .«; 

which  is  the  equation  of  a  right  line,  and  from  which  we  see  that 
the  trajeptory  i|*aV>lah^^urve,  and  that  its  plane  is  vertical. 

Assume  the  plane\d?,  in  this  plane,  then  will  y  =  0,  and  Equa* 
tions  (158),  become, 

«  =  u^  ./;«=-  Jy  r«  +  u^  .  /.      .     .     .   ^  (159) 

Denote  hj  F,  the  velocity  with  which  the  ball  leaves  the  piece, 
that  is,  the  initial  velocity,  and  by  a,  the  angle  which  the  axis  of  the 
piece  makes  with  the  axis  a;,  then  will, 

FI  cos  a,    and    F  •  sin  a, 

be  the  lengths  of  the  paths  described  in  a  unit  of  time,  in  the  direc- 
tion of  the  axes  x  and  z,  respectively,  in  virtue  of  the  velocity  F; 
they  are,  therefore,  the  initial  velocities  in  the  directions  of  these 
axes;  and  we  have, 

u    rsFcosa;     u    =F.sina: 

which,  in  Equations  (159),  give 

ar  =  F.  cosa./;     z  =  -  i gfi  +  V.sia  a.t  •     (160) 

and  eliminating  /,  we  find      '      .-''  '      • 

1;  =  o;  tan  a  —  jr-^== ^-  ; 

2  F^ .  cos*  a 

or  substituting  for  F  its  value  in  Equation  (135),  - 


■ .' '  1 . 


z  -=.  X  tan  a  —  j-r r-      •         •     •    .     (161) 


4  A .  cos'  a 
which  is  the  equation  of  a  parabola. 


{:'<..      .  .     ■  .  ."'••'^       ■•  '^.-i  ■ 


^*. 


:  V  .  ..<,,,,  i  />»*/-^ 


u 
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§  148.— The  angle  a  is 
called  the  angle  of  profec- 
Hon;  and  the  horizontal 
distance  A  2>,  from  the 
place  of  departure  A^  to 
the  point  2>,  at  which  the 
projectile  attains  the  same 
leyely  is  called  the  range. 

To  find  the  range,  make  2  =  0,  and  Equation  (161)  gives 


!•»«    /  *    I.  »« 


x.=i  0,   and   «  =  4  A  sin  a  cos  a  r=  2A  sin  2flt, 
and  denoting  the  range  by  i?, 


■•. ..  •-• 


E  =  2A.sin3a 


(ie2) 


the  value   of  which  becomes  the  greatest    possible  when  the  angle 
of  projection  is  45°.    Making  a  =  45°,  we  have 


jR-2h 


(168) 


that  is,   the  maximum    range  is  equal  to  twice  the  height  due  to 
the  velocity  of  projection. 

From  the  expression  for  its  value,  we  also  see  that  the  same 
range  will  result  from  two  different  angles  of  projection,  one  of  which 
is  the  complement  of  the  other. 

g  149. — Denoting  by  v  the  velocity  at  the  end  of  any  time  ^  we 


have, 


,-/Jr  ^<«. 


'     t    / 


/  .  I 


V 


/^ 


,'  v.,.  ,    /- 


V*  = 


or.  replacing  the  values  of  dz  and  dx^  obtained  from  Equations  (160), 

(164) 


■  '  ■    i. 


•        •        •        • 


v»  =  F»  —  2  r.^.r.sma  +  g'^^ 

and  eliminating  r,   by   meacs  of  the  first  of  Equations  (160),   and 
replacing  F*,  in  the  last  term  by  its  value  2^  A, 


»*  =  F»  —  2^.  tana.^r  +  g 


x^ 


2A.cos>a 


(165) 


/' :  ■ 


i^" 


( 


$ 


> 
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in  which,  if  we  make  a?  =  4  A .  sin  a  cos  a,  we  have  the  veiooity  at 
the  point  D, 

which  shows  that  the  velocity  at  the  furthest  extremity  of  the  range 
is  equal  to  the  initial  velocity.        / 1  /  •' ^    ^    -    >-^ 

Differentiating  Equation  (161),  we  get 

Z  .  X  .     -    .      -^ 

---=tand  =  tana—  — -—  ....     (166) 

ax  2A.cos^a  ^       ' 

in  which  4  is  the  angle  which  the  direction  of  the  motion  at  any 
instant  makes  with  the  axis  x,  ^  /  ^ 

Making  tan  4  =  0,  we  find  '  •<•  ^    -^/*  '  '^ 


0?  =  2 A. COS  a.  sin  o,  ^ 


which,  in  Equation  (161),  gives 

z  =  A.sin^  a, 


the  elevation  of  the  hijghest  point. 

Substituting  for  ar,  the  range,  4  A  cos  a  sin  a,  in  Equation  (166), 

tan  d  r=  —  tan  a, 

which   shows  that  the  angle  of  fall  is  equal  to  minus  the  angle  of 
projection. 

g  150. — ^The  initial  velocity  V  being  given,  let  it  be  required  to 
find  the  angle  of  projection  which  will  cause  the  trajectory  to  pass 
through  a  given  point  whose  co-ordinates  are  x  =:  a  and  «  =  6. 

Substituting  these  in  Equation   (161),  wo  have 


6  =  a  tan  a  — 

a» 

4  A .  cos^  a 

from  which  to  determine  a. 

Making  tan  a  =  9,  we  find 

* 

008*  a  — 

1 

r— r r» 

l+9» 
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whidi  in  Uie  equation  above,  gives 


4h.b  +  a«  —  4A.a.(p  +  a»(p»  =  0; 


rhenoe, 


9  =  tana=:—  dbiv'4A^  -4A6  -a»  .    .    .    (167) 

• 

Tlie  Rouble  sign  shows  that  the  object  is«  attained  by  two  angles, 
and  the  radical  shows  that  the  solution  of  the  problem  will  be 
passible  as  long  as  .  '  -  ' 

4A*>4A6  +  a*.  • 


,* . 


i  I 


Making, 


4Aa  -4A.6  -a*  =  0, 


'  t 


the  question  may  be  solved  with  only  a  single  angle  of  projection. 
But  the  above  equation  is  that  of  a  parabola  whose  co-ordinates  are 
a  and  6,  and  this  curve  being  con- 
structed and  revolved  about  its  vertical 
axis,  will  enclose  the  entire  space 
within  which  the  given  point  must  be 
situated  in  order  that  it  may  be  struck 
with  the  given  initial  velocity.  This 
parabola  will  pass  through  the  farther 
extremity  of  the  maximum  range,  and 
at  a  height  above  the  piece  equal  to  A. 

§  151. — ^Thus  we  see  that  the  theory  of  the  motion  of  projectiles 
is  a  very  simple  matter  as  long  as  the  motion  takes  place  in  vacuo. 
But  in  practice  this  is  never  the  case,  and  where  the  velocity  is  con 
siderable,  the  atmospheric   resistance    changes  the  nature  of  the  tra- 
jectory, and  gives  to  the  subject  no  little  complexity. 

Denote,  as  before,  the  velocity  of  the  projectile  when  the  atmos- 
pheric resistance  equals  its  weight,  by  Xr,  and  assuming  that  the 
resistance  varies  as  the  square  of  the  velocity,  the  actual  resistance 
at  any  instant  when  the  velocity  is  v,  will  be. 


1? 


=•  Mcv^, 
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by  making, 

Tbe  forces  acting  upon  the  projectile  after  it  leaves  the  piece 
being  its  weight  and  the  atmospheric  resistance,  Equations  (120), 
become, 

M*  Tzr  =  Mg .  cos  a  +  Mc .  v^ ,  cos  a' 
a  i^ 

M'^  =  Mg. cosp  + Me. v^.oosp', 

at* 
M*  -7-5-  =r  Mg .  cos  y  +  Itc .  »* .  cos  y'- 

Taking  the  co-ordinates  z  vertical,    and  positive  when  estiniated 
upwards, 

cos  a  =r  0 ;    cos  j8  =  0 ;    cos  y  =  —  1, 

and  because  the  resistance  takes  place  in  the  direction  of  the  trajeo- 
torj,  and  in  opposition  to  the  motion,  if  the  projectile  be  thrown  in 
the  first  angle,  the  angles  a',  ^\  and  7',  will  be  obtuse, 

,  dx  Q,  dy  ,  de 

cos  a'  = —  ;     cos  p'  r= -^  ;    cos  r'  = 7—, 

as  as  '  ds 

and  the  equations  of  motion  become,  jifter  omitting  the  common 
fikctor  if, 

d^x  ,    dx 

dfi  ds' 

^y  «   ^y 

dt'^  ds' 

d^z  ,    dz 

di^  y  '^     cit 

iVom  the  first  two  we  have,  by  division, 

rf*y        d^x 
dy  dx 
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and  by  integration, 


log  dy  =  log  dx  +  log  C; 


and,  passing  to  the  quantities. 


dy  =  Cdx. 


Integrating  again,  we  have. 


y  z=z  Cx+  C'l 

in  which,  if  the  projectile  be  thrown  from  the  origin,  C7'  =  0,  thus 
giving  an  equation  of  a  right  line  through  the  origin.  Whence  we 
see  that  the  trajectory  is  a  plane  curve,  and  that  its  plane  is  vertical 
through  the  point  of  departure. 

Assuming  the  plane  zx^  to  coincide  with  that  of  the  trajectory, 
and  replacing  «*,  by  its  value  from  the  relation. 


rf*2 


we  have, 


cPaf                   d9     dx 
dt^  ""        ^    dt      dt  ' 

d^z                          da     dz 
dfl=-9      "dt'dt'. 

w     •        • 

.V/.    . VJ; 


//r 


<:«'  I 


•         • 


(168) 


From  the  first  we  have, 


and  by  integration, 


log 


d^x 

dx 
di 


dx 
dt 


d8 

'"dT 


=  —  c.  «  +  (7. 


Denoting  by  e,  the  base  of  the  Naperian  system  of  logarithmic 
and  making  0  =  log  A^  the  above  may  be  written. 


dx 


log    -^  =  —  c.  «  X  log  «  +  log  -4, 


."'/ 
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and  passing  from  logarithms  to  the  quantities^ 

dJ^^'  <^«*> 

Denoting  by  F,  the  initial  velocity,  and  by  a,  the  angle  of  pnv 
jeetion,  we  haye,  by  making  «  =  0, 

=  -4  =  Fooae^ 


dt 
which  substituted  above,  gives 

dx  —*• 

—  =  F.cosa.e  (1*^0) 

To  integrate  the  second  of  Equations  (168),  make 

Tt=P-Tt' <"^> 

I 

in  which  p  is  an  additional  unknown  quantity. 

Differentiating    this    equation,    dividing    by   cfl,    and    eliminating 

d^  X 
from  the  result,  -r^>   by   its   value  in  the  first  of  equations  (168), 

Of  ¥ 

we  have, 

d^z        dp     dx  ds  dx 

dt^    ""  ci^     c/<       ^        ci<  dt 

% 

and  substituting  this  value  in   the    second  of  Equations  (168),  -we 

dz 
have,  afler  eliminating   —  by  its  value,*  obtained  from  Equation  (171), 

^.^  =  _« (172) 

dt     dt         ."  ^      ' 

and   dividing  this  by  the  square  of  Equation  (170), 

dp 

^'  9  ***  /^»y«x 

T-  =  -    T.O       a     • «  (178) 

dx  V^  cos'  a  ^       ^ 
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0^    *;^    ^/ii/    ^^^.^-.^    y^  ^/.^ 


'  From  Equation  (175)  we  have, 


—2  C  « 

rfa?  =  —  2  A.  cos*  a .  e        •  <^1>  ; 


from  Equation  (171), 


»" 
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from  Equation  (172),  ,,^^^ 


r<v: 


'    '  /■ 


gdfizzz  ^  dx,dpi 

and  eliminating  the  exponential  &ctor  by  means  of  Equation  (176)| 
we  find, 

c.dxz= ;  .    (178) 

P  ^/T+^  +log{p  +  VT+y)  -  0 


f  . .  I 


e.dzz=: •  '  Jpdp^ ..     /jijrgv 

p  V'l  +!»»  +  log  (p  +  V^TW)  -  c 

.     -/7S.dt=  -dp  _^^      ^jg^j 

W^(7  -  j»  /l  +  jp»  -  log  (p  +  ^  1  +  j,«) 

Of  the  double  sign  due  to  the  radical  of  the  last  equation,  the 
negative  is  taken  because  p^  which  is  the  tangent  of  the  angle  made 
by  any  element  of  the  curve  with  the  axis  of  ar,  is  a  decreasing 
function  of  the  time  t. 

These  equations  cannot  be  integrated  under  a  finite  form,  ^nt 
the  trajectory  may  be  constructed  by  means  of  auxiliary  curves  of 
which  (178)  and  (179)  are  the  differential  eqi^ations.  .ErypMh^^finti 
we  have, 

dx^T.dp', (181) 

and  from  the  second, 

dz:=z  T.p.dp] (182) 

in  which, 


T=- ^ ,  ;-(188) 

*     1»-/1  +i»»  +  log(p+  •/!  +P*)-  c 


* 


and  dividing  Equations  (181)  and  (182),  by  dp, 

dx 


^^^'P' (185) 
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Now,  regarding  »,  py  and  f  ,  |7,  as  tlRb  variable  co-ordinates  of  two 
avpLiliarj  curyes,  Ty  and  T .  p^  will  be  the  tangents  of  the  angles 
which  the  elements  of  these  curves  make  with  the  axis  of  p. 

Any  assumed  value  of  p,  being  substituted  in  T^  Equation  (183), 
will  give  the  tangent  of  this  angle,  and  this,  Equation  (184),  multi- 
plied by  dpy  will  give  the  difference  of  distances  of  the  ends  of  the 
corresponding  element  of  the  curve  from  the  axis  of  p.  Beginning 
therefore,  at  the  point  in  which  the  auxiliary  curves  cut  the  axis  of 
Py  and  adding  these  successive  differences  together,  a  series  of  ordi- 
nates  x  and  ip,  separated  by  intervals  equal  to  dp^  may  be  found,  and 
the  curves  traced  through  their  extremities. 

At  the  point  firom       ^-^ — JS 
wUch    the    projectile 
b  thrown,  we  have, 

«=0;  f=:0;  |7=:tana, 

and  the  auxiliary 
curves  will  cut  the 
axis  of  py  in  the  same 
point,  and'  at  a  dis- 
tance from  the  origin  equal  to  tan  a.  Let  J  ^,  be  the  axis  of  /?, 
and  ^  (7,  the  axis  of  x  and  of  z ;  take  -4  iff  =  tan  a,  and  let  BzD^ 
and  BxEyh^  constructed  as  above. 

Draw  the  axes  Ax  and  At^  through  the  point  of  departure  -4, 
Fig.  (8) ;    draw    any 


ordinate  cz^x^  to  the 

auxiliary  curves  Fig. 

(I);  lay  off  Ax,  Fig. 

(2)  equal  to  Cx,  Fig. 

(1),  and  draw  through 

^s  9     the    line    x,    z, 

parallel    to    the    axis 

A.  «,  and  equal  to  c  f , 

Pig.  (1) ;    tlie   point 

'#    will  be  a  point  of 

tb«  trajectory.     The  range  ADy  is  equal  to  ED,  Fig.  (1). 

'10 


(2.) 
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By  reference  to  the  value  of  C^  Equation  (1T7),  it  will  be  seen 
that  the  value  of  T^  Equation  (183),  will  always  be  negative,  and 
that  the  atixiliary  curve  whose  ordinates  give  the  values  of  x^  can, 
therefore,  never  approach  the  axis  of  J9.  As  long  as  j9  is  positive, 
the  auxiliary  curve  whose  ordinates  are  ar,  will  recede  from  the 
Tixis  jt>;  but  when  ^  becomes  negative,  as  it  will  to  the  left  of 
the  axis  A  C,  Fig.  (1),  the  tangent  of  the  angle  which  the  element 
of  the  curve  makes  with  the  axis  ^,  wiU,  Equation  (186),  become 
positive,  and  this  curve  will  approach  the  axis  je>,  and  intersect  it  at 
some  point  as  D, 

The  value  of  je>  will  continue  to  increase  indefinitely  to  the  left 
of  the  origin  A^  Fig.  (1),  and  when  it  becomes  exceedingly  great, 
the  logarithmic  term  as  well  as  C,  and  unity  may  be  neglected  In 
comparison  with  j9,  which  will  reduce  Equations  (178)  and  (179)  to 

dx  =  — ^  ;     dz  =  -^  ; 

and  integrating, 

x=  C-  1;     *  =  C"  +  i  .  logp, 
cp  c 

which  will  become,  on  making  p  very  great, 

xz=  C;    z=  C"  +  -log;», 

which  shows  that  the  curve  whose  ordinates  are  the  values  of  x, 
will  ultimately  become  parallel  to  the  axis  p^  while  the  other  has 
no  limit  to  its  retrocession  from  this  axis.  Whence  we  conclude, 
that  the  descending  branch  of  the  trajectory  approaches  more  and 
more  to  a  vertical  direction,  which  it  ultimately  attains ;  and  that 
a  line  GL^  Fig.  (2),  perpendicular  to  the  axis  x,  and  at  a  distanoe 
from  the  point  of  departure  equal  to  C,  will  be  an  asymptote  to 
the  trajectory. 

This  curve  is  not,  like  the  parabolic  trajectory,  symmetrical  in 
reference  to  a  vertical  through  the  highest  point  of  the  curve; 
the  angles  of  falling  will  exceed  the  corresponding  angles  of  rising, 
the  rang^  will  be  less  than  double  the  abscissa  of  the  highest  point, 
and  the  angle  which  gives  the  greatest  range  will  be  less  than  45®. 
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Denoting  the  velocity  at  any  instant  by  v,  we  have 


^  =  l^+4f!=  (!+;>»)'''• 


.  > 


dfi 


di^ 


and  replacing   dx^  and  dfi  hy  their  values  in  Equations  (178)  and 
(180),  we  find 


^^1 9'{l+P^) 


(186) 


and  supposing  p  to  attain  its  greatest  value,  which  supposes  the 
projectile  to  be  moving  on  the  vertical  portion  of  the  trqectory, 
this  equation  reduces,  for  the  reasons  before  stated,  to 


=  v^  =  *> 


which  shows  that  the  final  motion  is  uniform,  and  that  the  velocity 
will   then  be  the   same  as  that  of  a  heavy  body  which  has  &llen 

1  P 

in  vacua  through  a  vertical  distance  equal  to  -jr —  =  -^r— 

« c         «^ 

'/ 

§152. — When  the  angle  of  projection  is  very  small,  the  projectile 
rises  but  a  short  distance  above  the  line  of  the  range,  and  the  equation 
of  so  much  of  the  trajec- 
tory as  lies  in  the  imme-  ^ 
diate  neighborhood  of  this 
line  may. easily  be  found. 
For,  the  angle  of  projec- 
tion being  very  small,  p 
will    be    small,    and    its          ^ 
second     power    may    be 
n^lected    in    comparison 
Mrith  unity,  and  we  may 

take, 

da  =  dx;    and    «  =  ar; 

which  in  Equation  (175),  gives, 


■^ 


tea 


dp    _  d^B  _  e 

dx    ""   rf«»  ""  ""  2A.C08'a 


(187) 


'e 
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Int^rating,  ... 

^*  -        ^  I  a* 

dx  4c«A.oos'a  '  >   \ 

makiLg  «  z  0,  we  have  •^—  =  tan  a, 

whence, 

(7  =  tan  a  +  - — - — i--^-  ; 

4c.  A.  cos'  a 

I 

which  substituted  above,  gives, 

=  tan  a  —  ; ; r—  + 


* 


dx  4c.A.cos'a      4c.A.C08'a' 

and  integrating  again 

«  =  tan  a .  «  —  .   .     . r-  +  -; r 5 h  C7', 

making  «  =  0,  then  will  2  =  0,  and 


(7'  = 


I 


8c*.A.oos*a 

1  /  **•  \ 

/  •<,.•.-  f  =  tana«— -— =—  («     —  2c«  — II.    .     (188) 

^;.        ^  '  8c».A.cos*a   \  /  ^      ' 

From  Equation  (172),  we  have, 

g ,dfi  ^  —  dx.dpf 
and  substituting  the  value  of  dp,  from  Equation  (187), 


dx 

0 

/I.    - 
■l. 

• 

* 

'/2^A. 

• 

cosa' 

■^ 

and 

integrating,  making 

X  =  0,  when  < 

=  0, 

• 

* 

i  =  - 
c 

1 

(•'■- 

■') 

•       • 

• 

/''■*    /• 

(189) 
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yhich  wOl  give  the  lime  of  flight   to  any  pomt  whose  horizontal 
distance  from  the  piece  is  equal  to  x. 

§153. — Let  the  projectile  fall  to  the  ground  at  the  point  2>,  and 
denote  the  co-ordinates  of  this  point  hjx=zl^  and  iP  =  X,  and  sup- 
pose the  time  of  flight  or  i  =z  r.  These  values  in  Equations  (188) 
and  (189),  give 

-8c».*.coe«a(X- /.tana)=e**'-2c/- 1    .    (189)' 

oosa.r.c.'/2^A  =  e*'  —  1      •     •     •     .(189)" 

When  the  two  constants  h  and  c,  as  well  as  a  and  X,  are  known, 
these  equations  will  give  the  horizontal  distance  /,  and  the  time  of 
flight.  Conyerselj,  when  the  quantities  a,  /,  X  and  r  are  known, 
they  giye  the  co-efficient  of  resistance  c,  and  the  height  A,  due  to 
the  velocity  of  projection,  and  therefore,  Equation  (185),  the  initial 
Telocity  itself. 

Eliminating  the  height  ^  we  find 

-4  (X-/.tana)(e**- l)«  =  ^.r».(e''*-2c/-  1);  •  (189)'" 

from  which  the  value  of  c  may  be  found,  and  one  of  the  preceding 
equations  will  give  ^  or  the  initial  velocity. 

It  may  be  worth  while  to  remark  that  if  the  exponential  term 
in  Equation  (188)  be  developed,  and  e  be  made  equal  to  zero,  which 
is  equivalent  to  supposing  the  projectile  in  vacuo,  we  obtain  Equi^ 
tion  (161). 

§  154. — Assuming  that  the  resistance  of  the  air  varies  as  the  square 

"    of  the  velocity,  some  idea  m&j  be  formed  of  its  actual  intensity  from 

the  fact  that  a  twenty-four-pound  ball  projected  with  a  velocity  of  2,000 

feet    iu   vacuo,  and  under  an   angle  of  45^,  would  have  a  range  of 

J^^yOOO  feet;  whereas  actual  experiment  in  the  air  shows  it  to  be  but 

^ydOO  feet — about  one-seventeenth  of  the  former. 

Adany  circumstances  qualify  both  the  path  and  velocity  of  projectiles. 
«^^^  law  of  the  resistance  may  be  the  same  for  all  figures,  but  it  is 
'*^0"vm,  from  actual  trial,  not  to  be  that  of  the  square  of  the  velocity, 
^^^^^pt  for  very  small  rates  of  motion.     For  the  same  velocity,  the  in- 


ISO 
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tensity  of  the  resistance  varies  with  the  size  and  figare  of  the  balL 
Much  depends  upon  the  facility  with  which  the  compressed  air  in  front 
may  escape  latterly  and  make  its  way  to  the  rear.  The**  actual  resist- 
ance at  any  instant  is  composed  of  two  terms,  the  one  due  to  the 
inertia  of  the  displaced  particles,  the  other  to  the  difference  of  at- 
mospheric pressure,  as  such,  in  front  and  rear.  If  during  the  motion 
the  air  could  close  in  behind  and  exert  the  same  pressure  as  in  front, 
the  resistance  would  be  wholly  due  to  inertia.  If  the  ball  were  at  rest, 
and  all  the  air  removed  in  rear  of  the  plane  of  largest  section  perpen- 
dicular to  the  trajectory,  the  resistance  would  be  due  entirely  to  the 
barometric  pressure  on  the  extent  of  this  section.  Both  terms  of*  tbe 
resistance  must  be  variable  and  a  function  of  the  velocity,  till  the  latter 
18  so  great  as  to  leave  a  vacuum  behind,  when  the  barometric  term 
would  become  constant. 

From  a  careful  and  elaborate  investigation  of  the  numerous  experi- 
ments upon  this  subject,  Col.  Piobert  has  constructed  this  empirical 
formula  for  spherical  projectiles,  viz.: 

ifk  which  p  is  the  resistance  in  kilogrammes,  v  the  velocity,  n  the  ratio 
of  the  diameter  to  the  circumference,  r  the  radius  of  the  ball,  A  the 
resistance  on  a  square  m^tre  when  the  velocity  is  one  Petrey  and  v^  the 
velocity  which  would  make  the  resistance  ^measured  by  the  second  term 
equal  to  that  measured  by  the  first. 

§  155. — If  the  ball  be  not  perfectly  homogeneous  in  density,  the 
centre  of  inertia  will,  in  general,  be  removed  from  that  of  figure ;  the 
resultant  of  the  expansive  action  of  the  powder  will  pass  through  the 
latter  centre  and  communicate  to  the  ball  a  rotary  motion  about  the 
former.  The  atmospheric  resistance  will  be  greater  on  the  side  of  the 
greatest  velocity,  and  deflect  the  projectile  to  the  opposite  side.        -  . 


<c/ 
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BOTABT  MOTION. 

§  156. — Having  discussed  the  motion  of  translation  of  a  single 
,body,  we  now  come  to  its  motion  of  rotation.  To  find  the  circum- 
stances  of  a  body's  rotary  motion,  it  will  be  conyenient  to  transform 
Equations  (118)  from  rectangular  to  polar  coordinates.  But  before 
doing  this,  let  us  premise  that  the  angular  velocity  of  a  body  is  the 
rate  of  its  rotation  about  a  centre.  The  angular  velocity  is  measured 
by  the  abeolute  velocity  of  a  point  at  the  unii*8  distance  /rom 
the  centre^  and  taken  in  such  position  as  to  make  that  velocity  a 
fiummiim. 


§  157. — ^Both   members  of  Equations  (38)   being  divided  by  d  ty 
give 


d^' 
dt 

dy 
dt 

dz' 
dt 


=  e 


—  •' 


=  y' 


dt 

d^ 
It 

dzs 
'dT 


—    Z' 


—   «' 


dzi 
77 

d-^ 
dt 


(190) 


in  which  the  first  members  taken  in  order,  are  the  velocities  of  any 
element,  as'  971.  in  the  direction  of  the  axes  2,  y,  z^  respectively,  m 
reference  to  the  centre  of  inertia^  §  75,  while 

t  d^      d-\f      d<p 

TT'    It'    dV 


are  the  angular  velocities  about  the  same  axes  respectively. 

Denoting  the  first  of  these  by  v^ ,  the  second  by  v„  and  the  third 
by  v.,  we  have 


dvi 
IT 


d^ 


- ""'  dt      '' 


d(p 
IT 


9  9 


(191) 
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and  Equations  (190)  may  be  written 


('  '■ 


/ 


•^  =  «'.v.-«'.v., 

77  =  y-*.-*^-v 


»  •     •     •     • 


(192) 


§158. — If  an  element  m  be  so  situated  that  its  velocity  shall  be 
equal  and  parallel  to  that  of  the  centre  of  inertia,  then,  for  this 
element,  will  each  of  the  first  members  of  Equations  (192)  reduce 
to  zero,  and  .. 


1 1 


J'  -■ 


*     » 


m..-—        "^ 


^J 


f    . 


y'.v. -.«'.v^  =  0;  ^ 


.  t    '  ■ ' 


.''  ( 


•    ••••• 


(198> 


A-^^ 


the  last  being  but  a  consequence  of  the  two  others,  these  equations 
are  those  of  a  right  line  passing  through  the  centre  of  inertia, 
every  point  of  which  will  have  a  simple  motion  of  translation 
parallel  and  equal  to  that  of  the  centre  of  inertia.  The  whole 
body  must,  for  the  instant,  rotate  about  this  line,  and  it  is,  there* 
fore^  called  the  Axis  of  Instantaneous  Rotation, 

§  169. — Denote  by  a^ , 
/3^,  7^,  the  angles  which 
this  axis  makes  with  the 
coordinate  axes  x^  y,  2r, 
respectively.  Then,  tak- 
ing any  point  on  the  in- 
stantaneous axis,  will. 


cosa^  = 


cos/8^  = 


cosy^  = 


2' 


Var'2  ^  y/2  ^  ^/a  ' 


>■   t  .•■■  ■ 
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and  eUminatifig  «',  y'  and  t\  by  Equations  (193), 


AA  / 


008  a^  = 


008^,= 


cosy,  = 


1/v 

+ 

— » 

»» 

Vv? 

+v 

+ 

v.» 

». 

f 

/  i 


f  J 


/  *  /  w 


v."  +  V  +  *.' 


(194) 


whidi  will  give    the   position  of   th6  instantaneous  axis  as  soon  as 
the  angular  velocities  about  the  axes  are  known. 

§160. — Squaring  each  of  Equations   (192),  taking  their  sum  and 
extracting  square  root,  we  find 


^  l^^ =t.=V(z'.v^-.y'.vJ2+(^'.v-f'.v.)^+(y'.v.-^.v,)«;         . 

Replacing  v, ,  v^  and  v,  by  their  values  obtained  by  simply  clearing 
the  fractions  in   Equations   (194),   this  becomes 

»=  V^iT  +  V^W  X  -/«'«  + y '^ +  «'* -(x' cos  a, +  y' cos  jS.  +  i' cos /,)», 

which  is  the  velocity  of  any  element  in  reference  to  the  centre  of 
inertia. 
Making 

we  have  the  element  at  a  unit's  distance  from  the  centre  of  inertia; 
and  makiniF 

«'cosa,  +  y'cos/8^  +  g'cosy,  =  0,     .     •     .     (195)  ^- -   \ 

the  point  takes  the  position,  giving  the  maximum  velocity.    In  this^  / 
•case   V  becomes    the    angular  velocity,   and  we    have,  denoting   the 
latter  by  v^. 


f*4^%  y      <^A    /^^tf*-^ 


u 


»    0 


/J  "  /■*<C^^  ^Or^'*  •"•^'^-"-^  .•■.V-*.  *. 
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Equation  (195)  is  that  of  a  plane  passing  througk  the  centre 
of  inertia,  and  perpendicular  to  the  instantaneous  axis.  The  position 
of  the  co-ordinate  axes  being  arbitrary,  Equation  (196)  shows  that 
the  sum  of  the  squares  of  the  angular  velocities  about  the  three 
co-ordinate  axes  is  a  constant  quantity,  and  equal  to  the  square  of 
the  angular  velocity  about  the  instantaneous  axis. 

§  161.— Multiply  Equation  (196),  by  the  first  of  Equations  (194), 
and  there  will  result 

v^ .  COS  a^  =  v^ (197)  ( 

'  whence  the  angular  velocity  about  any  axis  oblique  to  the  instanta- 
neous axis,  is  equal  to  the  angular  velocity  of  the  body  multiplied 
by  the  cosine  of  the  inclination  of  the  two  axes. 

§162. — Equation  (196)  gives  v,. ,  when   v,,Vy,Vj,  are  known.    To 

find  these,  resume  Equations  (118),  and  write  for  the  moments  of  the 
extraneous  forces  in  reference  to  the  axes  x,'  y,'  2,'  through  the  centre 
of  inertia,  iV^,  M^^  Z^,  respectively,  then  will 


(108) 


f 


i 


differentiating  the  first  of  Equations  (192),  with  respect  to  (,  we  find 

d^x'  dz*  dy'    ,    d\     ,       dy.      , 

^^  V   . V   •  — =—  -4-  — '  •  z  —  —   •  V  > 

dt^         9    dt  '    dt    ^  dt  dt     ^ 

and  replacing  -r--  and  -j-r'*  hy    their    values    given    in   the   second 
and  third  of  Equations   (192), 
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in  the  Mine  iraj 


I-l'.'e' 


and  these  values  in  the  first  of  Equations,  (198),  give 


.  =  i, .  (199) 


+v^.v,.Sm.  (x'»-y'«) 

Similar  equations  will  result  ffom  the  remaining  two  of  Equations 
(198) ;  then  by  elimination  and  integration,  we  might  proceed  to  find 
the    values  of  v,,  v^  and   v^,  but   the  process  would  be  long  and 

tedious.  It  will  be  greatly  simplified,  however,  if  the  co-ordinate 
axes  be  so  chosen  as  to  make  at  the  instant  corresponding  to  ^, 

Zmx'y'  =zO\  2f»z'y'  =  0;   2m«'a?'  =  0;    •     •    (200)    ^ 

which  is   always  possible,    as   will   be   shown  presently.     Thid  will  ^  ^ '^ 
reduce  Equation  (199)  to 

^^'•2»(y''  +  z"^)  +  V.  .v^.2m(«'»  -  y^)  =  Z,. 

Hie  other    two    equations  which    refer  to  the  motion  about  iha 
axes  y'  and  9\  may  be  written  from  this  one.    They  are, 

^»-Sm(«'«  +  O  +  *x.v,.Sm(f'2 -a?^)  =  if,, 
•      ^.Sw(yt  +  ,'2)  +  v^.v,.2m(y'»  -  «'>)  =  N,. 
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The  axes  af^  y\  z\  which  satisfy  the  conditions  expressed  in 
Equations  (200),  are  called  €he  principal  axei  of  figurt  of  the  body. 
And  if  we  make 

2m.(y'i +  «'«)-  (7   ^ 

2i».(«'»+  ^'^j  ^^^    L     .     .     .    .     (201)^ 

we  find,  by  subtracting  the   third   from  the  second, 

2  m .  (a;'«  -  y'a)  ^  B  •- A, 
the  first  ftovcL  the  third, 

and  the  second  frx)m  the  first, 
which  substituted  above,  give. 


dM 


■f 


'^ii. ■•••%.  •,  '»/ It'' 


V    •     ^     •     •      (202) 


A.^'  +  v,.v..((7-5)  =  j»r,.J 


r 

By  means  of  these  equations,  the  angular  velocities  v^ ,  v^ ,  v, ,  musl 
be  found  by  the  operations  of  elimination  and  integration. 

§  163. — It  is  plain  that  the  quantities  C^  B  and  A^  are  constant 
for  the  same  body ;  the  first  being  the  sum  of  the  products  arising 
from  multiplying  each  elementary  mass  into  the  square  of  its  dis- 
tance from  the  principal  axis  z'^^  the  second  the  same  for  the  prin- 
cipal axis  y',  and  the  third  for  the  principal  axis  x'.  The  sum 
of  the  products  of  the  elementary  masses  into  the  square  of  their 
distances  fi*om  any  axis,  is  called  the  moment  of  inertia  of  the  body 
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in  reference  to  Una  axis.  A^  B  and  C  are  called  principal  moments 
of  inertia. 

a 

§  164. — ^Through  any  assumed  point  there  maj  always  be  drawn 
one  set  of  rectangular  axes,  and,  in  general,  only  one  which  will  satisfy 
the  conditions  of  Equations  (200).  To  show  this,  assume  the  formulas 
Sot  the  transformation  from  one  system  of  rectangular  axes  to  another, 
abo  rectangular.    These  are 

a^  =  ar.cos  (x' x)  +  y  cos  (x' y)  +  «  cos  (ir'«)il 

y'  =  d;  cos  (y'ar)  +  y.cos  {y' y)  +  s.cos  (y'ar),  r   •  •  •  (203) 

ir'  =:  s  cos  {z' x)  +  y  cos  («'y)  +  ar.cos  («'«), J 

in  which  (x'  x\  {y'x)  and  {s^x\  denote  the  angles  which  the  new 
axes  «',  y',  »',  make  with  the  primitive  axis  of  x\  («'y),  (y'y) 
and  {x'y),  tiie  angles  which  the  same  axes  make  with  the  primitive 
axis  of  y,  and  (s' «),  (y'  z)  and  {z'  z)^  the  angles  they  make  with  the 
axis  z. 

Assume  the  common 
origin  as  the  centre  of  a 
sphere  of  which  the  radius 
.  is  unity ;  and  conceive  the 
points  in  which  the  two 
sets  of  axes  pierce  its  sur- 
face to  be  joined  by  the 
arcs  of  great  circles ;  also 
let  these  points  be  con- 
nected with  the  point  iT, 
in   which  the    intersection 

of   the   planes  xy  and  ^y'  pierces  the  spherical  surface  nearest  to 
that  in  which  the  positive  axis  x  pierces  the  same.    Also,  let 

i  =z  Z^  AZ  z=:  X* NX^  being  the  inclination  of  the  plane  x' y'  to  that 
of  xy, 

^  =  NAX  being  the   angular  distance  of   the    intersection  of   the 
planes  xy  and  x'y\  from  the  axis  x. 

9  =  NAX'  being    the    angular    distance  of  the   same    intersection 
£rom  the  axis  x^. 
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Then,  in  the  spherical  triangle  JS^  NX^ 

cos  {x'  d;)  =  cos  >]/ .  cos  9  +  sin  -y .  sin  9 .  cos  ^ ; 

In  the  triangle  Y'NX^  the  side  NT  =  -^  +  9,  and 

cos  (y'  it)  =  —  cos  >)/ .  sin  9  +  sin  4^ .  cos  9 .  cos  B , 

In  the  triangle  Z'  NX,  the  side  NZ^  =  -^  and 

cos  {z!  x)  =  Bin  4^ .  sin  ^. 

And  in  the  same  way  it  will  be  found  that 

cos  (a?'  y)  =  —  sin  4'  •  00s  9  +  cos  4^ .  sin  9 .  co&  i  j 
^^  (y'y)  =  sin  4^ .  sin  9  +  cos  4^ .  cos  9 .  cos  4 ; 
\  COS  (y  y)  =  cos  4^ .  sin  ^ ; 

cos  (a?'  z)  =  —  sin  9  .  sin  d  ; 
cos  (y' «)  =  —  cos  9  .  sin  d  ; 
cos  («'  z)  =  cos  d  ; 

and  by  substitution  in  Equations  (203), 

9f  •=,  X  (sin  4^ ,  sin  9 .  cos  h  +  cos  4^ .  cos  9) 

+  y  (cos  4^ .  sin  9 .  cos  4  —  sin  4^ .  00S9)  »  s  sin  9 .  sin 
y*  =  «  (sin  4^ ,  cos  9 .  cos  d  —  cos  4^ .  sin  9) 

+  y  (cos  4^ .  co»9 .  cos  4  +  8in  4^  •  sin  9)  —  s?  cos  9 .  sin 
z'  =  a?  sin  4^  -  sin  d  +  y  cos  4^ .  sin  d  +  «  cos  t  \ 

or  making,  for  sake  of  abbreviation, 

2>  =  a:  cos  4^  —  y  sin  4^, 

i?  =  a;  sin  4^  •  cos  ^  +  y  cos  4^ .  cos  ^  —  «  sin  d, 

the  above  reduce  to 

ar'  =  -&,  sin  9  +  i> .  cos  9, 
y'  =  -&.  cos  9  —  jD  .  sin  9, 
$f  =  a! .  sin  4^ .  sin  d  +  y .  cos  4^ .  sin  d  -h  « .  cos  ^. 
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Substituting  tiiese  yalues  in  the  equations 

ire  obtain  from  the  first, 

sm(p^co9(p. 2m{JS^  —  D^)  +  (cos«9  —  sw?(p)  ImF.D  =  0, 

or,  replacing  sin  9.00s 9,  and  008^9  —  8in^9,  by  their  equals  ^ sin 2 9, 
and  cos  2  9,  respectively, 

f  8in29.2f»(^  —  JO^)  +  2cos29.2mi>.J£r=  0;-  •  •  (204) 

and  from   the  third  and  second,  respectively, 

COS9. 2 m. -^. «'  — sin  9.2  mi).  «'  =  0,  •     •     •     (206) 
sin  9  ,  2  m .  JS'.  z'  +  cos  9  .  2  m  2)  . «'  =  0.  •     •     •     (206) 

^<3uaring  the  last  two  and  adding,  we  find      ^ 
hich  can  only  be  satisfied  by  making 


2m 
2m 


.JS'.z'  =  0;) 
.D.z'  =  0.) 


(207) 


^tbese  equations  are  independent  of  the  angle  9,  and  will  give  the 
"Values  of  -^f  and  6 ;  and  these  being  known.  Equation  (204)  will  give 
the  angle  9. 

Replacing  B  and  D  by  their  values,  we  have 

J^.  z'  =  sin  d  .  cos  6  [a^  sin^  >}/  +  2  a?  y  sin  >}/  cos  >)/  +•  y*  cos^  >^  —  g*) 
+  (cos*  d  —  sin*  A)  (xzsixi']/  +  y  z ,  cos  -]*) , 

D.z^  =.^m^  \xy  (cos* 4'  —  sin*  -]*)  +  (x*  —  y*)  sin >)/  cos >)/} 
+  cos  ^{xz  cos  ^  —  y  2  sin  4/) . 

and  assuming 

^mne^  =  A';  2my^  =  B'l  2mz^=z  C\ 
^mxy  =  E'\  Imxz  =  F^;  Imyz  =  JET, 

and   replacing  sin  A  .  cos  d,    and   cos*  d  —  sin*  d,   by   their    respective 
values,  ^  sin  2  d,  and  cos  2  d.  Equations  (20?)  become 


6m2d{A'Bin^^  +  2 j&' sin 4/ cos 4/  +  ^'cos*4.  -  C) 
+  20082^  (^ sin  4/  +  H'cos^^) 


\- 
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an  A  { JET.  {co9^^  -  sinH)  +  {A'  -  ^')  •«»  +  «>* +} 
+  C08^  (/"'COS 4/  —  -ff'sin^) 


}=.. 


in  which   A\  B\  C^  J^,  jP  and  JJ',  are  constants,  depending  cxlj 
upon  the   shape  of  the  body  and  the  position  of  the  assumed  axes 

«,  y,  «. 

Dividing    the    first    bj  cos  2  ^,  and  the   second  by  ooe  ^^  tliejr 

become 

tan  2  d.  (^'  sin'  +  +  2-S'  sin  4/  cos  4.  +  ^  cos*  +  —  0)  )      q, /oq-^y 
+  2  (/^  sin  4.  +  ^'  cos  +)  J  ""    '^       ^ 

tan  ^  .  |>  (cos«  4/  -  sin''  +)  +  (^'  -  B')  sin  +  cos  +} 
+  i?^co84.  —  J5rsin4/ 

From  the  first  of  these  we  may  find  tan  2^,  and  from  the   seoond, 
tan  4,  in  terms  of  sin  4^,  and  cos  4^ ;  and  these  values  in  the  equation 


1=0.(207)" 


^ .         2  tan  4  /«^«% 

will  give  an  equation  from  which  4^  may  be  found. 
In  order  to  effect  ^is  elimination  more  easily,  make 

tan  4^  =  «,  ^  • 

whence 


sm  4^  =:  ■  ;  cos  4*  = 


• 


*   ^ 


making  these  substitutions  above,  we  find 


(/^' -  irw)Vl  +  «2 
tan  fl  =  — 


^"(1  «  t^a)  +  (^'  -  i?')tt 


which  in  Equation  (208)  give 


(        Iff  W '-'F' C —'E' IT    \  ^ 
+  (^'u  + J^).(/"  -  H'uf 


.  =  0  •  r  (200) 
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• 

which  is  an  equation  of  the  third  degree,  and  must  have  at  least 
one  real  root,  and,  therefore,  give  one  real  value  for  >)/.  This  value 
being  substituted  in  either  of  the  preceding  equations,  must  give  a 
real  value  for  d,  and  this  with  >)/,  in  either  of  the  Equations  (205) 
or  (206),  a  real  value  for  (p\  whence  we  conclude,  that  it  is  always 
possible  to  assume  the  axes  so  as  to  satisfy  the  required  conditions, 
and  that  through  every  point  there  may  be  drawn  at  least  one  set  of 
principal  axes  at  right  angles  to  each  other. 

The  three  roots  of  this  cubic  equation  are  necessarily  real;  and 
they  represent  the  tangents  of  the  angles  which  the  axis  x  makes 
with  the  lines  in  which  the  three  co-ordinate  planes  s'y',  y'z\  x'z',  cut 
that  of  »y;  for  there  is  no  reason  why  we  should  consider  one 
of  these  angles  as  given  by  the  equation  rather  than  the  others,  and 
the  equations  of  condition  are  satisfied  when  we  interchange  the 
axes  x'  y'  t\  Hence,  in  general,  there  exists  only  one  set  of  prin- 
cipal axes.  If  there  were  more,  the  degree  of  the  equation  would 
be  higher,  and  would,  from  what  we  have  just  said,  give  three  times 
as  many  real  roots  as  there  are  systems. 

If  ,&'  =  jff'  =  i^  =  0,  Equation  (209)  will  become  identical ;  the 
problem  will  be  indeterminate,  have  an  infinite  number  of  solutions, 
and  the  body  ^nsequently  an  infinite  number  of  sets  of  principal 
axes.    Such  is  obviously  the  case  with  the  sphere,  spheroid,  6eo. 

MOMENT  OF  INEBlXAy  CENTRE  AlO)  BADIUS  OF  GYRATION. 


;^ 


§  165. — ^The    quantities  A^  B  and  (7,  in   Equations   (201)    are  the 
moments  of  inertia  of  the   body  in  reference   to  the  principal  axes. 
To  find  these  moments   in  reference  to  any  other  axes  having  the 
same  origin  as  the  principal  axes,  denote  by 

a/,  If',  z\  the  co-ordinates  of  m  referred  to  the  principal  axes ;  by 

«,  y,  2r,  the  co-ordinates    of    the    same    element  referred  to  any 
other  rectangular  system  having  the  same  origin ;  and  by 

C\  the  moment  of  inertia  referred  to  the  axis  s; 

then  from  the  definition, 

a  =  2wi.(a^  +  y*)  =  2ma;2  -f  2»iy«; 

11 


-'^        ■*  .  .  ,   .\    ^      -^    .-V*   e*l. 


^v..-..  •   ->..   -.  ..^/•-v,„    ...,v...,^.,,.,.. 
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,  •  4 

*  *  -  -' 

'baf  by  the  iisual  formulas  for  traDsformation, 

/  /  X  =z  ax'  +   by^  +  ez'y 

y  =  a'x'  +  b'y'  +  c'«', 
z  z=z  a"x'  +  6"y'  +  c'V, 

in  which  a,  6,  6cc.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the   same  name  as  the  co-ordinates  into  which  thcj  are  respectivolj 
multiplied  make  with  the  axis  corresponding  to  the  variable  in  the 
,    first  member. 

Substituting  the  values  of  x  and  y  in  that  of  C\  and  reducing  hjr 
the  relations, 

and  we  have, 

and  by  substituting  A^  B  and  C  for  their  values,  this  reduces  to 


a 


-     ■  »■  ■       t         /    -        Cm--   I 


y,    '  C  =:a"^A-^h"^B  +  c!'^  C  y    •    •    .     (210)t. 

That  is  to  say,   the  mom<bnt  of  inertia  with  reference  to  any  axis  '" 
/  passing  through  the  common    point    of  intersection  of  the  principal 

axes,  is  equal  to  the  sum  of  the  products  obtained  by  multiplying 
the  moment  of  inertia  with  reference  to  each  of  the  principal  axes^ 
by  the  squne  ^^the^btf^ine  of  the  angle  ^hich  the  axis  in  question 
makes  with  these  axes. 

^•^4/  §  166. — Let  A^  bo  the  greatest,  and  (7,  the  least  of  the  moments 

of  inertia,  with  reference  to  the  principal  axes ;  then,  substituting  for 
a"2,  its  value,  1  —  6"2  —  c'\  in  Equation  (210),  we  have 

C"  =  ^  -  6"2  (^  -  ^)  -  c"^[A  -  (7).      .    .     (211) 

By  hypothesis,  A  —  B^  and  -4  -—  (7,  are  positive ;  therefore,  CT*  is 
always  less  than  A^  whatever  be  the  value  of  h*\  and  r". 

Again,  substituting  for  c"*  its  value  1  — a"»  —  6"*  in  Equation 
(210),  we  get 

(7'  =  (7  4-  a"2  (^  -  (7)  +  6"2  (5  -  (7)     •    •    •    (212) 

and  6"  must  always  be  greater  thaii  (7. 
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Whence,  we  conclude  tihat  the  principal  axes  give  the  greatest  and 
least  inomeiits  of  inertia  in  reference  to  axes  through  the  same  point. 
If  ^  be  equal  to  Bj  then  will  Equation  (211)   become 

C  =  (1  -  c"^)  ^  4-  C'a  (7, (218) 

and  this  only  depending  upon  c'',  we  conclude  that  the  moment  of 
inertia  will  be  the  same  for  all  axes  making  equal  angles  with   the 
principal  axis,  z\    The  moments  of  inertia,  with  reference  to  all  axes 
in  the  plane  x'  y\  are,  therefore,  equal  to  one  another.    But  all  \he  #^  « 
axes  in  the  plane  af  y\  which  are  at  right  angles  to  one  another,  ^ 

are,  §  1 64,  when    taken  with  «',  principal    axes,  and  we,  therefore, 
conclude  that  the  body  has  an  indefinite  number  of  sets  of  principal 


If^  at  the  same  time,  we  have  A  zn  B  =:  C^  then  will  Equation 
(210)  reduce  to 

that  is,  the  moments  of  inertia  are  all  equal  to  one  another,  and  all 
axes  are  principal,  the  Equation  (210)  being  satisfied  independently 
of  a",  h",  e". 

g  167. — Resuming    Equations,    (33),  and    substituting    the    values 
of  ^  yy  1^9  in  the  general  expression, 

▼ludi  is  the  moment  of  inertia  with  reference  to  any  ans, «,  parallel 
to  the  axis  i/,  through  the  centre  of  inertia,  we  have 

^m{x^  +  y*)^'Lm  [{x,  +  xf  +  (y,  +  y'f] 

=  2  m  («'»  +  y'2)  +  (z,»  +  y,2)  .2m 
+  2«,.2ma;'  +  2y,  .2i»y'; 

but  fh>m  the  principle  of  the  centre  of  inertia, 

Sine' =:  0,    and    2wiy'  =  0; 

whence,  denoting  by  c?  the  distance  between  the  axes  t  and  ir',  and 
by  M  the  whole  mass, 

2m.(«»  + y«)  =  Sm(«'»  +  y'»)  +  JfcP.     .    •     (214) 
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That  is,  the  moment  of  inertia  of  any  body  in  reference  to  a  gitm 
aads,  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel 
axis  through  the  centre  of  inertia,  increased  by  the  product  of  the 
whole  mass  into  the  square  of  the  distance  of  the  given  axis  fix>m 
that  centre. 

And  we  conclude  that  the  least  of  all  the  moments  of  inertia  ii 
that  taken  with  reference  to  a  principal  axis  through  the  centre  of 
inertia.  ^ 

y  §168. — Denote  by  /'the  distance  of  the  elementary  mass  m  from 

the  axis  «,  then  will  r- 

r«  =  «3  +  y2, 

and 

2f»  («3  +  y2)  =  2mr». 

Now,  denoting  the  whole  mass  by  M^  and  assuming 
we  have 


=  \/-M 


The  distance  k  is  callea  Uie  radius  of  gyratum^  and  it  obviously 
measures  the  distance  from  the  axis  to  that  point  into  which  if  the 
whole  mass  were  concentrated  the  moment  of  inertia  would  not  be 
altered.  The  point  into  which  this  concentration  might  take  place 
and  satisfy  the  condition  above,  is  called  the  centre  of  gyration. 
When  the  axis  passes  through  the  centre  of  inertia,  the  radius  k 
and  the  point  of  concentration  are  called  principal  radius  and  j^rtn- 
cipal  centre  of  gyration. 

The  least  radius  of  gyration  is.  Equation  (215),  that  relating  to 
the  principal  axis  with  reference  to  which  the  moment  of  inertia  is 
the  least. 

If  kf  denote  a  principal  radius  of  gyration,  we  may  replace 
^mix*^  +  y^)  in  Equation  (214)  by  Mk^^^  and  we  shall  have 

Zmf»  =  Jfjfca  =  M{k,^  +  d^)     ....     (216)  u 
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If  the  linear  dimensions  of  the  body  be  very  small  as  compared 
with  d^  we  may  write  the  moment  of  inertia  equal  to  MtP. 

The  letter  k  with    the    subscript. .accent,  will  denote  a  principal 
radius  of  gyration. 

The  determination  of  the  moments  of  inertia  and  radii  of  gyration 
of  geometrical  figures,  is  purely  an  operation  of  the  calculus.  Such 
bodies  are  supposed  to  be  coutinuous  throughout,  and  of  uniform  den- 
sity. Hence,  we  may  write  dM  for  971,  and  the  sign  of  integration  for 
£•  and  the  formula  becomes 


2mf^ 


zzzfdM.f* (217)    c 


Example  I.— A  physical  Une  about  an  axis  through  its  centre  osmI 
perpendicular  to  its  length. 

Denote  the  whole  length  by  2a;  then 

2a:dr:\M:dM, 

whence, 

dif^zM'py 
2a 

and 

r»      ,         Jfa« 


If  the  axis  be  at  a  distance  d  fh)m  the*  centre,  and  parallel  to 
tliat  above,  then,  Equation  (216), 

Example  2. — A  circular  plate    of  uniform  density  and    thickness^ 
uhout  an  axis  through  its  centre  and  perpendicular  to  its  plane. 
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Denote  the  radius  bj  a;  the  angle  XA  Q 
by  ^;  the  distance  of  dM  from  the  centre 
hj  r;   then, 


idience, 


^a^'.r.db  .dr  :  :  M\dM\ 


aJd  zzz  Ja  • > 


and 


*        J0J0  ^a^  Jo  a^  2 

jmd  for  an  axis  parallel  to  the  above  at  the  distance  d^ 

Example  3. — ITAe  <ame  body  about  an  axis  through  its  emirt  and 

« 

in  its  plane. 


As  before, 


in  which  r  denotes  the  distance  of  d  M  from  the  centre ;  and  taking 
the  axis  to  be  that  from  which  6  is  estimated,  the  distance  of  the 
elementary  mass  from  the  axis  will  be  r  sin  6,  and 


and 


>'.  i/    .-.'   i-^*  •>'•/- <■'      ^'/:w>.**t 


*/    =i«, 


and  about  an  axis  parallel  to  the  above  and  at  the  distance  #» 


*  =  v/x «' +  <^. 
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It  ia  obriooB  that  both  the  axes  first  considered  in  Ezamplea  3 
uid  3  ftre  prmoipal  &xea,  as  are  alio  all  others  in  the  plane  of 
the  plate  and  through  the  centre,  and  if  It  were  required  to  find 
the  moment  of  inertia  of  the  plate  about  an  axis  through  the  centre 
and  indined  to  its  surface  under  an  angle  9,  the  answer  would  be 
given  by  the  Equation  (210), 

Mk*  =  \  if  a*  sin»  9  +  i  Ma*  cos'  9 
=  iJf<.*(l+.sin»9), 
and  for  a  parallel  axis  whose  distance  is  d, 


Mlfi  =  i£(^i  a»(l  +sin''9)  +  <p) 


% 


Sxample  4. — A  i^td  of  revoUlim  ab^t  any  act*  ptrptndimiaT  to 
the  tutit  <if  llyi  to^d. 

Let  D  A'  £  bo  the  given  axis, 
cutting  that  of  the  solid  in  A'-  het 
A'  be  the  origin  of  co-ordinates,' 
J>M=y;  A'P  =  x;  AA'  =  m; 
A'  B  =  n;  and  V  =  volume  of  the 
solid. 

Tlie  volume  of  the  elemenUry 
section  at  P  will  be 

'»■•■''■ 


irhonoe, 


V:M::ir.y'.dx:dMi 


dM  =  T?-"'  •  y*-dx. 


■od  its  moment  of  inertia  about  M  it',  is,  Example  3, 
3f 


.r.y».rf..^. 


aod  Kbout  the  parallel  axis,  D  E, 


».,>.i.{}y>+»') 
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therefore, 

M 


But 


whence, 


*»  =  — 


£y^dx 


Tlie  equation  of  the  generating  curve  being  given,  y  may  be  eliini- 
BAted  and  the  integration  performed. 

Example  5. — A  sphere  about  a  line  tangent  to  its  surfiue. 
The  equation  of  the  generatrix  is 

in  which  a  is  the  radius  of  the  sphere.    Substituting  the  value  of  jf* 
in  the  last  equation,  recollecting  that  m  =  0,  and  n  =  2  a,  we  have 

^  /<»«  5 

J     (2aar  — «2)rfa: 


Also  Equation  (216), 


k,^  =  ;fc2  _  o3  -  I  a3^ 


and 

Thus,  when  the  boundary  of  a  rotating  body  and  the  law  of  its 
density  may  be  defined  by  equations,  its  moment  of  inertia  is  readily 
found  by  the  ordinary  operations  of  the  calculus ;  but  when  the  figure 
is  irregular  and  the  density  discontinuous,  recourse  is  had  to  the  prop- 
erties of  the  compound  pendulum,  to  be  explained  presently. 


/ 

-• 
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jBxample  6. — i^tnc^  the  paints  in  reference  to  which  the  principal  mo- 
ments are  equaL 

Take  the  origin  at  the  centre  of  inertia,  and  the  principal  axe^ 
through  that  point  as  the  co-ordinate  axes.  Denote  by  x^  y^  z^  the  co- 
ordinates of  one  of  the  points  sought ;  by  j4^,  B^^  and  C^  the  principal 
moments  with  reference  to  this  point,  and  by  x*  y*  z'  the  co-ordinates  of 
the  element  m.  Then,  because  the  moments  through  the  point  x^  y^  z^ 
are  to  be  principal,  will 

2:j»(ar'-a;,)(y'-y,)=0;  2m(a:'-a:,)  (2'-z,)=0;  2m(y'-y,)(2'-«,)=0. 

Performing  the  multiplication  and  reducing  by  the  properties  of  the 
centre  of  inertia  and  principal  axes,  we  have 

M.x^y^=iO\  Mx^z,=zO;  2fy,z^  =  0: 

which  can  only  be  satisfied  by  making  two  of  the  co-ordinates  x^y^M^ 
separately  zero.    Let  y^  =  0,  and  ^^  =  0 ;   then,  §  166  and  £q.  (216), 

A,  =  A;  B^  =  £  +  Mx;;    C,=  C+Mx;; 

bat,  by  the  conditions,  the  first  members  are  equaL    Whence 

A  =  B-\'  Mx;  =  C+Mx; ; 
and,  therefore, 

B=C;   and«,  =  ±\/^HI; 

and  from  which  it  is  apparent :  Ist,  that  if  all  the  principal  moments 
in  reference  to  the  centre  of  inertia  be  unequal,  there  is  no  point  in 
reference  to  which  they  can  be  equal ;  2d,  that  if  two  of  them  be 
equal  in  reference  to  the  centre  of  inertia  and  the  third  be  the  great- 
est, there  are  two  points,  equally  distant  from  the  centre  of  inertia  and 
on  the  axis  of  the  greatest  moment,  with  reference  to  which  they  are 
equal ;  3d,  that  if  all  three,  with  reference  to  the  centre  of  inertia,  be 
equal  to  one  another,  there  is  no  other  point  with  respect  to  which 
they  can  be  equal. 

IMPULSIVB    FORCES. 

§  169. — ^We  have  thus  far  only  been  concerned  with  forces  whose 
action  may .  be  likened  to,  and  indeed  represented  by,  the  pressure 
arising  from  the  weight  of  some  definite  body,  as  a  cubic   foot  of 
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distilled  water  at  a  standard  temperature.  Such  forces  are  called 
incessant,  because  they  extend  their  action  through  a  definite  and 
measurable  portion  of  time.  A  single  and  instairtaneous  effort  of 
such  a  force,  called  its  intensity,  is  assumed  to-  be  measured  hy  the 
whole  effect  which  its  incessant  repetition  for  a  imit  of  time  can 
produce  upon  a  free  body.  The  effect  here  referred  to  is  called  ' 
the  quantity  of  motion,  being  the  product  of  the  mass  into  the 
velocity  generated.     That  is,  Equations  (12)  and  (13), 

P  =  M.r,=M'^^=M^;   ....   (218) 

in  which   V^,  denotes  the  velocity  generated  in  a  unit  of  time. 

Tha  force  P,  acting  for  one,  two,  or  more  units  of  time,   or   for 
any  fractional  portion  of  a  unit  of  time,  may  communicate  any  other, 
velocity  F,  and  a  quantity  of  motion  measured  by  M  V.     And   if 
the  body  which  has  thus  received  its  motion  gradually,  impinge  upon 
another   which   is   free    to   move,    experienqe    tells   us    that    it    may 
suddenly    transfer  the   whole  of   its  motion   to  the  latter  by    what 
seems  to  be  a  single  blow,  and  although  we  know  that  this  transfer 
can  only  take  place  by  a  series  of  successive  actions  and  reactions 
between   the  molecular  springs  of  the  bodies,  so   to  speak,  and  the 
inertia  of  their  different  elements,  yet  the  whole  effect  is  produced  in 
a  time  so  short  as  to  elude  the  senses,  and  we  are,  therefore,  apt   to 
assume,   though  erroneously,   that  the   effect  is  instantaneous.      Such 
an  assumption  implies  that  a  definite  velocity  can  be  generated  in  an 
indefinitely  short  time,   and  that  the  measure  of  the  force's  intensity 
is,  Equation  (218),  infinite. 

In  all  such  cases,  to  avoid  this  difficulty,  it  is  agreed  to  take  the 
actual  motion  generated  by  these  blows  during  the  entire  period 
of  their  action,  as  the  measure  of  their  intensity.  Thus,  denoting 
the  mass  impinged  upon  by  M,  and  th^  actual  velocity  generated 
in   it  when  perfectly  free  by   F,   we  have     .       ,  . 

P^MV    =3/.~,     .....     .(219)vi- 

in  which  P,   denotes  the    intensity  of   the    force's    action,    and    the 
second  member  of  the  equation  the  resistances  of  the  body's  inertia. 
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Forces  which  act  in  the  maimer  just  described,  by  a  blow,  are 
called  impulsive  forces. 

MOnON  OF  A  BODY  XmDKR  THE  ACTION  OF  IMPULSIYE  FOBOBS. 

§  170. — ^The  oomponents  of  the  inertia  in  the  direction  of  the  axes 
vyjT,  are  respectively 

_-  ds  dx       __  dx ^ 

dt  ds  dt' 

Ja  •  -7-  •-7-  =  Ju  •  -T"  J 

dt  ds  dt 

U  ^'  ^^  ^  AT  ^*- 
Ja  •  -7-  •  -7-  =:  Ju  •  -7-  9 

dt  ds  dt 

which,   substituted  for    the    corresponding    components  of  inertia .  in 
Equations  {A)  and  (j9),  give 

dx    % 
2Pcosa  =  2m--r->; 

a  ( 

^XPco8p—Xm*^9 
V  dt 


dz 
Pcosvrs  Sm« -r-; 

a  I 


(220) 


2P(ar'cosj8  —  y'cosa)  =  2m  ^x'.^  — y'~)  , 


^  •     (221) 


(dx  dz\ 

aP(y'cosy  — z'cosjS)  =  2m  V  "^^^''Tt)  ' 

In  which  it  will  be  recollected  that  a;  y  ^  are  the  co-ordinates  of  m, 
referred  to  the  fixe^i^rigin,  and  x'  y'  z'y  those  of  the  same  mass 
referred  to  the  cejBceSifrinertia. 


§1' 

values  ob 
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tituting   in    Equations    (220),   for   dx,    dy,   dz,   their 
^ed  from  Equations  (34),  and  reducing  by  the  relations 

:&mdx^  z=zO\  Imdy'  =:0'f  Imdz'  =:0*f   .     .     .  (222) 


r-.  c    c4s 
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ghren  bj  the  principle  of  the  centre  of  inertia,  we  find 


2  P  cos  a  = 


2Poo8i3  = 


•      •        •        • 


(223) 


and  substituting  M  for  2  m,  we  have 


SPcosa  =  M 


l^PcosP^Af. 


^nr  ill. 


Ti' 


2Pco8y  =  -^•■j-f; 


which  are  wholly  independent  of  the  relative  I^^^K  of  the  elements 
of  the  body,  and  from  which  we  conclude  j^^^^P  motion  of  the 
centre  of  inertia  will  be  the  same  as  though  ti^^utss  were  concen- 
trated in   it,  and  the  forces  applied  immediately  to  that  point. 

§  172. — Replacing  the  first  members  of  the  above  equations  by 
their  values  given  in  Equations  (41),  and  denoting  bj  V  the  Telocity 
which  the  resultant  R   can  impress  upon  the  whole  mass,  then  will 


2Pcosa  =  JlfFcosa;   2Pcos)8=  if  Tcosft;   2Pcosy=:  Jf  Fcosf 


i 


substituting  these  above,  we  find 


F.  cos  a  = 


F.cosft  = 


F.oos  C'= 


dt 

ill . 

dt    ' 
dt   ' 


•        •        • 


(224) 


•  * 
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and  integraUng, 


x^=  V*oosa.t+  C^    ' 
y,  =  V.oo8b.t+  G'\ 


(226) 

I,  =  r.eosc.<+  C",  ^ 

and  eliminating  i  £rom  these  equations,   V  will  also  disappear,  and 
we  find. 


U*'*    Jut* 

t 


z    =:  J?  • 


«/  =  y/- 


y/  =  «.• 


cos  e 
cos  a 

cos  c 
cos  6, 

cos  6 
cos  a 


c 

cos  c  — 

C" 

cos  a 

COS  a 

f 

CT' 

cos  e  — 

C" 

cos 

6 

cos 

6 

cr 

cos  6  — 

(7" 

cos 

a 

«rv.. 


COS  a 


(226) 


which  being  of  the  first  degree  and  either  one  but  the  consequence 
of  the  other  two,  are  the  equations  of  a  straight  line.  This  line 
^akes  with  the  axes  jt,  y,  z,  the  angles  a,  6,  c,  respectively,  and  is, 
therefore,  parallel  to  the  resultant  of  the  impressed  forces. 

Whence  we  c«^k,  that  the  centre  of  inertia  of  a  body  acted 
upon  mmultanec^^^^Banj  number  of  impulsive  forces,  will  move 
Q&iformlj  in  a  sm^iffline  parallel  to  their  common  res«ltant. 


MOnON  ABOUT  O^HB  OENTRE  OF  OnSBTIA. 

§  173. — Subetituting^  in  Equations  (221),  for  dx^  dy  and  dz^  their 
Talues  from  Equations  (34),   reducing  by 

2  m  «'  r=  0, 

:Lmy'  =  0, 

Sm«'  =  0, 
jmd  we  find, 

2  r  (a/ 009/8  -  y'cos  «)  =  Sm  («'•  -^'  -  y'  ^)  ; 

Z  -Pi^  008  «  —  «*  COS  y)  =  2  m  («'  •  -^ x'  •  —^  ; 

3l-P(|F'00-r  -f'oos^)  =  Sm  (y'.  ^  -  z'.^')  ; 


•     • 


(227) 
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whence,  the  motion  of  the  body  about  its  centre  of  inertia  will  be 
the  same  whether  that  point  be  at  rest  or  in  motion,  its  co-ordinates 
having  disappeared  entirely  from  the  equations. 


ANOULAB  YELOCnr* 


rCj^i 


§  174. — Replacing  the  first  members  of  Eqs.  (227)  by  Z^,  M„  and  iV^, 
respectively,  §  162  ;  and  substituting  iii  the  second  members  for  (ix\  dy' 
and  dz\  their  values  in  Eqs.  (190),  We  readily  find 


c2^ 
Ji 

dt 


dm 
Tt 


*■   rfr  ^        dt 

1  m  {x'^  +  y'2) 

d]>  dvs 

'  ^      dt  ^     dt 

iV;  +  2  m  «y  ~  +  2  mx'z'-^ 
'  ^      dt    '  dt 


»    • 


(228) 


ML 

iionPHR)] 


,     2  m  y'z'  =  0, 
r  the  axis  x'  will 


Wl^.  I*'         »»'»'-J 


2  m  (y'2  +  «'2) 

If  the  axes  be  principal,   then   will    2 
2  m  aj'z'=0:  or  if  the  axes  be  fixed  in  success!© 
dtp  :=z  0;  d(p  z=  0]  for  the  axis  y,  (£9  =  0;  dd  =z  0]  and  for  the  axis 
£,  (^z;r  =  0;  dtf)  =  Oj  and  the  above  become 


I 


■-»  ».>* 


d7 


2  m  .  (x'2  +  jg'i) 


(229) e 


\ 


"  2  m  .  (y'^  +  «'2)    J 

That  is,  the  component  angular  velocity  about  either  a  principal  or  fixed 
axis,  is  equal  to  the  moment  of  the  impressed  forces  divided  by  the 
moment  of  inertia  with  reference  to  that  axis. 

The   resultant   angular   velocity   being   denoted   by    -r-^j     we    also 
have,  (Eq.  196), 


^ 


i' 


*j  =  1  yjd<^  +  rf+*  +  d^. 


•         •         •         • 


(230) 


-% 


,4     -- 


(  ~ 


.1  y  "'        7  "* 
1^      "  *        ' 


t    I 


-     / 
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AXIS   or  INSTANTANEOUS   ROTATION. 

§  175. — ^The  axis  of  instatitaiicous  rotation  is  found  as  in  §  158,  by 
malcing,  in  Equations  (192),  ef  «'=  0,  (^y'=  0,  cfz'=  0  ;  and,  therefore, 

/.v,  — y'.v.=  0;    x'.v,  — 2'.v,  =  0;    y'.  v.  —  x'.  v^  =  0  .  (231) '-.     . 

wbich,  as  the  last  is  but  a  consequence  of  the  others,  are  the  equations^ 
of  a  right  line  through  the  centre  of  inertia. 

The  equations  of  the  line  of  the  resultant  impact  are,  £qs.  (45), 


/<.  1 1  ■  ■ 


Z    —  -p  .X    •+•  -sr, 


A. 


r 

J*'  —  .ZZJL 


and  the  inclination  B  of  this  line  to  the  instantaneous  axis,  is  given  by 


cos  tJ  = — 

Vv^  +  V  +  v.*.  V^*  +  l^'  +  X* 


-  » 


or,  substituting  for  v,,  v,,  and  v,  their  values,  Eqs.  (229)  and  (191), 


L^.Z  ,  M,.Y  ^  N,.X 


COS0  = 


C 


B 


•  ■ 


.     (232) 


The  point  in  which  the  line  of  the  impact  pierces  the  plane  y  z  is  given  by 


«'  = 


-Ml- 


f  ^1 

y  -  -  X' 


dividing  one  by  the  other,  we  have,  for  the  equation  of  the  line  through 
this  point  and  the  centre  of  inertia, 

Denote  the  angle  which  this  line  makes  with  the  instantaneous  axis  by 
B'  \  then  from  the  equations  of  these  lines  will 


CO8  0'  = 


-^.^  +  1 


*/(?)'-(7:)'-V(-|)v.' 

or,  Eqs.  (229)  and  (191), 


COft0'  = 


-^^ 


^(f-a-(?:S--v^ 


(233) 


+  1 


then  will 

dx 

d 
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AXIS   or   SPOKTANBOUS   ROTATION. 

§  176. — If  both  members  of  Eqs.  (34)  bo  divided  by  dt^vte  have 

dx  ^dx^      dx'  ^ 

dt"  dt  '^  dt' 

d  z  _^dz^      dz'  ^ 
Ti  ~  77.     Tt  ' 

and  if  for  any  element 

rt='''  J7=«5  j7=o (2") 

t  "  dt'  dt"  dt'  'di'^'dt  '  ^  ^^^^^ 
Substituting  for  the  first  members  their  values  given  in  Equations  (224), 
and  for  the  second  members  their  values  given  in  Equations  (192),  we 

have 

«' .  V,  —  y' .  V,  +  ^.  cos  o  =  0 ' 

ar' .  V,  —  z' .  V.  +  F.  cos  6  =  0  >  .     .^    .    .     .    (236) 

y'.  V,  —  x\  V-  +  V .  cos  c  =  0^ 

Now,  if  either  of  these  equations  be  but  a  consequence  of  the  other 
two,  then  will  they  be  the  equations  of  a  right  line  parallel,  Equations 
(231),  to  the  instantaneous  axis;  and  all  points  upon  this  line  will  be 
at  rest  during  the  body's  motion.  This  line  is  called  the  axU  of  spon- 
Uineous  rotation. 

To  find  the  conditions  which  shall  express  the  dependence  of  either 
of  the  Equations  (236)  upon  the  other  two,  multiply  each  by  the  angu- 
lar velocity  it  docs  not  already  contain,  add  the  products,  and  divide  the 
sum  by  the  resultant  angular  velocity  Vj ;  there  will  result, 

V  V  V 

cos  a .  --  4-  COS  6 .  —  +  COS  c.  ~  =  0      .    .     .     (236)' 

Vf  Vi  Vi  ^        ' 

The  first  member  is  the  cosine  of  the  angle  which  the  resultant 
impact  makes  with  the  instantaneous  axis;  this  being  zero,  it  follows 
that  whenever  a  body  is  struck  so  as  to  make  the  instantaneous  axis  per- 
pendicular to  the  direction  of  the  impact,  the  spontaneous  axis  will  exist. 


/='   '4 


■4 
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Denote  bj  /,  the  distance  from  the  spontaneoas  axis  to  the  line  of 
the  impact;  by  e,  and  e^  the  absolute  terms  in  the  second  and  third 
of  '^^  (236),  solved  with  respect  to  z  and  y,  then  will 


^■» 


,  ('-j)(g-a^('-^§)(s-i) 


"U  r^'       J. 


^-    c  . 


.     (237) 

+  1  -   r--        '       r 


V 


Eqnation  (232)  will  make  known,  the  circumstances  of  the  impact 
and  shape  of  the  body  which  will  determine  the  existence  of  the  spon* 
taueous  axis. 

.Make  the  imj)act  in  the  plane  of  the  principal  axes  z*  y\  and  par* 
allel  to  the  axis  z\  Then,  Equation  (232),  will  0  =  90°,  and  the  spon- 
taneous axis  will  exist  Also,  Equation  (233),  0'  =  90°.  And,  Equations 
(237)  and  (229),  and  because  X  =  if .  T,  and  V=  e,.v,,  ±    , .^ 

,      ^z,  M.k;.v.         k;  ,^~  V 

whence,  4  ^ 

(^-«r)-«r  =  V    •  , '.      (288). 

That  is,  when  the  line  of  the   impact  is  in  the  plane  of  two  of  the 
principal  axes  and  parallel  to  one  of  them,  there  will  be  a  spontaneous 
axis,  and  the  product  of  its  distance  from  the  centre  of  inertia  by  that 
of  the  line  of  the  impact  from  the  same  point,  is  equal  to  the  square  * 
of  the  principal  radius  of  gyration  in  reference  to  the  instantaneous  axis. 

§  177. — The  body  being  free,  and  the  axis  of  spontaneous  rotation  at 
rest,  while  the  other  parts  of  the  body  are  acquiring  motion,  the  forces, 
both  extraneous  and  of  inertia,  are  so  balanced  about  that  line  as  to  im- 
press no  action  upon  it.  The  line  of  the  impact  and  the  points  of  the 
body  on  this  line  are  called,  respectively,  the  am  and  centres  of  percusttian, 
in  reference  to  the  spontaneous  axis.  A  centre  of  percussion  in  refer- 
ence to  an  axis  is,  therefore,  any  point  at  which  a  body  may  be  struck 
without  communicating  a  shock  io  a  physical  line  coincident  in  position 
with  that  axis. 

8TABLK   AND   UNSTABL^   ROTATION. 

§  178. — Now  suppose  the  rotation  to  have  been  impressed,  the  in- 


\"-'-' 
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stantancous  axis  nearly  coiDcident  with  the  principal  axis  Zj  and  the  body 
abandoned  to  itself.    What  will  be  the  circumstances  of  the  motion! 

The  first  member  of  the  third  of  Equations  (194)  will  be  sensibly 
equal  to  unity,  v^  and  v,,  therefore,  indefinitely  small,  their  product  an 
indefinitely  small  quantity  of  the  second  order;  L^^M^^  and  N^  will  be 
zero,  and  Equations  (202)  may  be  written, 

Integrating  the  first,  we  have 

^.  =  Jt  =  '»; 

in  which  c  is  the  constant  of  integration ;  and  this  in  the  other  eqnationa 
gives 

differentiating  and  substituting  in  each  of  the  derived  equations  the 
values  of  the  first  differential  coefficients  obtained  from  the  primitive, 
we  find 


d 


?•  +  '*• a7b •'^•-^• 


d 

Ji  A—C  and  ^— C7  be  both  positive  or  both  native,  their  product 
will  be  positive,  and  the  integrals  are 


V,  =  a, .  sin  {n .  y^ -^^ 1  .i  +  c,\ ; 


V,  =  a. .  sin  {n .  V  ^ -|— ^ '- .  t  +  c, j. 

If  one  of  the  Actors  A--G  and  B  —  C  he  positive  and  tl  e  other  neg- 
ative, their  product  will  be  negative,  and  the  integrals  will  be 


In  these  integrals,  a,,  <7.,  c„  and  c„  are  constants  whose  values  result 
from    the   initial   conditions  of  the   rotation.     They  are  small   at   the 
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epoch,  because  v^  and  v,  are  small.  In  the  first  integration,  v,  and  v, 
^•ill  contimic  small  and  rcsnmc  periodically  their  initial  values;  in  the 
second,  they  will  increase  with  the  time  indefinitely.  If  the  instantane- 
ous axis  coincide  with  the  axis  «,  then  will  a^  and  a,  be  zero ;  v^  and 
r,  will  be  zero,  and,  hence,  a  principal  axis  is  always  a  permanent  axis 
of  rotation ;  and  the  rotation  will  be  stable  about  the  axes  of  greatest 
and  least  momenta  of  inertia,  and  unstable  about  all  others* 


MOnON  OF  A  SYSTEM  OF  BODIES. 


§179 — We  have  seen  that  the  Equations  (117)  and  (119)  give 
all  the  circumstances  of  motion  of  the  centre  of  inertia  of  a  single 
body  in  reference  to  any  assumed  point  taken  as  an  origin  of  co- 
ordinates. For  a  second,  third,  and  indeed  any  number  of  bodies, 
referred  to  the  same  origin,  wo  would  have  similar  equations,  the 
onlj  difference  being  in  the  values  of  the  co-orduiates,  of  the  inten- 
sities and  directions  of  the  forces,  and  of  the  magnitudes  of  the  masses. 
This  difference  being  indicated  in  the  usual  way  by  accents,  we  should 
obtain  by  addition, 


2  if. 


2  M' 


2  If 


2M 


ePx 

ePz 
tPx 


=  2jr; 


=  2Z; 


=  2  Z; 


(239) 


(cPy  <Px\  ,__  ,^  ^ 


if  («. 


d(^ 


—  X 


dfi 
d^z 


)=^{Xz-^Zx)', 


\^    dt^  d(^) 


2(Zy-  Fz); 


>    •  • 


(240) 


in  which  it  must  be  recollected  that  ar,  y,  «,  &c.,  denote  the  co- 
ordinates  of  the  centres  of  inertia>  of  the  several  masses  J/)  &C., 
referred  to  a  fixed  origin. 
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MOTION  OF    THE    CENTRE  OF  INEBTIA  OF  TOE  BYBIEM. 

§180. — ^Taking  a  movable  origin  at  the  centre  of  inertia  of  the 
entire  system,  denoting  the  coordinates  of  this  point  referred  to 
the  fixed  origin  hy  z^^  y^,  z^,  and  the  co-ordinates  of  the  centres 
of  inertia  of  the  several  masses  referred  to  the  movable  origin  by 
x\  y'y  z\  &c,  we  have,  the  axes  of  the  same  name  in  the  two  sys- 
tems being  parallel, 


and, 


X 

=  */ 

+  «'.    ■ 

y 

=  y/ 

+  y', 

z 

= «/ 

+  *'. 

6?x 

1 

<i*«, 

• 

d^y 

== 

«Py, 

+  <Py', 

d^z 

— 

<p«^ 

+  «P«'.. 

(241) 


which  substituted  in  Equations  (239),  and  reducing  by  the  relaticHiBj 
-LM.d^x'  =  0;     ^Md^y'  =  0;     ILltd^z'  =  0;    •   •  (242) 
obtained  from  the  property  of  the  centre  of  inertia,  we  find 


(P« 


(.2M=z  2X; 


•  :lM=:2Y;    >• 


'lAf=z  2  Z; 


•     ••••• 


(243) 


which  being  wholly  independent  of  the  relative  positions  of  the  several 
bodies,  show  that  the  motion  of  the  centre  of  inertia  of  the  system 
will  be  the  same  as  though  its  entire  mass  were  concentrated  Ib 
that  point,  and  the  forces  applied  directly  to  it. 


§  181. — Multiplying  t&e  first  of  Equations,  (243),  by  y^,  the  second 
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hj  x^j  and  taking  the  difference;  also,  their  first  by  e^  the  third 
by  Xjy  and  taking  the  difference,  and  again  the  second  by  z^^  the 
third  by  y^,  and  taking  the  difference,  we  find 

(*,.^' -«,—')  .2jr=«,.Sjr-«,.2Z;    |..    (244) 

iRrhich  will  make  known  the  circumstances  of  motion  of  the  common 
centre  of  inertia  about  the  fixed  origin. 


MOnOK  OF  THE  8TSTEBC  ABOUT  IIS  COMMON  CENTRE  OF  INEETIA« 

§  182. — Substituting  the  values  of  x,  y^  z^  tP  x^  &c.,  given  by 
Equations  (241),  in  Equations  (240)  and  reducing  by  Equations  (244) 
and  (242),  there  will  result 


*  •     • 


(246) 


Equations  from  which  all  traces  of  the  position  of  the  centre   of 

f 
inertia    have    disappeared,   and    from    which    we    conclude   that    the 

motion  of  the  elements  of  the  system  about  that  point  will  be  the 
same,  whether  it  be  at  rest  or  in  motion.  These  equations  are 
identical  in  form  with  Equations  (118);  whence  we  conclude  that 
the  molecular  forces  disappear  from  the  latter,  and  cannot,  there- 
fore, have  any  influence  upon  the  motion  due  to  the  action  of  the 
extraneous  forces. 


CONSERVATION  OF  THE  MOTION  OF  THE  CENTRE   OF  INERTIA. 

§  183. — If  the  system  be  subjected  only  to  the  forces  arising  firom 
the  mutual  attractions  or  repulsions  of  its  several  parts,  then  will 

2  jr  =  0;  sr=  0;  SZssO. 
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For,  the  action  of  the  mass  M^  upon  a  single  element  of  Jf^ 
will  vary  with  the  number  of  acting  elements  contained  in  M\ 
and  the  effort  necessary  to  prevent  If  from  moving  under  this 
action  will  be  equal  to  the  whole  action  of  M  upon  a  single  element 
of  M'  repeated  as  many  times  as  there  are  elements  in  iP  acted 
upon ;  whence,  the  action  of  M  Upon  AT  will  vary  as  the  product 
MM.  In  the  same  way  it  will  appear  that  the  force  required  to 
prevent  M  from  moving  under  the  action  of  M\  will  be  propor- 
tional to  the  same  product,  and  as  these  reciprocal  actions  are 
exerted  at  the  same  distance,  they  must  be  equal;  and,  acting  in 
contrary  directions,  the  cosines  of  the  angles  their  directions  make 
wjith  the  co-ordinate  axes,  will  be  equal,  with  contrary  signs.  Whence, 
for  every  set  of  components  F  cos  a,  P  cos  )8,  P  cos  y,  in  the 
values  of  2  X,  2  y,  2  Z,  there  will  be  the  numerically  equal  com- 
ponents, —  P'  cos  a',  —  jP'  cos  ^',  —  P'  cos  y',  and,  Equations  (243), 
reduce,  afler  dividing  by  2  if,   to 

«  • 

and  from  which  we  obtain,  afler  two  integrations, 

y,  =  C".^  +  i)";    y (247) 

in  which  C\  (f\  C",  D\  D"  and  i>'"  are  the  constonts  of  inte- 
gration;  and  from  which,  by  eliminating  ^,  we  find  two  equations  of 
the  first  degree  between  the  variables  x^y  l/^j  ^^^  whence  the  path 
of  the  centre  of  inertia,  if  it  have  any  at  all,  is  a  right  line. 

Also   multiplying   Equations  (246)  by  2dx^,  ^^y^^  ^^'a  respeo* 
tively,  adding  and  integrating,  we  have 

dx,^  +  dy,^  +  dz?        ^        ^  ,       ^ 

d(^  =.r=.?     •     •     •     •     (248) 

in  which  C  is  the  constant  of  integration  and  V  the  velocity  of  the 
centre  of  inertia  of  the  system.  From  all  of  which  we  ccmclude, 
that  when  a  system  of   bodies  is  subjected    only  to   forces  arising 
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from  the  action  of  its  elements  upon  each  other,  its  centre  of  inertia 
will  either  be\at  rest  or  move  uniformly  in  a  right  line.  This  is 
called  the  conservation  of  the  motion  of  the  centre  of  inertia. 

OOlirBEBYATION    OF   ABBAS. 

§184. — ^The  second  member  of  the  first  of  Equations  (245)  majr 
be  written, 

Tx'  -  Xy'  +  r  «"  --  JTy"  +  &c. ; 
and  considering  the  bodies  by  pairs,  we  have  - 

and  eliminating  X^  and  Y^  above  by  these  values,  we  have 


-f 


Y  («'  -  ar")  -  X (y'  -  y")  +  &c. 


But^ 


x=  p. 


«'  -  «" 


J9 


;    F  =  p^L::iJ^. 


IP  p  ^ 

in  which  p  denotes  the  distance  between  the  centres  of  *  inertia  oi 
the  two  bodies.     And  substituting  these  above,  wo  get 


p.yL — y!!(a/  ^x")-^p 


*'  -  x'' 


(y'  -  y")  =  0 ; 


P  '  P 

and  the  same  being  true  of  every  other  pair,  the  second  members 
of  Equations  (245),  will  be  zero,  and  we  have 


lad  integrating 


,^    /  ,    «Py         .    €Px\ 
2  jfcf-  I «'  •  — -  —  v'  • 1=0: 

2  Jf  •  12' . x' 1=0: 

\^     di^  d^/         ' 


dt  I 


7.M 


t'dx^  ^x'  dz'       ^„     I 

Tt         =  ^  '  ^' 


v'  cf  ^^  —  2'  rf  v' 


//^ 


•       •       •       • 


(249) 
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But  §  190,  z'dy'-~  y'dx\  is  twioe  the  difierential  of  the  arcft  swqil 
over  by  the  projection  of  the  radius  rector  of  the  bodj  if,  on  the 
co-ordinate  plane  x'  y',  and  the  same  of  the  similar  expresskms  io 
the  other  equations,  in  reference  to  the  other  co-ordinate  planes; 
whence,  denoting  hj  ^, ,  A^^  A^^  double  the  areas  described  in  any 
interval  of  time,  f,  by  the  projections  of  the  radius  vector  of  the  body 
My  on  the  co-ordinate  planes,  x' y'^  x'  s^^  and  y'z'j  and  adopting 
similar  notations  for  the  other  bodies,  we  have 

dA. 


2  if. 


d 


r  =  ^^ 


dt 

d  A 

2ir._«=:C"": 
dt  ' 

in  which  C\  C,  C",  denote  the  sums  of  the  products  obtained  by 
multiplying  each  mass  into  twice  the  area  siyept  over  in  a  unit  of  time 
by  the  projection  of  its  radius  vector  on  the  planes  z^  y\  x*  z\  y*  t^ ;  and 
by  integrating  between  the  limits  t^  and  i!^  giving  an  interval  equal  to  (, 

-LM.A^  =  C'.t\, 
IM.A^^  C"  t\ 
XM.A,=  C"'t; 

whence  we  fmd  that  when  a  system  is  in  motion  and  is  only  sob> 
jected  to  the  attractions  or  repulsions  of  its  several  elements  upon 
each  other,  the  sum  of  the  products  arising  from  multiplying  the 
mass  of  each  element  by  the  projection,  on  any  plane,  of  the  area 
swept  over  by  the  radius  vector  of  this  element,  measured  from 
the  centre  of  inertia  of  the  entire  system,  varies  as  the  time  of  the 
motion.     This  is  called  the  principle  of  the  conservation  of  areas, 

§  185. — It  is  important  to  remark  that  the  same  conclusions 
would  be  true  if  the  bodies  had  been  subjected  to  forces  directed 
towards  a  fixed  point.  For,  this  point  being  assumed  as  the  origin 
of  co-ordinates,  the  equation  of  the  direction  of  any  one  force,  say 
that  acting  upon  if,  will  be 

F^-Xy  =  0; 
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•ud  the  second  members  of  Equations  (240)  will  reduce  to  zero; 
and  the  form  of  these  equations  being  the  same  as  Equations  (245), 
thej  will*  give,  by  integration,  the  same  consequences. 


• 

INYABIABLE    PLANE. 


§  186. — If  we  examine  Equations  (249),  we  shall  find  that  M*  —^ 

at 

is  the  quantity  of  motion  of  the   mass   if,  in  the  direction  of  the 

axis  y',  and   is  the  measure  of  the  component  of  the  moving  force 

dz* 
in  that  direction ;   the  same  may  be  said  of  ilf  •  —r— >   in  the  direc- 

dt 

tion  of  the  axis  x* ;  whence  the  expression, 

Tt 

is  the  moment  of  the  moving  force  of  Jf,  with  respect  to  the 
axis  z'.  Designating,  as  before,  the  sum  of  the  moments  with  respect 
to  the  axes  «',  y'  and  x\  by  L^^M^^N^^  respectively.  Equations  (249) 
become 

m 

Denoting  by    O^  O,,  and   0^  the  angles  which  the  resultant  axis 
makes  with  the  axes  s',  y'  and  x\  we  have,  §  110, 


cosO«  = 


cosSy  = 


iv;  c" 


'ft 

cosO«  = 


*    •    •    • 


(250) 


These  determine  the  position  of  the  resultant  or  principal  axis. 
The  plane  at  right  angles  to  this  axis  is  called  the  principal  plane. 
The  position  of  this  plane  is  invariable,  and  it  is  therefore  called 
the  invariable  plane,  either  when  the  only  forces  of  the  system  are 
those  arising  from  the  mutual  actions  and  reactions  of  the  bodied 
upon  each  other,  or  when  the  forces  are  all  directed  towards  a  fixed 
oentre. 
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PBINCIPLB    OF    LIVINO    FOftOK. 

§  187. — If,  during  the  motion,  two  or  more  bodies  of  the  sjstem 
impinge  against  each  other  so  as  to  produce  a  sudden  change  in  their 
velocities,  the  sum  of  the  living  forces  will  undergo  a  change.  To  esti- 
mate this  change,  let  A,  B^  (7  be  the  velocities  of  the  mass  m,  in  the 
direction  of  the  axes  before  the  impact,  and  a,  6,  e  what  these  veloci- 
ties become  at  the  instant  of  nearest  approach  of  the  centres  of 
inertia  of  th^  impinging  masses,  then  will 

-4  —  a,    j5  —  6,    C7  —  c, 

be  the  components  of  the  velocities  lost  or  gained  by  m  at  the  instant 
corresponding  to  this  state  of  the  impact,  and 

m{A  —  a\    m{B  ^  h\    m{0  -^  c), 

the  components  of  the  forces  lost  or  gained.  The  same  expressions, 
with  accents,  will  represent  the  components  of  the  forces  lost  or 
gained  by  the  other  impinging  bodies  of  the  system.  Tliese,  by 
the  principle  of  D'Alembert,  §  71,  are  in  equilibrio,  whence 

2m{A  -  a)Sx  +  i:m(B  —  b)$y  +  lm(C—  c)Sg  =  0. 

Tlie  indefinitely  small  displacements  $x,  Jy,  Sz^  dsc.,  must  be  made 
consistently  with  the  connection  by  virtue  of  which  the  velocities  are 
lost  or  gained ;  but  as  a,b^e  denote  the  components  of  the  actual 
velocities  of  any  two  bodies  during  the  time  of  greatest  compression, 
when  alone  these  velocities  are  equal,  this  condition  will  be  fulfilled 
if  we  make        ^^         ^:*.       .'  '   '*  c    <^*^\,<     -^ . ..  -  ^^   •  ^ 

f  Sxz^a.St;     $y=zb,$t;     Sz=:e.6t.  '*^       '^ '" 

These  values  being  substituted  in  the  above  equation,  we  havBi 
afler  dividing  by  S  /, 

2in(.4—  a)a  +  2m(^  —  6)ft  +  2m((7—  c)c  =  0.  •  (251) 
or, 

lm{Aa  +  £b  +  Cc)  -  2in  (a»  +  ft*  -f  c»)  =  0   .   .  (262) 


C 
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But  we  have  the  identical  equation, 


{A^aY  +  {B-by  +  {C^cY  =  ^ 


+  c^-^2{Aa  +  Bb  +  Cc), 


Aa  +.Bb  +  Cc  z=z  < 


^2  4,  ^2  4.  (72        ga  4,  52  4,  ga 
2  ■*■  2 

{A--ay+{B-bY  +  {C^ey 

2  ' 


^hich  in  Equation  (252)  gives, 
lm{A^+B^+C^)^2m(ai+b^+c')=zlm[{A'-aY+{B^by+{C-^)% 

and  making 

A^  +  B^  +  C^  =z  F», 
a2  4.  fta  4.  c3  =  «», 

2mn-2iiiti»  =  2m[(^-a)»+(^-ft)*  +  (C-c)«].  •  (253) 

41^^     >^-^     r^t/y^i.- 
ivhence   we  conclude,    that  the   difirence  of   the  sums  of  the   living 

forces  before  the  eollision^  and  at  the  instant  of  greatest  compression^ 

IS  equal  to  the  sum  of  the  living  forces  which  the  system  would  have^ 

if  the  masses  moved  with  the  velocities   lost  and  gained  at   this  stage 

of  the  collision,  % 

Since  all  the  terms  of  the  preceding  equation  are  essenti^lj 
positive, .  it  follows  that  at  the  instant  of  nearest  approach  of  the 
impinging  bodies,  there  is  a  loss  of  living  force. 

If  the  impinging  masses  now  react  upon  each  other  in  a  way  to 
cause  them  to  be  thrown'  asunder,  and  A\  B\  C\  6sc.,  denote  the 
components  of  the  actual  velocities,  in  the  direction  of  the  axes,  at 
the  instant  of  separation,  then  will  the  components  of  the  velocities 
lost  and  gained  while  the  separation  is  taking  place,  be 

a  —  A'\    b  -^  B\    c  —  C\    &c.,  &c. ; 

a 

and  Equation  (251)  will  become 

2m (a  —  2I')  «  +  2in (6  —  JJ')  *  +  ^»»  (^  —  ^)<^  =  ^» 

^  2m (a'  +  5»  +  c«)  --  2m  {A! a  4-  5' 6  4-  (7'c)  =r-.  0 ; 
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{a^Ay+{b^Br+{c-Cr  =  { 


and  eliminating  A'a  +  B'b  +  C'c,  by  means  of  the  identical  equi^ 
tion, 

ai+h^  +  c^  +  A'*  +  B^ 

we  obtain, 

and  making 

2  wa2  ^ImV'^  =--lm[{a-  A^  +  (6  -  By  +  (c  -  Cy]  •  •  (264) 

All  the  terms  of  this  equation  being  essentially  positive,  it  fol- 
lows, from  the  sign  of  the  second  member,  that  during  the  reaction 
of  the  bodies  by  which  they  are  separated,  there  is  a  gain  of  living 
force. 

If  the  loss  and  gain  of  velocities  after,  be  the  same  as  before 
the  instant  of  greatest  compression,  then  will  there  be  no  loss  or 
gain  of  living  force  by  the  collision. 

PLANETARY    MOTIONS. 

^2^9  188. — When  the  only  forces  are  those  arising  from  the  mutual 
attractions  of  the  several  bodies  of  the  system  for  one  another,  the  sec- 
ond members  of  Equations  (239)  reduce,  as  we  have  seen,  §  183,  to  zero, 
and  those  equations  become 


1^.^-1  =  0. 


(256) 


jet  us  now  find  the  motion  of  any  one  body  of  the  system  in  refer- 
once  to  any  other,  taken  at  pleasure.  Tliis  latter  body  will  be  called 
the  eenlmlj  the   former  the  primary^  and  the  others,  collectively,  the 
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perturbatinp  bodies.  Let  the  central  and  primary  bodies  be  those  whose 
masses  are  M  and  M,  respectively ;  the  perturbating  bodies  those  whose 
masses  are  M^^,  ^m^  ^c*  "^^^  ^^^  ^^  ^^  above  equations  may  be 
written 

^  X  d}  X  d}  X 

^•7?  +  ^'-7^-'-^^"--rf#  =  ^   •   •   •   (2^*) 

If  the  perturbating  bodies  alone  acted  upon  one  another,  the  last  term 
would  be  zero;  and  when  the  action  of  the  central  and  primary  are 
included,  Uie  numerical  value  of  this  term  will  result  from  the  action 
of  these  latter  bodies.  Denote  the  reciprocal  action  of  any  two  bodies 
upon  one  another  by  writing  their  masses  within  the  parenthetic  sign, 
and  use  the  subscript  ^  to  denote  the  component  of  this  action  paraHjIl  ^  JV 
to  the  axis  x.    Then  will  \ 

2  (Jf  3f J,  +  S  (M,  M„ ).  _  s  Jf,,  ^  =  0 ; 

adding  this  to  the  next  equation  above,  we  get 

Taking  the  movable  origin  at  the  centre  of  the  body  M^  we  have 

a;^  =  :r  —  x\  and  rf*  ar^  =  rf*  a:  —  cP  a:^, 
which,  substituted  above,  gives 

(^ + ^')  J?  -  ^'  •  7?-'  +  2  (^^J.  +  S  W  MX  =  0 ; 
dividing  by  M  +  M^  and  multiplying  by  jfcf,  there  will  result 

The  value  of  the   first  term   results  from  the  component  action  of 
the  primary  and  perturbating  bodies  upon  M\  whence 

M-jj-  [(^^-).  -  2  (^^JJ  =  0 ; 

from  which  subtracting  the  equation  above,  there  will  result 
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Sirwair  y  "tte  iM^.-Nvc  •it  ^  Cnl  tan,  and  tmtiiig  tiie  at]icr  t«* 
K  M-acwte-   -Lj^     a  :iw  4MIK  «w.  wt  finallf  get 

i» .-     T-  r 


i    * 


sr  jf  .-_^  I  -irJr.w-y.s(jf;jfj.  =  o,' 


of  the  primaij-** 


(W-S) 


'/ 


5  A'.— V  .-KOErai  iv.^  »  :ai  wix-i  v  diKcted  towinla  a  centra 
.^M,'  /f  iawi  »»i  i-^  »i>.-i  lirf  izwuicT  k  a  fiinctioii  of  die  (fi»- 
r.'.    pjw  --ir  .xEcn;.     Tl;e  vtws  rf  easizn  ire  of  lliii  description. 

:  j:  ji-T-.^a:;:^  Kxi:;^  iii  co;  Mist  then  wooU  the  action  o«a 
I  ii-iaii.-^  :«  ii««<j  lo  ;iw  ccntnl  Iwdr  aa  a  ceatn,  the  Eqoatioiis 
■^  •■.Ni,^;  rwi-AV  w  ;ac:r  £:K  i"o  terms,  anJ,  denoting  the  distance 
IS  a*  .-tfatrsi  to  the  primair  i>r  r',  thee  wontil  be  written, 


Jf-Jf 
"Jf.Jf. 


.(jr.ifi. 


"  Jf.J', 
Jf+V, 


■(Jf ■■",). 


Jf+M, 
~  M.if,  ■ 


(Jrjc)--, 


•  (!!■>) 


Vt.;ii.^>  :*^"  Sf«  l>T)r',the  second  bj  *',  and  take  the  dificrcnwof  tfa* 
^vNi'iivs. ;  ».'(*•  Bijltiply  the  firet  bj-  r',  the  third  by  r*,  and  take  the  iSTm- 
v..vv  ,■;  -iiv  f«>Jw.-te;  and  ignia  'lie  second  l<y  z',  the  third  by  y'^tmA^ 
irt„-  j'lK-ivt^v  ."f  tho  i-rodocts:   there  will  result,  omitting  the  i 

^    *:      ^   , 
-•  '    dt' 
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wbich,  bein^  integrated,  give 


dy  dx  ^ 

dx  dz 

~.z-~.x=L  , 

d*  dy  _^„ 


•• (260) 


in  which  C,  (?''',  and  C^'  are  the  constants  of  integration. 

MultiplyiDg  each  by  the  first  power  of  the  variable  which  it  does 
not  contain,  and  adding,  we  have 

Cz  +  C''y  +  (y"x  =  0 ; 

which  is  the  equation  of  an  invariable  plane  passing  throagh  the  cen- 
tre, and  of  which  the  position  depends  upon  th^  constants  C^,  C'\  C". 
Whence  we  conclude  that  the  primary  deflected  by  the  central  body 
alone,  will  describe  a  plane  carve  of  which  thq  plane  will  contain  the 
centres  of  both. 

§  190. — Take  the  co-ordinate  plane  xy  to|boincide  with  this  plane, 
and  the  Equations  (260)  will  reduce  to 


dy  dx 


(261) 


,! 


./  .-' 


Transform  to  polar  co-ordinates;  for  this  purpose  we  have 

a?  =  r .  cos  a ;  y  =  r .  sin  a ; 

differentiating, 

dx=zdr  cos  a -^  r  siin  ad Oj       ,.  ...  j 

d  y  =zd  r  sin  a  +  r  cos  a  da. 
Substituting  in  Equation  {2 61),  we  find  /    ^    '  ' 

integrating  again,  we  have 

and  taking  between  the  limits  r ,  a^  and  r^^,  «^^,  corresponding  to  the 
time  i^  and  ^^^, 

r''f».dcL^C'{t,-t) (263) 


t    0,* 


#••«# 


I 


ft    ' 
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But  Cr^dtt  is  double  the  area  described  by  the  motion  of  the  radinB 

vector;  whence  we  see,  Bquation  (263),  that  the  areas  described  by  the 
radius  vector  of  a  body  revolving  about  a  centre,  are  propoi*tional  to  the 
intervals  of  time  required  to  describe  them. 

Making,  in  Equation  (263),  t^^  ~  t^  equal  to  unity,  the  first  member 
becomes  double  the  area  described  in  a  unit  of  time.  Denoting  thia 
by  2  c,  that  equation  gives 

C"  =  2  c. 


Placing  this  in  Equation  (263),  we  find 


r'.da 


That  is  to  say,  any  interval  of  time  is  equal  to  the  area  d^cnbed 
in  that  interval,  divided  by  the  area  described  in  the  unit  of  time. 

§  191. — ^The  converse  is  also  true;  for,  differentiating  Equation  (262), 
we  find 

-7-7  ^ r7  y  =  0 ; 

d^  v.  d^  X 

Multiplying  by  i^,  and  replacing  if  .7-j' and  Jfcr.-T-j-  by  their  values 

in  Equations  (120),  there  will  result 

Far-Xy  =  0 (265) 

which  is  the  Equation  of  the  line  of  direction  of  the  force ;  and  having 
no  independent  term,  this  line  passes  through  the  centre.  Whence  we 
conclude,  that  a  body  whose  radius  vector  describes  about  any  point 
areas  proportional  to  the  times,  is  acted  upon  by  a  force  of  which  the 
line  of  direction  passes  through  that  point  as  a  centre.  The  force  will 
be  attractive  or  repulsive  according  as  the  orbit  turns  its  concave  or 
convex  side  towards  the  centre. 

§  192. — Replacing  C  by  its  value  2  c,  in  Equation  (262),  and  divi- 
ding by  r',  we  have 

da       2c 

57  =  7r (2««) 


f  -     I?  »" 


•l 


.V 
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The  fint  member  being  the  actual  velocity  of  a  pciint  on  the  radios 
vector  at  the  distance  unity  from  the  centre,  is  called  the  anffuUur  w- 
loeity  of  the  body.  The  angular  velocity  ikertfcrt  varkt  invtrmly  as 
the  squttft  of  the  radiue  vector, 

§  103. — ^Multiply  Equation  (266)  by  Ji^  and  it  may  be  pat  nndet 
tht  form, 


dt 


2c 


fti 


r. 


ds 


r.i  9 


r  da. 
but  -^ — ,  is  equal  to  the  sine  of  the  angle  which  the  element  of  the 

orbit  makes  with  the  radius  vector,  and  denoting  by  p  the  length  of 
the  perpendicular  from  the  centre  on  the  tangent  to  the  orbit  at  the 
place  of  the  body,  we  have 

,  r  .da 

^  ds 


and 


2e 
P 


(26?) 


whence,  the  actual  velocity  of  the  body  varies  inversely  as  the  distanee 
of  the  tangent  to  the  orbit  at  the  body's  place,  from  the  centre. 


.'i  / 


§  194. — ^Denoting  the  intensity  of  the  acceleration  on  M^  by  F]  sub- 
stituting M, . F.dr  for  Xdx  +  Ydy  +  Zdg,  writing  M,  for  M  in  the 
coefficient  of  F'  in  Equation  (121),  and  differentiating,  we  find 


^t^  .      pw  .  /'^    '  /'* 


VdV=z^Fdr\ 


snd  taking  the  logarithms  of  both  members  of  Equation  (267), 

log  F=  log  2  c  —  log|> ; 
differentiating^ 

dp 


dV 


and  dividing  the  equation  above  by  thi^ 


dr  I       dr 

18 


•    •    • 


(26a) 


lU 
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Whence  we  conclude  ihat^  the 
Telocity  of  a  body  at  any  point 
of  iu  orbit  is  the  same  as  that 
which  it  would  have  acquired  had 
it  £EilIen  freely  from  rest  at  that 
point  over  the  distance  Jf  jfif,  equal 
to  one-fourth  of  the  chord  of  cur- 
vature Af  Gj  through  the  fixed  cen- 
tre— the  force  retaining  unchanged 
its  intensity  at  M, 

§  195. — ^Resuming  Equations  -(120),  we  have 


dx 
dt 


and  performing  the  operation  indicated,  regarding  the  arc  of  the  orbit 
as  the  independent  variable,  we  have,  after  dividing  both  numerator  and 
denominator ,  by  </ ^, 


f.  /:'. 


X^M. 


dt  df9     dx  d^t 
Ts'dV^di'd? 

d^ 

d^ 


O&t 


whencoi 


In  like  manner, 


"     id?*d7   'dTd^^d?r 


di^  ^ ^      ^-F. 

de'd^~~      de'    dt         * 


^=''\^-P,^r/s^ 


I        dt^      da   dt^l* 


d}z  .  dz  d^$- 


^='[^-r>¥.m 


Squaring  and  adding^ 


/>f^r.t^ 


/....^     r/:c/l^:'  --^     '•  '  t^t  (-_.: 
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^'{&h{^h&f\' 


^ 


M* 


JF 


dt\d*   df  '  dt   d^  '  d 

bo^  denoting  the  radius  of  carvaturo  by  /s,  we  have 

/rf»ar\«      /ci«y\«      /rf««\'      1* 

and  multiplying  the  second  term  of  the  second  member  of  the  preo^ 
ding  equation  by  -,  it  may  be  put  under  the  form, 

^MIP  M.^Btdx      d^x     dy      d^y     dz      (TzX 


•r. 


2 • — r-:— -cofla;* 


in  which  6  denotes  the  angle  made  by  the  element  of  the  curve  ori 
radius  of  curvature;  also 

da^     dy^     d^ 

df^d^^df-^' 


whence^  sabstitnting  for  X*  +  ^'  +  ^  Hs  value  JZ*,  we  Iiave 


r; 


Ef  —  — : — h2.  — r-*— j-r-  •  coed  +  Jf*,  1  ja)  » 


df 


I 

and  comparing  this  with  Equation  (56)  we  find  that  R  is  equal  to  the 
resultant  of  the  two  component  forces 

MV^      ^   ^^  d^B 

Mid  if.  :r-a» 

p  df^ 

which  make  with  eacn  other  the  angle  d.    But  d  is  equal  to  90^,  and 
therefore 


If=z 


9' 


+  i^ 


■m, 


(2«tf) 


8m  Appwdix  Vo^  1 


i^ 


("■ . 


>  \ 
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Tbe  second  of  these  compontnto  k,  Equatioii  (18),  the  mtenailj  of 
the  reaction  of  inertia  in  the  direction  of  the  tangent^  and  the  first  it 
therefore  its  reaction  in  the  direction  of  the  radios  of  conratare. 

This  first  component  is'  called  the  ctntnfvLgol  force^  and  may  be  de- 
fined to.  be  the  rtti9(ance  which  ihe  inertia  of  a  body  vii  motion  qpjMft 
to  whatever  defleete  it  from  it$  rectilinear  path.  It  is  measured,  Equa- 
tion (269),  by  the  living  force  of  the  body  divided  by  the  radios  of 
curvature.  The  direction  of  its  action  is  from  the  centre  of  corvatiire, 
and  it  this  differs  from  the  force  which  acts  towards  a  centre,  and 
which  is  called  centripetal  force.    The  two  are  called  central  fore^ 

If  the  component  in  the  direction  of  the  orbit  be  aero,  then  will 

and  denotiag  the  centrifogal  force  by  F,f  we  hare 

J^,  =  ^ («W) 

(    <  *^  <         '    *     v:  .?  L- 

and  integrating  the  next  to  the  last  equation,  we  hare 

m 

il-r-c- 

in  which  C  is  the  constant  of  integration.  Whence,  the  velocity  will 
be  constant,  and  we  conclude  that  a  body  in  motion  and  acted  upon 
by  a  force  whose  direction  is  always  normal  to  the  path  described,  wil 
preserve  its  velocity  onchanged. 

These  laws,  except  that  expressed  by  Equation  (268),  are  whoHy  in- 
dependent of  the  intensity  of  the  extraneous  force  and  of  the  law  of  iti 
variation.    Not  so^  however,  of 


THX  OSBIT. 

I  §  196. — ^To  find  the  differential  equation  of  the  otbiti  multiply  the 
first  of  Equations  (259)  by  2dx^  the  second  by  8<ly,  add  and  inte- 
grate; we  find,  omitting  the  accents, 

—dj—^inr'J^^'^'^ r ' 


MECHANICS    OF   SOLIDS.  187 

bat 

f*  =  j^  +  3f*,  and  rdr zsxdx  +  fdif;  ^ 

•bo 

j;=:rcMa;    y  =  r.8Uia; 

dx=z  ^  rnnada  +  co%adm 

dy=:r  o(Mada  +  sin  a<lr; 

and,  Equation    (266), 

1  2e 


dt      f^da 
Tlieae  anbatituted  aboTe,  give 


Hake 


"•(?+^.)='Tn?/("-''"- 


-  s:  iL  and  therefore    -^  =  —  J  u. 


mlMtitate  above,  differentiate  and  redace,  there  will  result 

and  makiDg 

r  «    [^^^  +  ^^^]  =  »!>^ve  aecdention  on  ir    .    (2^1) 

i?=4«'i,'.(^  +  «\ (2M) 

J 

From  which  the  equation  of  the  orbit  may  be  found  by  integration^ 
when  the  law  of  the  force  is  known;  or  the  law  of  the  force  dedaeed, 
when  the  equation  of  the  orbit  is  given. 

In  the  first  case,  the  integral  will  contain  three  arbitrary  constanti 
— two  introduced  in  the  process  of  integration,  and  the  third,  e,  exist- 
ing in  the  differential  equation.  These  are  determined  by  the  inityil 
or  other  circumstances  of  the  motion,  viz. :  the  body's  velocity,  its  flia 
tance  from  the  centre,  and  direction  of  the  motion  at  a  given  instant 
The  general  integral  only  detennines  the  nature  of  the  orbit  described : 
the  circumstances  of  the  motion  at  any  given  time  determine  the  tpeeki 
and  dimen$km»  of  the  orbit 


Dto  ELEMENTS   OY    ANALTTIOAL   MX0HANIC8. 

In  the  second  case,  find  the  second  differential  coefficient  <^  « -ii 
i^rard  to  a,  from  the  polar  equation  of  the  cnnre;  sabstitate  this  in 
the  above  equation,  eliminating  a,  if  it  occur,  bj  means  of  the  relatka 
between  u  and  a,  and  the  result  will  be  F^  in  terms  of  u  alone. 


8T8TSM   OF  THB  WORLD. 

§  107. — ^The  most  remarkable  system  of  bodies  of  which  we  have 
any  knowledge,  and  to  which  the  preceding  principles  have  a  direct 
application,  is  that  called  the  solar  system.  It  consists  of  the  Sun^ 
the  FlanetSf  of  which  the  earth  we  inhabit  is  one,  the  SatelliteM  of  the 
planets,  and  the  Comets.  These  bodies  are  of  great  dimensions,  are 
spheroidal  in  figure,  are  separated  by  distances  compared  to  whioh 
their  diameters  are  almost  insignificant,  and  the  mass  of  the  snn  is 
80  much  greater  than  that  of  the  sum  of  all  the  others,  as  to  bring 
the  common  centre  of  inertia  of  the  whole  within  the  boundaij  oC 
its  own  volume. 

These  bodies  revolve  about  their  respective  centres  of  i^r^  are 
ever  shifting  their  relative  positions,  and  our  knowledge  of  them  is  the 
result  of  computations  based  upon  data  derived  fix)m  actual  obseiratioit; 

^epler  ft»und: 

I.  Thai  the  areas  swept  over  hy  th$  radius  vector  of  0aeh  pkmti 
about  the  sun^  in  the  same  orhit^  are  proportional  to  the  times  of  de- 
tetibing  them.-     - 

n.    That  the  planets  move  in  ellipses,  each  having  one  of  its  fod  ui 

CjU  suris  centre, 

i .  •  J 

m.    That  the  squares  of  the  periodic  times  of  the  planets  about  the 

tun^  are  proportional  to  the  cubes  of  their  mean  distances  from  thai 

These  are  called  the  laws  of  Kepler,  and  lead  directly  to  a  knowl* 
edge  of  the  nature  of  the  forces  which  uphold  the  soliur  system. 


t^OirBSQUWCKS   OT  KXPLER*S  LAWS. 

§  198.— The  first  law  shows,  §  101,  that  the  centripetal  forces  whiA 


IHCEANIOS   OV   nOLIDt.  IM 

keep  tlie  planetB  in  their  orbits,  are  all  directed  to  the  ton^s  centre; 
and  that  the  son  is,  therefom,  the  centre  ef  the  system.^ .         ^ 

§  199. — What  law  of  the  force  will  cause  apnmary  to  describe 
about  a  central  body  an  ellipse  haying  one  of  its  foci  at  the  centre  of 
the  latter  f    The  equation  of  the  ellipse  referred  to  its  focus  as  a  pole  is 


whence. 


1  +  tfcosa' 


1  _     _  l+>eos» 


and, 

d^u       — ecosa 

dH}  ■"  a  (1  -  ••)• 
which,  tobetitiitei  in  j^nation  (272),  give 


*^~  lj(n:V)+a(l-^);' 


1 
reducing  and  leplacing  u  by  its  value  -^  we  have 

f-4-^-? M 

and  from  which  we  conclude,  that  the  only  law  for  the  relative  accd- 
eration,  is  that  of  the  inverse  square  of  the  distance. 

§  200. — Conversely,  let  the  force  vary  inversely  as  the  square  of  the 
distance;  required  the  orbit. 

Denote  by  k^  the  reciprocal  attraction  of  one  unit  of  mass  upon  as* 
other  at  the  vnitfa  distance;  then  will 

(MM,)  =s  M.  M^'-^\ 
and.  Equation  (271), 

in  which 

mssif+Jr, (27S)r 
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«Bd,  Bqnatioii  (2)2), 


aultiplying  by  2i^tt  and  integrating^ 


whence  ^ 


.i,-u»  +  <7 (2»4) 


aa  = 


^c+^.«-«^ 


4c* 

&•  negatire  ngn  being  taken,  because 


.  '6) 


du  __     \r/  __        dr 

'      ^  .  **  (^a         da,  t^da 

s 

Race  nnder  the  fadieal  I  -r^j  —  (-fr )  t  "^  ^®  ™*y  ^^"*®> 


(««) 


-  -        c*-j     -r:^  a  +  A  =  cos 


-y^t 


v/(^)'+c 


n  which  9  is  the  constant  of  integration. 

Beplacing  u  by  its  vaiae,  taking  cosine  of  both  members  and  adniiy 
with  respect  to  r,  there  will  result 

4<* 


k..m 
r  =z 


l+Vl+(i^ye(7.cos(«+9) 
which  is  the  equation  of  a  conic  section,  having  its  pole  at  the  ceBtnl 
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body.  To  find  the  precise  exnrref  we  must  find  0,  To  do  thisi  denote 
by  r^  the  initial  valne  of  the  radios  vector,  and  by  e^  the  angle  which 
the  orbit  makes  with  r^  at  the  point  of  intersection  therewith.  Then, 
Equation  (275),  ^^^, 

>  (tU    ,.  ..    y  ,         iJt I 


r 


and  this  in  Equation  (274)  gives 

bat,  E^prtion  (267),  '"  '     /..T.  /;   '  - ..  •  d     ^''  .;,, . 


r 


ia  which  F^  is  the  vdocit^  eom^nding  to  r,\  henoc^ 

which,  tahstitated  ia  the  equation  of  the  corre^  gives 

r  = *<•"*  .    (276) 

and  comparing  this  with  the  general  polar  equatio]^  of  a  coni^  section 
referred  to  the  focns  as  a  pole,  vis.: 


ws  fioid 


1  +  «  cos  (a  +  9)' 


•'0-')-;^ P") 

and  this  last  valne  will  be  greater  or  less  than  unity,  according  as  F/ 

.    •      .       ^,       2*,  .m 
]S  greater  or  less  than 


*•/ 


Multiplying  and  dividing  the  last  factor  by  Mi  r/,  and  replacing  m 
by  its  value,  the  orbit  will  be  an  ellipse,  parabola,  or  hyperbola,  ac« 
eording  as 


r 


rv'^.'A  ^•^TJA,     hfM  iLXi  %  ^,'z.ArT  cat  c««c«  *=▼  of  ^  come  *c- 
H'AAUViUti'^  thft  wik-yt  of  €*  in  Eqoitioa  (37T)|  va 


Jr, .  «•  .  r. 


2ifr  .«— r/.r  ' 


(279) 


feM  4f:rtfA\rt'^  \i%*i  Mrmi-paramfi^r  bv  />,  tlie  eqoitioii  of  die  coiTe  grf^^ 
bjr  making  a  +  9  =  90'', 


4c»        r«.«n«r.r« 


and  denoting  Itio  •cmi-conjagat4i  axis  bv  6^, 


Wlffiicc  it  fli»pf'ani  that  tbo  nature  of  tho  orbit  and  its  transrene 
iir»   iiifhrpfindcnt   of  the   direction   of  tho   primary's  motion,  wbik 
iM\\y\%n\A%  axis  is  dependent  upon  this  element 

1}  *•'()!.-  'Hio  e^irtNequenco  of  Keplcr*s  third  law  is  not  leas  importan'^ 
l)tinot<»  ilie  purioilic  time  of  tho  primary  by  T^ ;  then.  Equation  (264:^ 

and    utibntiititiuK   tho   values   of  b,^  m,  and  c,  Equations  (270)^1  (273^'^f 
ami  (UfO)', 


jr,  :-.  2Tr.a,V%/     .._L 
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and  for  another  body  whose  nues  is  J^^  about  the  tame  eenftral  bodjt 


«'•••' V^TTO* 


ti  —  ~  ■  ~// 


and  bj  division,. 


T 


h  =  lS-17TTr'-I^' (280) 


T.:      «./    M^M,     k, 


If  the  difference  of  the  masses  Ms  and  M^s  be  so  small  in  comparison 
with  JIf  as  to  make  its  omission  insensible  to  ordinary  observation, 
which  la  the  case  in  thq  solar  system,  the  above  may  be  written, 


Bat  by  Eeplei'a  third  law, 


T  ^'^  a  *'  k  * 


T^        a* 
7»  t  —  ^  i> 


whence 


That  is,  the  central  body  M  would  act  equally  on  the  nnit  of  mass  fX, 
each  of  the  primaries  M,  and  M,^  were  they  at  the  same  distance ;  so 
that  not  only  is  the  law  of  the  central  force  the  same,  but  the  abso- 
Inte  force  at  the  same  distance  is  the  same,  and  it  is  one  and  tb^ 
same  force  that  keeps  the  planets  in  their  orbits  about  the  sun. 

§  202. — ^The  obserrations  of  Dr.  Maskelyne  on  the  fixed  stars,  show 
that  a  neighboring  mountain,  Scheballien,  drew  the  plumb-line  of  his 
instrument  sensibly  from  the  vertical;  and  those  of  Cavendish  and 
Baily  upon  leaden  and  other  balls,  demonstrate  this  power  of  attrac- 
tion to  reside  in  every  particle  of  matter  wherever  found ;  and  that  ijt 
is  exerted  under  all  circumstances,  without  the  possibility  of  being  inter 
oepted.  It  is,-  therefore,  concluded  that  matter  is  endowed  with  a  gen- 
eral gravitating  principle  by  which  every  particle  attracts  every  other 
particle,  and  according  to  the  law  before  given. 


HBKTU  KB  ATI0K8. 

g  809. — Granting,  for  the  present,  that  universal  gravitation  u  a 
principle  of  nature,  and  denoting  the  distances  of  the  several  bodies  of 


201  XLEMENTB   OF   ANALYTICAL   MSCHANICB. 

tlie  tystem  from  the  central  by  f  with  •labecript  aooente  carrmpoik^Bag 
to  those  of  the  bodies  to  which  they  belong,  and  employiDg  the  saoie 
notation  in  regard  to  the  co-ordinatei,  we  shall  have 


x(Jr,jf„).  =  *.!-„. 


which,  snbstitated  in  first  of  Eqaadona  (258),  give 
bnt 


ind  making 

the  last  term  of  the  equation  above  becomes 

,     1     rfA 

and 

Ifake 

-^-  l-i 1 *— i +*c—  -rrp ;  (282) 

^i*  ^Ut  *"/ 

then  will 

which,  substituted  above,  give,  after  treating  the  other  two  of  Bqoations 
(258)  in  the  same  way^ 
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^-»[(ir+iC,.J-J|]  =  0; 
|^-i[(Jf+J().^-^  =  Oj|  .    .    .    (SM) 

The  cnrre  which  wonid  be  described  by  the  primarj  abont  the  centra!, 
under  the  reciprocal  action  of  these  two  bodies  alone,  and  which  we 
have  seen  is  a  conic  section,  is  called  the  unditlurbed  orbit  of  the  pri- 
mary. That  which  it  actually  describes  under  the  joint  action  of  all 
the  bodiA  of  the  system,  is  called  the  disturbed  orbit.  The  undisturbed 
orbit  is  given  by  the  first  two  terms  of  Equations  (288) ;  the  disturbed 
by  all  three.  The  departures  of  the  disturbed  from  the  undisturbed 
orbit  are ,  called  perturbations^  and  the  last  terms  of  Equations  (288), 
which  determine  them,  are  called  perturbating  functions.  The  construo- 
tions  of  the  perturbating  functions  are  given  in  Equations  (281)  and 
(282),  and  the  methods  of  computing  their  values  are  greatly  &cilitated 
by  the  principle  of  the 

OOS190TBVOS   AHD   SUPXSPOBITIOV   OF  8MAIX  MOTIOITB. 

§  204.J — ^Denote  by  0^^,  0^^^  Ssc^  numerical  quantities  which  depend 
upon  the  perturbating  actions  of  the  bodies  whose  masses  are  M^^  ^u^ 
ka^  and  of  which  the  values  are  so  small  as  to  justify  the  omission  d 
til  terms  into  which  their  products  enter  as  &ctors,  in  comparison  with 
such  as  eontain  them  singly.  The  co-ordinates  of  if^,  at  the  time  t^ 
when  undisturbed,  being  ^  y*  *\  become,  when  the  body  M^  is  disturbed 
by  Jf^,  at  the  same  time, 

and  for  the  same  reason,  when  also  disturbed  by  if^^^, 

or,  performing  the  multiplication  and  omitting  the  terms  containing 


906 
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in  the  same  way,  when  also  distarbed  bj  i/);|,i 

and  for  the  simultaneoas  disturbance  of  all  the  bodioa  of  the  Bystem, 

in  which  x'.ld^^^  y'.2^^^,  z' .16^,  are  the  increments  of  xff'^  r^ 
spectiTcly,  dae  to  the  joint  action  of  all  the  disturbing  bodies.    Now  let 

in  which  9  denotes  any  function  of  x*  y'  z\    Differentiating^  wo  have 
and  performing  the  mnltiplioations  indicated,  we  have 


-■■■"..*%  »'»..+jj-'-»,.. 


du-=. 


dt 


«kc.       +        Ac. 


Whence  it  appears  that  the  perturbation  in  11  or  9  {ff  y*  i^,  is  eqnal  Id 
the  sum  of  the  separate  perturbations  due  to  each  o(  the  pertarfoatiDg 
bodies,  supposing  the  others  not  to  exist  The  practical  effect  of  this 
principle  is  to  reduce  the  problem  of  the  perturbations  from  one  of 
several  to  one  of  a  single  p^rturbating  body,  and  to  give  rise  to  what 
is  known  as  the  problem  of  the  three  bodies,  viz. :  the  central,  primary, 
and  perturbating. 

UNIVERSAL    ORAVITATIOK. 


§  206. — From  all  of  which  it  is  manifest  that  either  Kepler's  laws 
cannot  be  rigorously  true,  or  universal  gravitation  is  not  a  Princif^e  of 
Nature.     Now,  in  point  of  fact,  obserAations  of  far  greater  nicety  than 
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m 

tho66  01  Kepler  prove  tbal  his  laws  are  not  aceuratefy  tnie^  thougli 
they  differ  bat  slightly  from  the  tmth;  a  circnmstaDce  arisiDg  entirely 
from  the  fact  of  the  great  mass  of  the  san  as  compared  with  the  sum 
of  the  masses  of  all  the  planets.  Were  there  but  a  single  body  in  ex- 
istence besides  the  sun,  it  would  describe  accurately  an  elliptical,'  para- 
bolic TV  hyperbolic  orbit  about  the  cenU'e  of  the  sun,  depending  upon 
its  living  force  and  the  sun^s  attraction.  A  third  body  would  derange 
this  motion  and  cause  a  departure  from  this  simple  path,  and  the  de- 
gree of  the  disturbance  would  depend  upon  the  mass,  distance,  and  di- 
rection of  the  disturbing  body  as  compared  with  those  of  the  sun.  The 
same  remark  would  apply  to  a  fourth,  fifth,  and  to  any  number  of  addi- 
tional bodies.  The  disturbed  orbits  in  the  solar  system  have  been  com- 
puted by  EquatioDB  (283),  and  the  complete  harmony  which  is  found 
to  subsist  between  the  numerical  results  deduced  from  theory  and  ob- 
servation, is  the  strongest  possible  evidence  in  support  of  the  Law  of 
Universal  Gravitation. 

If  the  principal  plane  of  the  solar  system,  as  determined  at  different 
and  remote  periods,  be  found  to  have  undergone  no  change,  this  will 
show  that  the  system  is  uninfluenced  by  the  action  of  the  fixed  stars 
and  other  distant  bodies,  and  its  centre  of  inertia  will,  §  193,  cither  be 
at  rest  or  be  moving  uniformly  tbrough  space  in  a  right  line;  but  if 
the  principa]  plane  be  fonnd  to  have  changed  its  place,  it  will  be  a  sign 
that  the  system  is  in  motion,  and  that  its  centre  of  inertia  is  describing 
a  cnrrilinear  psdi  about  some  distant  centre. 

§  206. — ^Thna  mnch  for  the  larger  bodies  of  nature.  But  these  are 
themselves  built  np  of  innumerable  molecules  which  are  ever  on  the 
move  about  their  respective  places  of  relative  rest  The  molecular 
forces  within  the  range  of  their  natural  action  vary  directly  as  the  dis- 
lanee  froon  their  resp^ve  centres.  Let  it  be  inquired  to  detennina 
the  nature  of  the  orbits  under  this  law.    Then  will 


_  mks 

F=mk^.r=z — '; 


u 
which,  in  Equation  (272),  gives 

r  f       •  .  .  .        - 
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moltipljuig  hj  2du^  and  integrfUng,  we  find 


.    •    (284) 

from  ^hich  we  get 

/      .                          udu 

v"^-*-^--* 

the  native  lign  being  taken,  because 

du      ''(;)            dr 

da        da             r^da 

Pladog  \C  —  \C*  under  the  radical,  we  may  write 

1  —2udu 


d»=:i. 


V       T— 4?- 


and  integration, 


8  (a +  9)  =  cos    ' ^ •- 


V   4         4c« 


in  which  9  is  the  constant  of  integrating. 

Taking  cosine  of  both  members,  replacing  u  bj  its  valae  and  solving 
with  respect  to  r,  we  find  \ 

1 


VjC+JY/^^ri^.oos2(a  +  9) 

Denote  by  r^  the  radios  vector  which  is  normal  to  the  oibit;  ooif^ 
spending  to  this  value  we  have 

du 
and,  by  Equation  (284), 


>  • 
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r 

COS  2  (a  +  9)  =  cos'  (a  +  9)  —  sin*  (a  +  9), 
the  above  reduces  to       "^^ "*'."•  ^^  ^ ^  ;  .-   v^  .    .','.>. 


V  r«  ^^'  (* + ^)  +  '  '^[^gi  ^'  8in»  (o + 9) 


.     .     (286) 


which  is  the  equation  of  an  ellipse  referred  to  its  centre  as  a  pole,  the 
aemi-aies  being 


r^  and 


if/ 


i,.  m 


§  2C7. — ^The  time  required  to  describe  the  entire  ellipse  being  deno- 
ted by  Tj  we  have,  Equation  (264),  .  .       ' 


7r.r/.2cy 


./f 


T  = 


kf .  m 


=  27r 


Tj.C 


Jfc..m' 


/  ' 


and  replacing  m  by  its  value,  Equation  (273)^ 


/  / 


T=2ny 


(M  +  M,)k, 


(286) 


Thus  the  time  is  wholly  independent  of  the  dimensions  of  the  orbit, 
and  will  be  the  same  in  all  orbits,  great  and  small.  This  result  finds 
its  application  in  the  subject  of  acoustics,  thermotics,  optics,  &c. 

§  208. — ^Let  us  conclude  the  planetary  motions  wmi  the  centrifugal 
force  on  its  surface,  arising  from  the  rotation  of  one  of  these  bodies, 
say  the  earth,  about  its  axis. 

If  F,  denote  the  angular  velocity  of  a  body  about  a  centre,  then  will 
V=zpVi^  and  Equation  (270)  becomes         /      --  •.  - . 

The  earth  revolves  about  its  axis  AA^  once  in  twenty-^onr  hours, 
and    the    circumferences  of  the   parallels  of  latitude  haye  velocities 


;, 


,     ■    ,.   'A-^. -,,.     ..  V 


14  « 


^    •. 


t  •  «- 


. .»  -jrf 


< 


J  >'  " 


.J^-' CdU^-^f     ^     >.'  r         ^.       *'*  >     >- 
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which  diminish  from  the  eqiator  to 
the  poles.    The  law  of  this  diminu- 
tion,  on   the   supposition    that    the    b< 
planet  is  a  sphere,  is  given  bj 

in  which  M  is  the  body^s  mass,  K, 
the  earth's  angular  velocity,  and  R* 
the  radius  of  one  of  ita  parallels  of 
latitude. 

Denoting   the   equatorial   radius  CE^CP^  by  i2,  and   the   angli 
CP  C  zr^P  OE^  which  is  the  latitude  of  the  place,  by  9,  we  have 


which  substituted  for  R'  above,  gives 


(286)' 


The  only  variable  quantity  in  this  expression,  when  the  same  masi 
is  taken  from  one  latitude  to  another,  is  9;  whence  we  conclude  ik^ 
the  centrifugal  force  variee  as  the  cosine  of  tie  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the  radios  R^  of 
the  parallel  of  latitude,  and  therefore  in  a  direction  oblique  to  the  ho- 
rizon T  I*,    The  normal  and  tangential  components  are,  respectively, 

F, ,  C03  ^  =z  M  Vi'  R  cos*  9, 
-P, .  sin  9  =  if  F,«  jB  .  sin  9  cos  9  =  i  if  F|*-R  sin  2  9 ; 

whence  we  conclude,,  that  the  diminution  qf  the  weights  of  hqdim 
arisint^  Jrctk^Jh^eentrifupal  force  at  the  eartKs  surf  act,  varies  as  the 
square  of  the  cosine  of  the  latitude;  and  that  all  bodies  are^  in  cm- 
seguence  qf  the  centrifugal  force^  urged  towards  the  equator  bf  a  fgrci 
which  varies  as  the  sine  of  twice  the  latitude. 

At  the  equator  the  diminution  of  the  force  of  gravity  is  a  max- 
imum, and  equal  to  the  entire  centrifugal  force ;  at  the  poles  it  is  lerOb  ' 
The  earth  is  not  perfectly  spherical,  and  all  observations  agree  in  de- 
monstrating that  it  is  protuberant  at  the  equator  and  flattened  at  the 
poles,  the  difierenco  between  the  equatorial  and  polar  diameters  being 
about  twenty-six  English  milai.    If  we  suppose  the  earth  to  bsre  beea 
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)n6  time  Id  a  state  of  fluidity,  or  eren  approaching  to  it,  its  present 

re  is  readily  acconnted  for  by  the  foregoing  considerations,     (i^^^  /V    0)r\rU^-ii    ^ 

To  find  the  value  of  the  centrifugal  force  at  the  equator,  make,  Uf- 

lation  (286)',  if  =  1  and  cos  9  =  1,  which  is  equivalent  to  suppo^- 

;  a  unit  of  mass  on . the  equator,  and  we  have      J  ^     -/'/  ,    -. .  ^ 

irhich,  if  the  known  radius  of  the  equator  and  angular  velocity  be 

stituted,  we  shall  find 

/ 
^^=  F,«.i?  =  0,  1112. 

To  find  the  angular  velocity^ with  which  the  earth  should  rotate^  to 
Le  the  centrifiigal  force  of  a  body  at  the  equator  equal  to  itai 
ght>  make  >'    -     '):  ^    '-/  .'^  <?  ^ 

y«a^,  1937=  Vy'^R',     •    .^^ 

irhich  82, 1937  is  the.  force  of  gravity  at  the  equiitor.    *^'  -     -  ^1^ .    ^ 

Dividing  the  second  by  the  first,  we  find      ^^.f  ^..,  ^^.        ^ 


32,1937       r,"       ^^^  ,  ,    ^     • />'  '  >^;y     /  v/  ' 


snde,  ^/  ,v  f  '.    ■    ^ 


r 


b  is  to  say,  if  the  earth  were  to  revolve  seventeen  times  as  &st  m  //  '  ^ ' 
loes,  bodies  would  possess  no  weight  at  the  equator. 


^r  /-  /.        .    >       // ^   / 


IMPACT   OF  BODIES. 


/•,' 


§  209. — When  a  body  in  motion  comes  into  collision  with  inotfaei^ 
ler  at  rest  or  in  motion,  an  impact  is  said  to  arise. 
The  action  and  reaction  which  take  place  between  two  bodies,,  when 
ssed  together,  are  exerted  along  the  same  right  line,  perpendicular  td 
sorfiEfcces  of  both,  at  their  common  point  of  contact.  This  arises  firom 
I  symmetrical  disposition  of  the  molecular  springs  about  this  line. 
When  the  motions  of  tJie  centres  of  inertia  of  the  two  bodies  are 
lilUl  to  this  normal  before  collision,  the  impact  is  said  to  be  dirnL 
When  tliis  normal  passes  through  the  centres  of  inertia  of  both 
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bodies,  and  the  motions  of  these  centres  wtt  aUmg   that  lint 

impact    is    said    to    be    direct    and 

ttnttal. 

When  the  motion  of  the  centre 
of  inertia  of'  one  of  the  bodies  is 
along  the  common  normal,  and  the 
normal  does  not  pass  through  the 
centre  of  inertia  of  the  other,  the 
impact  is  said  to  be  dittct  and 
eueniric, 

.When  the  path  described  bj  the 
(centre  of  inertia  of  one  of  the  bodies, 
makes  an  angle  with  this  normal, 
the  impact  is  said  to  be  oblique, 

m 

When  two  bodies  come  into  col- 
lision, each   will   experience   a  pres- 
sure from  the  reaction  of  the  other ;  and  as  all  bodies  are  mo 
less  compressible,  this  pressure  will  produce   a  change  in  the  \ 
of  both ;  the  change  of  figure  will  increase  till  the  instant  the  \ 
cease  to  approach  each  other,  when  it  will  have  attained  its  mazi 
The  molecular  spring  of   each  will  now  act  to   restore  the  fi 
figures,  the  ^dies  will  repel  each  other,  and  finally  separate. 
r     Three  periods   must,   therefore,   be   dbtingubhed,   viz.:    Ist. 
occupied  by  the  process  of  compression ;  2d.,  that  during  wbic 
greatest  compression    exists;    3d.,  that  occupied  by  the  procet 
&r  as  \t  ex^nds«\^f  restoring  the  figures.     The  force  of  reiti 
must  also    be  di^inguished  from   the  force  of  distortion;   the 
denoting  the  reciprocal  action    exerted    between    the   bodies  i 
first,  and  the  former  in  the  third  period. 

*      The  greater  or  less  capacity  of  the  molecular  springs  of  a 
to  restore  to  it  the  figure   of   which  it   has  been  deprived  b 
^application  of  some  extraneous  force  when  the  latter  ceases  t 
is  called  its  elasticity. 

The  ratio  of  the  force  of  restitution  to  that   of  distortion, 
Vneasure  of  a  body's  elasticity.    This  ratio  is  sometimes  calle 
^coefficient  of  elasticity.     When  these  two  forces  are  equal,  the 
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is  unity,  and  the  body  is  said  to  be  perfectly  ektstie ;  when  th# 
ratio  is  zero,  the  body  is  said  to  be  non-elcutic.  There  are  no  bodies 
that  satisfy  these  extreme  conditions,  all-  being  more  or  less  elastic, 
but  none  perfectly  so. 

Let  the  two  bodies  AJB  and  A' £'^  the  former  moving  along  the 
line  jETT,  and  the  latter  along 
W  I*,  come  into  collision  at  the 
point  0.  Through  0,  draw 
the  common  normal  NL,  De- 
note the  angle  HON  hj  9, 
and  ir  EN  by  9'— these  being 
the  angles  which  the  directions 
of  the  two  motions  make  with 
the  normal.  Also  denote  the 
Telocity  and  mass  of  the  body 
AB  hj  V  and  M  respectiyely,  and  the  velocity  and  mass  of  A'B' 
by  F  and  jr.  ; 

The  components  of  the  quantity  of  motion  of  the  two  bodies  in 
tke  direction  of  the  normal  and  of  the  perpendicular  to  the  norma), 
vill  be 


jrroos9,    iTF' cos  9'    and    if  F  sin  9,    iT  F  sin  9'. 


%\  %N 


Hie  former  of  these  components  will  alone  be  involved  in  -the 
impact;  for  if  the  bodies  were  only  animated  by  the  latter,  they 
would  not  collide,  but  would  simply  move  the  one  by  the  otherj 
For  simplicity,  let  the  body  ^^  be  spherical;  the  normal  will 
pass   through  its  centre  of  inertia. 

Denote  by  tf,  the  velocity  of  the  body  ^^  in  the  direction  of 

the  normal  at  the  instant  of  greatest  compression,  and  by   W  the 

relocity  of  the  body  A'  B^  at  the  same  instant  in  the  same  direction. 

Ih^  will 

t 

F  cos  9  —  ti,    and     F'  cos  9'  —  u'     •     •    •    (287) 
be  the  velocities  lost  and  gained  in  the  direction  of  the  normal,  and^  . 


,  e 


ir(Foos9  -  ti),    and    ir(Foo89'  -  ti')   ...  (288)    / 
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Ibe  the  forces  lost  and  gained  at  the  instant  of  greatest  oompresm; 
and  hence, 

if(rco8  9  -  ti)  +  if' (F'cos9'  —  f»')  =  0;  .     -    (288) 

and  denoting  the  angular  velocity  of  the  hody  Ji!  V  by  F^%  dis 
distance  Q*  D  from  the  centre  of  inertia  ^of  A'  R  to  the  normal 
by  e,  and  the  principal  radius  of  gyration  of  A'  R^  with  referenei 
to  the  instantaneous  azLs  by  k^^  then  will 

•■ 

_  if (Fcosy  -tt).e  ^  '''."::./>  ;-;•:        /g^. 

and  since  the  velocity  u  must  be  equal  to  that  of  the  point  J)  at 
<he  end  of  the  lever  arm  e,  we  have 

U^U'  +  €.V/ (»1) 

I 

Substituting  the  valu^  of  u  and  u'  from  this  equation  aucceanvdy 
in  Equation  (289),  we  find 


/  I    V 


>  ^       ;                    if  r  cos  ^  +  iT  F'  cos  9'  +  iTe  F/  ,,,^ 

^  ti  = 3^^p^^, .    (202) 


<./•,/     <*.,.. 


f-    ^  •  Jf  +  Jf 

Afler  the  instant  of  greatest  compression,  the  molecular  springi 
of  the  bodies  will  be  exerted  to  restore  the  original  figures,  and 
If  c  denote  the  co-efficient  of  elasticity,  then  will  the  velocities  loat 
hf  AB  and  gained  by  A' Jff  during  the  process  of  restitution  be, 
respectively, 

c(Fcos9  — w)    and    c  ( F' cos  9' —  «') ; 

and  the  entire  loss  of  A  B,  and  gain  of  A'  ^,  will  be,  r^spectiTdj, 

Fco89  —  ti  +  c(Fcos9  —  t*),    and    F'cos^'— w'  +  c ( P cos 9'— s^. 

Also   the    gain    of  angular  velocity   of  the   body  A'  ^,  during  ih 
process  of  restitution,  will  be 

_    (Fcos(p-ti).eif  J  > 

'"    -' k} M' 


.- r  .  •-'  rf    *  .'   r 


c*A.      £*■-    /C  r{ »' ■  .-  '      >■.-■...         ,      ^  t 
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and  the  vbole  angular  velocity  produoed  by  the  impact  and  denoM 
by  F^,  will  be  given  by  the  equation, 

n  =  (i+c)il^i:^.^    .  .  •    (2»^ 

Denoting  the  velocities  of  AB  and  A'  B>^  after  the  collision  by 
9  and  v\  and  the  angles  which  the  directions  of  these  velocities 
make  with  the  normal  by  h  and  h\  respectively,  then  will 

r  cos  ^  =  Fcos9  —  Fcos^  +  «— c  (FC0S9— «)=(!  4.  c)  u  —  «  Fcos^, 

r'oo8d'=  F'cos^— F'cos(p'+tt'-e(F'cos(p'-f*')=(l+c)u'~<:F'co8^', 

and  replacing  the  values  of  u  and  u\  as  given  by  Equations  (292) 
and  (293), 

,     „      .if Fcos 9+ JTF cos 9'+ir«F/         ,,  ,_  , 

ircos^=(l+c)  M^I€       ^-tcFcos^,  (295) 

f       iif     ,,  ,   ,3fFcos(p+irF'cos(p'-Ar«F/         „         ,  ,^^ 
tr'cosd'=(l+c) ^      ^, -  c  F'cos(p'  (29C) 

Moreover,  because  the  effects  of  the  impact  arising  from  the  compo- 
nents of  the  quantities  of  motion  in  the  direction  of  the  normal  will 
be  wholly  in  that  direction,  the  components  of  the  quantities  of 
motion  before  and  after  the  impact  at  right  angles  to  the  normal  will 
be  the  same,  and  hence 

tfsina  =  Fsin9, (297) 

•'sind'=  F8in(p' (298) 

Squaring  Equations  (295)  and  (297)  and  adding;  also  Equations 
(296)  and  (298)  and  adding,  we  find  after  taking  square  root,  and 
reducing  by  the  relations  * 

cos^d  +  sin«  ^  =  1 ;    oos»d'  +  sin«d'  =  1 ; 


'=V^[(1+^)^""^-^^^;Y-*-"^^''--cFco..]'-M^^  (299) 


=0(i+,)j^>:£2!g+£-y-^'^LcPco,,T+^^»^ 
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Dividing  Equation  (297)  hy  Equation  (2d5),  and  Equation  (208)  hf 
Equation  (296),  we  have, 

♦a   il  —  F  •  sin  9 

""  ,,    .     .MVcos^  +  JTV'coacp'  +  M'eV/         I!         '^^^"^ 
(1  +  c)— M+M'   '  "  '  ^^^' 

V .  sin  9' 

(1+c) jy+jy.^ ^-.Fco89' 

Equations  (290)  and  (292),  will  give  the  values  of  u  and  V/,  in 
known  terms,  and  these  in  Equations  (294),  (295)  and  (296)  will 
give  the  values  of  F^,  v,  and  v',  and  all  the  circumstances  of  the 
ool^sion  will  be  known. 


.  »       /'  *     /-i      y     '  ' 


<.!./•  /U 


§  210. — If  the  bodies  be  both  spherical,  then  will  e  =  0,  and  Equa- 
^  tion  (294)'  gives   F,  =  0;  and  Equationfs  (299)  and  (300),  (301)  and 
(302),  become  '      ^      .  '      ;;;<"-.</..//..  rr.r        •:' 

C\    =.      ■      -*     ■  .  .  •/  / 

v=y/iil+c)^^^^^^^±^^p^-c^^^^  .  .  (SOS) 

^'=\/[{l+c)^^^^^.^p:^^f^^-cr'co.,'Y+  yr^nW  . .  (304) 

Fsin^ 

^'  =  - — ,  irrcos  .p  +  JIT' F' cos  9' — ~ ^^^ 

(^+'> inr^ ^-eFcos9 

*#  F'  sin  9'  /oiw»\ 

<i+^> W+jp ^-*rcos,' 

I 

The  Equations  (303)  and  (304)  will  make  known  the  velocities, 
and  (305)  and  (306)  the  directions  in  which  the  bodies  will  move, 
after  the  impact 

Now,  suppose  the  body  A' B'  at  rest,  and  its  mass  so  great  that 
the  mass  of   AB    is  insignificant   in    comparison,    then   will    V  be 

M 

serOy  IT  may  be  written  for  if  +  iT  and  -rp-  will  be  a  fraction  so 


■  ■  •■  / 

•         - 


/. 
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■mall  tliat  all  the  terms  into  which  it  enters  as  a  factor  may  be 
neglected,  and  Equation  (303)  becomes 


V  =  F -^0*008*9  +  sin*  9  ; 


and  Equation  (305), 


tan  ^  =  — 


tan  9 


(807) 


The  tangent  of  h  being  negative,  shows  that  the  angle  NHK^ 
which  the  direction  of  AE^^  motion 
makes  with  the  nonpal  NN*  after  the 
impact,  is  greater  than  90  degrees;  in 
other  words,  that  the  body  All  \a 
driven  back  or  reflected  from  A' B', 
This  explains  why  it  is  that  a  cannon- 
ball,  stone,  or  other  body  thrown  ob- 
liquely against  the  surface  of  the  earth, 
will  rebound  several  times  before  it 
oomes  to  rest. 

If  the  bodies  be  non-elastic,  or,  which  is  the  same  thing,  if  e  be 
Eero,  the  tangent  of  4  becomes  infinite;  that  is  to  say,  the  body 
AB  will  move  along  the  tangent  plane,  or  if  the  body  A'  B'  were 
reduced  at  the  place  of  impact  to  a  smooth  plane,  the  body  AB 
i?ould  move  along  this  plane. 

If  the  body  were  perfectly  elastic,  or  if  c  were  equal  to  unity, 
irhich   expresses  this  condition,  then   would   Equation  (307)  become 


tan^  =  — ,tan9 


(308) 


vrhich  means  that  the  angle  NHF  =  EH  IP  becomes  equal  to 
KHN'.  The  angle  EHIP  is  called  the  angle  of  incidence,  the 
ingle  KHN\  commonly,  the  angle  of  reflection.  Whence  we  see, 
that  when  a  perfectly  elastic  body  is  thrown  against  a  smooth,  hard, 
and  fixed  plane,  the  angle  of   incidence  will   be,  equal  to  the  angle 

• 

of  reflection. 

If  the  angles  9  and  9'  be  zero,  then  will   cos  9  =  1,  cos  9'  sa  1, 


!«• 


«#■     ' 
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ain  9  =:  0,   nn  9'  s=  0 ;  the   impact  will  be  direet  and  oentnl,  and 


.  *    -  I  .      * 


Equations  (303)  and  (304)  become  •-  '^  ■'-'   '    -    /    c 


ifv+jtrr 

M+Jf 

MV+3fV' 

.'..  ./ 


and  passing  to  the  limits,  non-elasticity  on  the  one  hand  and  perfect 
elasticity  on  the  other,  we  have  in  the  first  case,  c  =  0,  and 


r' 


<-  ( » » 


;- 


MV  +  M'V 


w 

M+M'    . 

m' 

= 

MV  +  MT 

• 

M+2f 

(309) 


(310) 


and  in  the  second,  c  =  1,  consequently, 


/.-■'- 


. .. '  V 


/r   /..    •  •     '■ 


CONSTRAINED  MOTIOK. 

§211. — ^Thus  far  we  have  only  discussed  the  subject  of  free  nioium. 
We  now  come  to  constrained  motion. 

Motion  is  said  to  be  constrained  when  by  the  interposition  of 
some  rigid  surface  or  curve,  or  by  connection  with  some  one  or 
more  fixed  points,  a  body  is  compelled  to  pursue  a  path  different 
from'  that  indicated  by  the  forces  which  impart  motion. 

§212. — The  centre  of  inertia  of  a  body  may  be  made  to  con* 
tinue  on  a  given  surface,  by  causing  it  to  slide  or  roll  upon  some 
other  rigid  surface. 

rt^    ^§213. — We  have   seen,  g  128,  that  the  motion  ot  translation  of 
the  centre  of  inertia,  and  of  rotation  about  that  point,  are  wholly 
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independent  of  one  another,  and  the  generality  of  anj  diacuseion 
relating  to  the  former  will  not,  therefore,  be  affected  hy  making, 
in  Equation  (40), 

S^  =  0;    S^  ==  0;    Svf  =  0; 
whidi  will  reduce  that  equation  to 

(2  Pcos  a  —  — -  •2m)5  Xj 
+  (2Poo8i8-^.2m)^y,  )-  =  0. 
+  (SPcosy  -  ^ .  2  m)  ^z, 

Mnlrifig 

2mz=Jlf;    2Poo8a  =  X;     2Pcosi8  =  F;     2Pco8y  =  Z; 
and  omitting  the  subscript  accents,  we  may  write 

Now,  assuming  the  movable  origin  at  the  centre  of  inertia,  and 
supposing  this  latter  point  constrained  to  move  on  the  surface  of 
which  the  equation  is 

L  zz  F{xyz)  =zO, (314) 

the  virtual  velocity  must  lie  in  this  surface,  and  the  generality  of 
Equation  (313),  b  restricted  to  the  conditions  imposed  by  this  cir 
cumstance. 

Supposing  the  variables  x  y  z^  in  the  above  equations,  to  receive 
the  increments  or  decrements  Sx,  By^  S  z,  respectively,  we  have,  firom 
the  principles  of  the  calculus, 


•     •     • 


(815) 


dx  dy    '^    '     dz 

Multiplying  b^  an  indeterminate  intennty  X,  and  adding  the  product 
to  Equation  (313),  there  will  result 


(^- 


M 


d^x    ' 


+  X 


dt^    '  dx 

dL 


•^)"i 


'  +  (z  -  if  . 


d¥ 


dy 

dL 


^-■-^)' 


=  0. 


.'^Z*  ^z  i^^    ^^  ^':-  ,      ^     '   i::::^tri^  :  ,.     ^ 
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The  quantity  X,  being  entirely. arbitnuy,  let  its  yalue  be  rach  as  to 
reduee  the  coefficient  of  one  of  the  variables  Sx^  Jy,  Sz^  say  that  of 
^«y  to  zero;  and  there  will  result 

d^x  dL 

X-if.-^  +  X.^  =  0,    .'.    •    .    .    (316) 

(r-if-^l+X.^)  6y  +  (z-if.fl  +  X.^)  ..  =  0.  (817) 

Now  in  Equation  (315),  ^y  and  Sz  may  be  assumed  arbitrarily,  and 
ix  will  result;  hence  ^y  and  ^z  in  Equation  (317)  may  be  r^^arded 
as  independent  of  each  other,  and  by  the  principle  of  indeterminkte 
coefficients,  ,     ^      ^^^/V-      j       ,^;c  ^^- /:  /   :^,, 


/  t  - 


/* 


//'ii->     r-if.^-^>.x 


<PyV,   ^  *5^ 


V    •     •     •     • 


/      K'  ^:iZ  ^^  „       „  d}z    .   ^     dL 


eL.y  '•'  z~if.-T-j +x.-r- =  0, 


(818) 


and  eliminating  X  by  means  of  Equation  (316),  we  find, 


0 


>  •• 


(819) 


which,  with  the  equation  of  the  surface,  will  determine  the  place  of 
the  centre  of  inertia  at  the  end  of  a  given  time. 


MOnOK  ON  A  OUBVE  OF  DOUBLE  COBVATURB. 

§214. — If  the  centre  of  inertia  be  constrained  to  move  upon 
two  surfaces  at  the  same  time,  or,  which  is  the  same  thing,  upon 
a  curve  of  double  curvature  resulting  from  their  intersection,  take 

L^F(xyz)  =  0,  |^> 

J5r=/»(«yz)  =  0;) ^^^' 
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from  whidi,  by  the  prooess  of  difTerentiating  and  replacmg  dx^  cfy,  cf  f, 
by  the  projections  of  the  virtual  velocity, 


^*  +  ''T-"^y  +  TT'^^  =  ^1 


dx 

dH 
dx 


•  dy 
dH 


dz 


'Sx  +  ^^,-^y  +  -J—  '^^  =  0. 
dy  dz 


(321) 


(322) 


Multiplying  the  first  of  these  by  X,  and  the  second  by  X',  adding  the 
products  to  Equation  (313),  and  collecting  the  coefficients  of  Bx^  iy, 
and  Bz^  we  have 


'•^'+-^+-4f)" 


^,  d^  y  dL  ,    d  H 


di^  dy 

d^z  dL 

^•77  +  ^-77 


+  x' 


dy 

dH 
dz 


)iy 
^Sz 


=0    '  (328) 


Now  the  coefficients  of  two  of  the  three  variables  Sx,  6y  and  Sz^ 
say  those  of  ^i;  and  $y,  may  be  made  equal  to  zero  by  assigning 
proper  values  for  that  purpose  to  the  indeterminate  intensities  X  and 
X'^  in  which  case,  since  ^z  is  not  equal  to  zero,  its  coefficient  must 
also  be  equal  to  zero;   whence 


X- jr.-^  + X.44  + V.4?  =  0, 


dp    '  dx 

^-^'-JW+^'-dJ 

d^  z  d  L 

dfi  dz 


dx 

+v.4f=o, 

^  •    d  H      ^ 

+  X'.-r— =  0. 


y  •  •  •  • 


dM 


(324) 


and  eliminating  X  and  X',  there  will  result 


'dL     dH        dL    dH 


dz      d  y 

dL    dH^ 

dz 


dy 
dL 


d 
dH 


+(^-'S)(' 


'dL    dH 


d  z      dx 
dL    dH 


dy      dx  dx      dy 


f) 
) 

) 


=  0.  (325> 
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which,  with  the  equations  of  the  sur&ces,  is  siiflSdent  to  determine 
the  co-ordinates  of  the  centre  of  inerti%  when  the  time  is  giren. 

§215. — If  the   given    surfaces   be  the  projecting  cylinders  of   a 
curve  of  double  curvature,  then  will  Equations  (320)  become 


Jj  =  Jf(x2)  =  0; ) 
J£  =  F'{yz)=0.) 


(d26) 


And  because  L  is  now  independent  of  y,  and  ff  is  independent  of  x^ 
we  have 


di, 


=  0; 


dR 


dy  '     dx 

which  reduce  Equations  (324)  to 


=  0; 


--       --rf**.-       dli       ^ 


rf^ 


dx 


r-Jlf-^+X'.^  =  b; 


di^ 


dy 


*  •    •  • 


d^z  d  L  d  H 


dt^ 
aid  Equation  (325)  to 


dz 


dz 


=  0; 


(827) 


d^x\     dL   dff^ 
dz     dy 

dL    dH 


dx     dz 
dL    dH 

I  •  •— — ^ 

dx    dy  ^ 


>=0. 


•     •     • 


(328) 


.■-» 


This,  with  the  equations  of   the  curve,  will  give  the  place  of  the ' 
centre  of  inertia  at  the  end  of  a  given  time. 

§21G. — If  the  curve  be  plane,  the  co-ordinkte  plane  xz^  may  be 
assumed  to  coincide  with  that  of  the  curve;  in  which  case  the 
second  of  Equations  (327),  becomes  independent  of  y,  that  varia- 
ble reducing  to  zero,  and 

dH 
d^y  =  0,    and    -;—  =  0: 

dy 


* 


IIECHAKIC8    OF    SOLIDS. 


Equations  (327),  boome 

d^x  d  L 


rf^ 


dx 


jr=0; 


•    • 


,  a^  a«  a«  ' 


(329) 


and  because  Uie  fkctor 


r-"^-^. 


dH 


Equation  (328)  beoomes,  on  dividing  out  the  common  &ctor  -^— i 


§  217. — By  transposing  the  terms  involving  X,  in  Equations  (316) 


and   (318)  and  squaring  we  have 


L. 


4         ' 


«p«\n 


The  second  member  of  this  equation  is,  Equation  (50),  the  square  of 
the  intensity  of  the  resultant  of  the  extraneous  forces  and  the  forces 
of  inertia.     Denoting  this  resultant  by  N^  we  may  write 


.-/  ■■'■■•/. 


V(^A  m'^  o'=  "■ 


dy 

•nd  dividirg  each  of  the  equations 

dL 


9  •  • 


(881) 


dx  \  dfi/ 


dL 
dy 

dL 


=  -(r- 


if. 


). 


-7l  =  -(^-^?^). 
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obtained   by   the  transposition  just  referred  to^  hy  Equatioii  (Ml), 
we  find, 


dx 


X-^M 


dL 


dL 
dz 


N 


r--M' 


-y 


Z  —  M^ 


v/W-  O'-  (^r 


^ 


k« 


(332) 


:  >  ."  : 


The  second  members  are  the  cosines  of  the  angles  which  tin 
resiiltant  of  all  the  forces  including  those  of  inertia,  makes  with  tlie 
axes;  the  first  members  are  the  cosines  of  the  angles  which  tlie 
normal  to  the  surface  at  the  body's  place  makes  with  the  same  azeii 
rhese  being  equal,  with  contrary  signs,  it  follows  not  only  that  the 
forces  whose  intensities  are 

are  equal,  but  that  thc^  are  both  normal  to  the  surface,  and  act  m 
opposite  directions.  The  second  is  the  direct  action  upon  the  surfiuse; 
the  first  is  the  reaction  of  the  surface. 

Equation  (331),  will,  therefore,  give  the  value  of  a  passive 
resistance  sufficient  to  neutralize  all  action  in  the  system  which  is 
inconsistent  with  the  arbitrary  condition  imposed  upon  the  body's 
path.  If  the  body  be  c<jnstrained  to  move  on  a  rigid  surface  or 
line,   this  resistance   will  arise   from   its  reaction. 

§218.— If  Equations   (332)   be   multiplied   by 
and  the  angles  which  the  normal  resistance  of  the  surface  makes  with 
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the  axes  x,  y, «,    respectively,    be  denoted  by    §^  §^  and   i^  tliose 
aquations  will  take  the  form  ..^.  ..    <-    • 


tPx 


X--  Jif':r^  +  N' cos  A   =0; 
at*  • 

y--^'^  +  -^'C0s6,    =0; 


Z-^  M 


dfi 


+  JV.cos^,    =0. 


(333) 


§210. — ^To  impose  the  condition,  therefore,  that  a  body  in  motion 
shall  remain  on  a  rigid  surface,  is  equivalent  to  introducing  into 
the  system  an  additional  force,  which  shall  be  equal  and  directly 
opposed  to  the  pressure  upon  the  surface.  The  motion  may  then 
be  regarded  as  perfectly  free,  and  treated  accordingly.  The  same 
might  be  shown  from  Equations  (324)  to  be  equally  true  of  a 
rigid  curve,  but  the  principle  is  too  obvious  to  require  further 
elucidation. 

Elquations  (333),  may,  therefore,  be  regarded  as  equally  appli- 
cable to  a  rigid  curve  of  any  curvature,  as  to  a  surface;  the  nor- 
mal reaction  of  the  curve'  being  denoted  by  N,  and  the  angles 
which  y  makes  with  the  axes  Zy  y,  f,   by  6^  6^  and  $», 

§  220. — ^To  find  the  value  of  N^  eliminate  d  t  from  Equations 
(333),  by  the  relation 


dt 


di' 


In  which  V  and  s  are  the  velocity  and  the  space ;  t^en  by  tran8p<v 
«tion  these  equations  may  be  written 


jr.  cos  ^^^M'V^'^^  X; 
JV-.oos^  ^Af'V^'^-^  F; 


JT-cos^.    z=:If^V^ 

15 


ds^ 

d^z 
1? 


-  Z. 
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Squaring,  adding  and  reducing  bj  the  relations 

co9*d,  +  cos'dy  +  cos'  6,  =  1, 


and  we  find 

Resolving  B  into  two  components,  one  parallel  and  the  other  per* 
pendicular  to  the  path,  the  former  will  be  in  equilibrio  with  the 
inertia  it  develops  in  the  direction  of  the  curve;  and  denoting 
by   9  the   inclination  of  i2  to   the   radius  of  curvature,   we   have 


/  • 


at'  dr 


f 


or. 


0  =  i2.8in9— if .  F» 


Squaring  and   subtracting  from   the  equation  above,  there  will  result 


JV^= 


but 


jfa.L-.  {(d^xf  +  (d^yY  -f  {cPzY  -  (cP«)9  +  ^cos»a> 


:) 


1  /X  d^x      Y 


X  d^x      Y  d^y      Z    d^z 


d^s 


— =-  H . sm  Q>  •  — 


X   dx  ^    Y  dy      Z    dt 
^'''^  =  R"ds'^R'Ti'^R'd's'^ 

multiplying  the   second    member   by   p  -r  p,   substituting,  above,  and 
reducing  by   the   relations, 

dh^     dxcPs_^    ds  d^y     dyd^sj^ds  d^z    dzd^s^d$^ 

d?^'dsd?'''^$''         d^'"d8d?'''ds''         5^""5iS"2"""lft* 


dz 
X       di 


d^l  d^l  * 

Y        ds      Z        dM 


oos9  =  ^.p--^  +  ^-P-:7:  +  75-p-^; 


R 


ds   '  R   '    ds  '  R 
*Bee  Appendix  No.  2. 
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cf«» 


P- 


^{<PxY  +  (<Pyf  +  {d^zY  -  {d^if 


ch   p   denotes  the  radius  of  curvature,,  we  havei 

P  P 


ing  square  root, 


N  = is  cos  9. 


/ 


(884) 


Bt  term  of  the  second  member  is, 

the   centrifugal   force   arising  from 

lecting  action  of  the  curve,  and  the 

m  is  the  normal  component  of  the 

tt  R,     As  the  equation   stands,  its 

pply  to  the  case  in  which  the  body 

he  concave  side  of  the  curve,  and 

iiltant  acts  from  the  curve.    The  angle  9,  must  be  measured 

le  radius  of  curvature,  or  that  radius  produced,  according  as 

iy  is   on  the  concave  or  convex  side  of  the  curve.     When 

»djr  is    moving  on    the  convex  side  of   the    curve,  the  firtl 

of    the    second   member    must   change   its   sign   and   become 

e. 

1. — ^Writing  Equations  (3d3)  under  tJie  form 

if-^=  F+iV^oos^^ 

jlng  the  first  by  ^dx^  the  second  by  2<fy,  the  third  by  2<l% 
and  reducing  by  the  relation. 

(dx  dy  dz  \ 

—  •  cos^,  +  r-  •  cos^y  +  ^ •  cos  ^,  I  •  =  0, 


#       %  # 
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the  second  factor  being  the  cosine  of  the  angle  made  hy  the  nor 
mal  and  tangent  to  the  curve,  we  have 

^    ^irf..d»>+2<fy^d»y  +  2rf,.<P.^  =2(X<l.+  r^+Zii); 

integrating  and  reducing  by 


I  p  ^ 


• 


This  being  independent  of  the  reaction  of  the  curve,  it  can  have  no 
effect  upon  the  velocity. 

[f  the  incessant  forces  be  zero,  then  will 

••.-...'•■■•■■  .  ■ 

X=0;    F=:0;    and    Z  =  0; 

and 

that  is,  a  body  moving  upon  a  rigid  surface  or  curve,  and  not  acted 
upon  by  incessant  forces,  will  preserve  its  velocity  constant,  and  the 
motion  will  be  uniform.  , 

We  also  recognize,  in  Equation  (335),  the  general  theorem  of 
the  living  force  and  quantity  of  work;  and  from  which,  as  before, 
it  appears  that  the  velocity  is  wholly  independent  of  the  path  de- 
scribed. 

%  Example  1. — Let  the  body  be  required  to  move  upon  the  interior 
surface  of  a  spherical  bowl,  under  the  action  of  its  own  weight.  In 
tlus  case, 

X  =  «a  +  y3  +  j^_«a_0;     •    •    .    .    (S36) 

dL        ^        dL       ^         dL        ^ 
-T— =  2«;     -7— =  2y;    -=— =  2ar; 

;'  dx  dy  ^^     dg  ' 


i*<r 


,  v"  ' 


'A---^-  'V""  id/: . 


•  fr'  '.V. 
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and  the  axis  of  t  being  vertical  and 
positiye  downwards, 

which    values    in    Equations    (319), 
give 


cPip 


<Py 


^     ^w4^« 


^*     dt»  **    rf^ 


=  0; 


•  »•  -• 


^y 


(337) 


and  differentiating  the  equation  of  the 
sphere  twice,  we  have     "^Z  *"/  ^'' 


z 

\ 

j^- 

^ 

\ 

^ 

^ 

z 

V 


v     • 


m  *t      '     ■     ■      »        ■      *      .     •     ^         ,-     - 

I  J 


^viding  by  ef^,  and  replacing  the  second  member  bj  its  value  F*, 
the  velocity,  we  find. 


.  / 


d^ 
'  But,  Equation  (335), 


d*af  (Py  d^z  --, 


V^  =  2gz  +  C 


•    •    •    • 


V  V 


(838) 


and  denoting  by  V  and  k^  the  initial  values  of  V  and  «,  respectively^ 
we  have  -  '  ^ 

4 


wh?ch  substituted  above,  gives 


7?" 


rfSy 


d^z 


+  y  7^  +  ^-  57r  =  ^y (*-*)-  ^^  •  •  (^^) 


Eliminate  r,  y,  (P  x,  (P  y,  from  this  equation  by  means  of  Equa- 
tions (336)  and  (337).    -^-'  -     '  . 

From  the  latter  we  findy>i  w-;  '  ^'.       .  ^-   .' 

<Py  _  y  /<^g  _\_\ 

dfi  ''.    z  \dfi      ^J' 


f  / 
•' 


d0  "^    z  \dF       ^) 


f  '  '-  0t€       -       §  I-fM 


'  ^  i 


.r 


,'/v  J.   ^    :^gf   -  2    6^1ii-    .  J-^  -^    ^-eit^  «  ;2i5'-.  ^i-*^' 
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which   substituted  in    Equation   (3S0),   and    reducing   bj   lineans  of 
Equation  (336),  we  get 

a*.^  =  ^(a«  -3«*  +  2it«)  -  F»jr; 

multipljing  bj  2(i«,  and  integrating,  we  find 

in  which  C  is  the  constant  of  integration,  and   to  determine  which, 

we  denote  the  component  of  the  velocity   Y\  in  the  direction  of  the 

axis  «,  by  F,',  and  make  z  =z  k.    This  being  done,  we  'get 

^;'^-^'/;;',t/      i^-/>.'--/-..t''    '      •'■  ^^    V.^''.  /  --^^^J;r.l'w^;' 
<7=a^F,'a+  F^ifc»-2^aU; 

'    whence, 
'        a«.^=2^(a»;p-«3  +  *r»)-  F'2a»  +  a*F,'«+  F^ifc*-2aa»*, 

,;    .       adding  and  subtracting  a^  V^  in  the  second  member,  this  reduces  to 

-  % 

in  which  ^ 

••  - 

Finding  the  value  of  dt^  and  integrating,  we  have 

■  * 

^                                       r                             adz 
I  « =  /  (340) 

I 

Could  this  equation  be  integrated  in  finite  terms,  then  would  f 
become  known  for  a  given  value  of  t;  and  this  value  of  i;  in 
Equation  (336),  and  the  first  of  Equations  (337),  after  integration, 
would  make  known  the  values  of  x  and  y,  and  hence  the  position 
of  the  body ;  its  velocity  would  be  known  from  Equation  (335)i  , 
Butt  this  integration  is  not  possiUe. 
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§222.-^We  may,  however,  approximate  to  the  result  when  th« 
initial  impulse  is  small  and  in  a  horizontal  direction,  and  the  pomt 
of  departure  is  near  the  bottom  of  the  bowl.  Let  h  be  the  angle 
which  the  radius  drawn  to  the  variable  position  of  the  body  makes 
with  the  axis  of  «;  9,  the^  angle  which  the  plane  of  the  angle  h 
makes  with  the  plane  through  the  axis  z  and  initial  place  of  the 
body,  supposed  in  the  plane  xz\  V  =z  ^  VT^  the  velocity  of  pro- 
jection in  a  horizontal  direction,  ^  being  a  very  small  quantity ; 
and  a  the  initial   value  of  4.     Then,  because 

z  =  a.cosd  =  a(l--2  sin*  ^^);     iCr  =  acosa  =  a(l  —  2  sin'  \  a) ; 
az  =  —  a  .  8in  tf  .  ao  ;      F,  =  0;  i      ^      -     .         -  ^  /'^ 

(7,  =  a* .  4  sin*  \  a  .  cos*  ^  a  .  j3* .  a  /7  =  a* .  /3* .  ^ .  sin*  a  ;  -•  '    "      .^-       r 

Equation  (340)  becomes /i         v     ••  '■  •         -/  ■       -  <f  -  ■■ 

f^_     fa.     r sind.rf* ^ 

""       ^ y-^  \//3^(8in'" i  -  sin'a)  -"4"Rrn^"dX8in^ fa  -  sin* "fa) ' 

and  making  ^  and  a  very  small,  their   arcs   may  be   taken   for  their 


sines,  and  the  above  becomes,  after  differentiating,    ;»  ^  '       V  '     r  "  ^  t^  *  -^  * 
which  may  be  put  under  the  form  ^ 


2t         '-     '■  -*'•'' 


V  a7  v^fila— " 


1     > 


I 

i 
I 


whence,  by  integration,     \;..   . .^  '^. 

making    <  =  0,   and    ^  =  a,    we    have    (7  =  —  cos  1  .  -/a  -r  'i/g,  '  or  \  i 

C7=0;    and   solving  the  equation   uith   reference  to  a,   we  get  \    "  ^ 

I-  : 


N 


^  ■« 


'»  ^ 


^—    > 


ft< 


«         ■ 
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From  which  it  appears  that  the  greatest  and  least  Tallies  of  h 
will  occur  periodically,  and  at  equal  intervals  of  time.  The  fbrmel 
of  these  values  is  found  by  making 


and  so  on;    and  for  a  single  interval  between  two  consecutive  maxi- 
ma, without  respect  to  sign, 


y      '  ■ 


'      "l 


-'■    '  =  'vf> 


(»«) 


the  maximum  being  a. 

The  least  value  occurs  when 


whence  for  a  single  interval  between  any  maximum  and  the  succeed- 
ing minimum, 


i 


=  **vl' ^^) 


the  minimum  being  jS. 

The  movement  by  which  these  recurring  values  are  brought  about, 
is  called  ozcxllatory  motion;  that  between  any  two  equal  values  is 
called  an  oscillation ;  and  when  the '  oscillations  are  performed  in 
#qual  times,   they  are  said  to  be  Isochronous. 

Again, 

d(^        d^    dt^ 


d6 


dt     d6 


dp    ., 


Buostituting  for  -^,  its  value  obtained  from  the  relatlbn  y  =  Ttaii^ 
we  find 


dt 


d^  ^         1  f      dy  .  dx\     dt 

Ti  —  a-»  +  v«  *  v '  "77  ""  ^  *  TT/  '  T6 


x^  +  y- 

Integrating  the  first  of  Equations  (337),  we  get     ' 

d  1/  d  %  ^-f  /■%       f 


I-  • 
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substituting  this  above,  and  also  the  value  of  --rr »  given  by  £qua> 

tion  (341),  we  nnd 

^  ill      ..         ^  ^  -       •  .^     ■  •     ^     '  -■ 

^  -  '^  ;     .    .    .   .  (346) 


dividing  this  by  Equation  (341), 


^^         fg   «.^  /F  «-^ 


i(«'  +  ^')  +i(«'-i3»).oo82x/--< 


but 


a 


/ 


whence 


a* .  C08»\/— •  <  +  iSa .  sin^y— •  < 


- .'.. ' 


{** .   ■      ^.  s 


from  which  we  find 


a 


cos* 


.  V    o 

a*       .     V    a  /* 


/■j 


integrating,   and  taking  tangents  of  both   members, 

Un  9  =  ~  .  tan  W  — .  / (348) 


from  which  the  azimuth  of  the  plane  of  oscillation  may  be  found 
at  the  end  of  any  time. 

Making  tan  9  =  od,  we  have 
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and  the  interval  from  the  epoch  to  the  first  azimuth  of  90^,  b 

and  to  the  first  azimuth  of  270^, 


3  /a 


9 
and  the  interval  from  the  azimuth  of  90®  to  the  next  azimjth  of  270® 

equal   to  the  time  of  one  entire  oscillation. 

From   Equation   (348)   we  have,   afler  substituting   for  tan  9    its 


value 

in  the 

relation  y  =  a;  tan 

9, 

/••• 

a2y2 

"■v/f 

* 

•  ■ 
adding 

unity 

to   both  members, 

p2^  H-  a2y3 

1 

+  tan* 

v^-" 

^ 

also   from   y 

=  ar.tan9, 

i2  +  y2 

TT     1 

-l>  fsun 

2  m  • 

z 


./* 


dividing  the  last  equation  by  this  one,  and  replacing  x*  +  y'  by  its 
value  a*  —  2-,  from   the  equation  of  the  surface,  we  get 

1  +  tan^^/^.i 

a^y^  +  ^^x^  =  ^». (a*  -  «») .  ^    ^ ; 

1  +  tan2  9 

but,  neglecting  the  term  involving  d*. 


I*;  !*.  a^  —  ^3  =  a2^2; 


substituting  this   above,  replacing    tan*  9    by   its   value   in    Equation 
*"  (348J,  and^tf2  i^y  its  value  in  Equation  (343),  after  making 


cos 
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and  reducing  bj  tbe  relation, 


.'.,V 


^^^'  >-7, 


Bin* 


we  have 


y -.(  = 

a 


I  fXAXi?yt.i 


fi 


--.'/'■ 


» ■  /♦ 


;?  +  ^=«';-  . 


(349) 


which  shoMTS  that  the  projection  of  the  path  of  the  body  on  the 
plane  xy^  is  an  ellipse  whose  centre  is  on  the  vertical  radius  of  the 
sphere,  and  that  the  line  connecting  the  body  with  the  centre  of 
the  sphere,  describes  a  conical  surface. 

If  a  =  /3,  then  will.  Equations  (343)  and  (348), 


V      rf. 


and.  Equation  (349), 

a:*  +  ya  =  a^a*; (350) 

hence,   the    body   will    describe   a   horizontal   circle   with   a    uniform 
motion. 

The  pressure  upon   the  surface,  at  any  p6int  of  the   body's  path, 
is  given  by  the  value  of  JV  in  Equation  (334). 

§223. — Example  2. — Let  the  body,,  still  reduced  to  its  centre  of 
inertia  and  acted  upon  by  its 
own  weight,  be  also  repelled 
from  the  bottom  point  A 
of  the  bowl,  by  a  force  which 
varies  inversely  as  the  square 
of  the  distance ;  required  the 
position  of  the  body  in  which 
it  would  remain  at  rest. 

As  the  body  is  to  be  at 
rest,  there  will  be  no  inertia 
exerted,  and  we  have 


—  0  • -  =  0  •     —  0  • 
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md  assuming  the  axis  z  yertica],  positiFe  upward^  aad  ife 
at  the  lowest  point  Ay 

Z  =  «»  +  y»  +  2:»-  2az  =  0,     •     •     •    •    (X^V 

and   denoting  the  distance  of  the  body  from   the  lowest  point  br     v 
the  intensity  of  the  repelling  force  at  the  unit's  dlstanoe  by  F^ 
the  force  at  any   distance  by  P,  then  will 

for  the  force  P,   cos  a  =  — ;     cos  p  =  -^ ;     cos  y  =  —  ;    for 

r  r  '  T 

1(    V-.r"       weight  if^r,  cos  a'  =  0;    cos  ^'  =  0  ;*  cos  7'  =  —  1 ;   and 

"'  '  ^   '   '  px  Fv  Fz 


hJ 


These  several  values  being  substituted  in  Equations  (319),  givi 


r^  H 


=  0, 


r^.^ 

n  ^ 

.^- 

-'/ 

/ 

The  first  equation  establishes  no  relation  between  x  and  y,  sii 
the  equilibrium,  which  depends  upon  the  distance  of  the 
from  the  nource  of  repulsion,  would  obviously  exist  at  any  poX^i 
of  11  horizontal  circle  whose  circumference  is  at  the  proper  ha^^ 
from    the  bottom. 

From   the   second  equation   we  deduce, 

F   _t» 
Mg-T ' 
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from  which  r  \>eoomes  known ;  and  to  detennine  the  position  of  tho 
circle  upon  which  the  body  must  be  placed,  we  have,  by  making 
AT  =  0  in  Equations  (352)  and  (351), 

y2  +  g2  -  2a«  =  0. 

Equation  (353)  makes  known  the  relation  between  the  weight 
of  the  body  and  the  repulsive  force  at  the  unit's  distance;  the  in- 
tensity of  the  force  at  any  other  distance  may  therefore  be  deter* 
mined. 

If  there  be  substituted  a  repulsive  force  of  different  intensity, 
but  whose  law  of  vacation  is  the  same,   we  should  have,  in    like 


manner. 


Mg 
hence, 

that  is,  the  forces  are  as  the  cubes  of  the  distances  al  which  the 
body  is  brought  to  rest. 

If,  instead  of  being  supported  on  the  surface  of  a  sphere,  the 
body' had  been  corlnected  by  a  perfectly  light  and  inflexible  line 
with  the  centre  of  the  sphere  and  the  surface  removed,  the  result 
would  have  been  the  same.  In  this  form  of  the  proposition,  we 
Aave   the  common  ElectroBcope, 

The  differential  co-ef!icients  of  the  second  order,  or  the  terms  which 
measure  the  force  of  inertia,  being  equal  to  zero,  Equations  (332), 
show  that  the  resultant  of  the  extraneous  forces,  in  this  case  the 
weight  and  repulsion,  is  normal  to  the  surface,  which  should  be  tjie 
case ;  for  then  there  is  no  reason  why  the  body  should  move  in 
one  direction  rather  than  another.  The  pressure  upon  the  surface  is 
given  by   the  value  of  JV,  m  Equation  (334).      f^H^V     J 3 

§224. — Example  3.     Let  it  be  required  to  find  the  circumstances 


238 


ELEMENTS    OF    ANALYTICAL    MBOHAKI08. 


of  motion  of  a  body  acted  upon  by  its  own  weight  whQe  on  tfia 
arc  of  a  cycloid,  of  which 
the  plane  is  vertical,  and 
directrix  horizontal. 

Taking  the  axis  of  2, 
vertical;'  the  plane  zz^  in 
the  plane  of  the  curve; 
and  the  origin  at  the  low- 
est point,  then  will 

I '      -1  « 

Z  =  a?  — i/2a2  —  «*  —  a  versm     — =0;«     •    (854) 


in  which  z  is  taken  positive  upwards. 


dL        ,       dL 


dx 


dz 


/2a  —  z 


•    • 


Jf  =0;    Z^  ^Mg, 


and  Equation  (330)  becomes 


(355) 


(356) 


and  by  transposition  and   division, 


d^x 
di^ 


d^z 


lla^z      dt^      /2a —  z 


s/~ 


^- 


(367) 


From    the   equation   of  the  curve   we   find, 


2dx  =  2dz' 


/ 


2<l  —  2 


(85S) 


multiplying  by  Equation    (357),  there   will   result 

2dx,d:^x  ^      .  2dz,d^:^ 


dfi 


di^ 


■  i  /i  \  •■ 


.  f 


-.   .  y 


■// 
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and  by  integration, 

aod   supposing   the   velocity  zero,  when  « =  A ; 

wLich  subtracted  from  the  above  gives  1 

dx^  +  d^      ^    ,.        V  ^«.^^ 

j^2        =^9{h-g); f«59) 

sLd   eliminating  rfsc*   by   means  of  Equation  (358),     '^     J7^       ^       ^ 

dz^      a  A 

whence, 

dz 


dt 


=-v'^ 


^    -/A«-«a' 


the    negative   sign    being    taken  because  ir   is  a  decreasing    functioa 
of  /. 


,-  .'    r  ->  ..     V  ■     *■'■    -        * 


By  integration,  .^ 


=  —  v /  — ; =  —  \/ vcrsm    •-—  +  v. 


Making  ir  =  A,  we  have  V^  - 


=-vr- 


versin""    2  +  {7; 
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whence, 


and 


t  =  \/ —  yt  —  versin"  •  —j (360) 

When  the  body  has  reached  the  bottom,  then  will  t  zjz  0^  and  _ 


V        / 


which  is  wholly  independent  of  A,  or  the  point  of  departure,  and 
we  hence  infer  that  the  time  of  descent  to  the  lowest  point  will  ^ 
the  same  in  the  same  cycloid,  no  matter  from  what  point  the  body 
starts. 

Whenever  z-=i  h,  the  body   will,   Equation   (359),  stop,    and  we 
shall  have  the  times  arranged  in  order  before  and  after  the  epodi, 

the  difference  between  any  two   consecutive  values  being 


v/f 


2* 

V    (/ 

The  body  will,   therefore,   oscillate  back  and   forth,  in   equal   times. 

The  cycloid  is  a  Tautqchrane. 

The  pressure  upon   the   curve  is  given  by  Equation  (334). '     -i'- 
The  time  being  given  and  substituted  in  Equation  (360),  the  value 

of  z  becomes   known,  and   this,  in   Equations   (359)  and   (354)^  will 

give  the  body's  velocity  and  place. 

§225. — Uxample  4. — Let  a  body  reduced  to  its  centre  of  inertia, 
and  whose  wp.ight  is  denoted  by  YT,  be  supported  b)r  the  action 
of  a  constant  force  upon  the  branch  EH  of  an  hyperbola,  of  which 
the  transverse  axis  is  vertical,  the  force  being  directed  to  the  centre 
of  the  curve.     Required   the  position  of  equilibrium. 
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Denote  the  constant  force  by  TP,  which  may  be  a  weight  at  the 
end  of  a  cord  passing  over  a  small  wheel 
at  C7,  and  attached  to  the  body  M.  De- 
note the  distance  CM  by  r,  and  the  axes 
of  the  curve  by  A  and  B.  Take  the  axis 
z  vertical,  and  the  curve  in  the  plane  xt. 
Make 

P"  =  W 
tHen  will 


cosy'  =s  1,  008  a'  =  0, 

Z  X 

008  r"  = >  oosa"  = 1 

'  r  r 


JT  =  P'  COS  ct'  +  P"  cos  a''  =  -  TP 


Z  =  P'  cos 7'  +  P"  cos  y"  =  IT  —  JP. 
and  as  the  question  relates  to  the  state  of  rest, 

=•0 ;    -7-z-  =  0. 


da 


di^ 


V 


The  Equation  of  the  curve  is 

whence, 

dL 


t .-  ** 


dx 

dL 
dz 


=r  2^»«, 


:  =  ^2B^z', 


these  values  substituted  in  Equation  (330),  give 


.  / 


W£^  —  ^  WA^x+  TP-4*— =  0i 
r  r 


whence, 


(A*  H-  B^)  JT'Z  -  WA^r  =  0 

16 


•    •    t 


(801) 
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But 


nj  J2  Am    fit 

r»  =  a!»  +  r»  =  *»  +  —  «»  -^  =  «»        J,       -  J»; 
whence,  denoting  the  eccentricity  by  «,    '  '    '  "       .  ^V'  --•  .';  \.  - 


^-- 


*■  /     « 


and  this,  in  Equation   (361),  gives  after,  reduction. 


z  = 


B  .  W  . 


r-*..*    — 


which,  with  the  equation  of  the  curve,  will  give  the  position  of 
equilibrium. 

If  IT'e  be  greater  than  W^  the  equilibrium  will  be  impossible- 
If  TT'e  =  W^  the  body  will  be  supported  upon  the  asymptote. 

The  pressure  upon  the  curve  is  given  by  Equation  (334). 

§  226. — Example  5. — Required  the  circumstances  of  motion  of  a 
body  moving  from  rest  under  the  action  of  its  own  weight  upon  an 
inclined  right  line. 

Take  the  axis  of  z  vertical, 
the  plane  2  x  to  contain  the 
line,  and  the  origin  at  the  i 
point  of  departure,  and  let  z 
be  reckoned  positive  down- 
wards.   Then  will 


Z  =  «  —  a;c  =  0, 


dL 

dz 


1      ^^ 


jr'=0;    Z  =  Mg\ 
which   in  Equation   (330)  give,  after  omitting  the   common  (actor  if. 


From  the  equaJun  of  the  line  we  have 


(862) 


<P«  = 


<P« 


^ 


ca^ 


a.  et.t  '  '  <»«-«  /■»■,-'■      ' 
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in  Equation  (362),  after  slight  reductioii, 


Multiplying  by  2dz^  and  integrating, 


•  a* 


dfi  ^l  +  o* 

flie  constant  of  integration  being  zero. 

Whence        Ur}.  J/s^<^^'j    -c,-^      dc -.aTTJ •r^i^'' 

-  N^^JJ^^  =V/^2^^;     .     .     .   (303)  ^ 

the  constant  of  integration  being  again  zero. 

The  body  being  supposed  at  B^  then  will  z  =:  AD\    and   if  we 
draw  from  B  the  perpendicular  B  C  X/o  AB^  vr&  have     /,^.....      "r'uJ'^^i  Ct-IM' 

which  substituted  above,  ,   [^ /-^    . 


•   •        -  ^ 


=V?]=v^-  •  •  •  •  •<«^) 


m  which  rf  denotes  the  distance  -4  CI      '  ''    '      V,     .^  :    T^^!''.    '*'^-  '  .  ,, 

But  the  second  member  is  the  time  of  falling  freely  through  tlie  ) 

vertical  distance  d\  if,  therefore,  a  circle  be  described  upon  ^  (/  as 
a  diameter,  we  see  that  the  time  down  any  one  of  its  chords,  ter- 
minating at  the  upper  or  lower  point  of  this  diameter,  will  be  the 
same  as  that  through  the  vertical  diameter  itself.    This  is  called  the  ^ 

mechanical  property  of  the  cirde. 

Example  6. — A  spherical  body  placed  on  a  plane  inclined  to  the 
horizon,  would,  in  the  absence  of  friction,  slide  under  the  action  of 
its  own  weight;  but,  owing  to  friction,  it  will  roll.  Required  the 
drcumatances  of  the  motion. 
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If  the  sphere  move  from 'rest  with  no  initial  impwlie,  the  centra 

will  describe  a  straight  line 

parallel  to  the  element  of  ^ 

steepest  descent.    Take  the 

plane  xz,  to  contain  this 

element,  the  axis  z  vertical 

and  positive  upwards. 

The  equation  of  the  path 
will  be, 


Z  =  i;  +  ^  tana  —  A  =  0 ; 


. .. ., 


whence, 


-r— =  1 1    T— =  tana. 
dz  '     dx 


The  extraneous  forces  are  the  weight  of  the  sphere  and  the  fHo* 
tion.  Denote  the  first  hy  TT,  and  the  seobnd  by  F,  The  naturs 
of  friction  and  its  mode  of  action  will  be  explained  in  the  proper 
place,  §354;  it  will  be  sufficient  here  to  saj  that  for  the  same 
weight  of  the  sphere  and  inclination  of  the  plane,  it  will  be  a  con- 
stant  force  acting  up  the  plane  and  opposed  to  the  motion.  We 
shall  therefore  have 

Z=  —  if^  +  ^sina;    jr=— ^coso, 

which  values,  and  those  above  substituted  in  Equation  (SSO),  give 


d^x 


-  ^cosa  -  if .  ^  +  ^if ^  -  JFsina  +  if . -t4)  ^»»«  =  ^ 


But  from  the  equation  of  the  path,  we  have 

d^z  =  —  d^x*  tana; 
and   eliminating  d^x  hy  means  of  this  relation,  there  will  result 


II.  I  /• '  •-.'', 


d^z 
d^ 


=  sin  a  (-Tf  —  p  sin  aj  • 


.r#-»--'-=- 


...    ■      /,^-». '•"• 


* 


f  }/ 


f      .»—  M 


*    -  -l 


-f    •':'.•' 


•:         .-■        .-;.'...■/ 
.  /       I..  .-.  ,     -^ 


leu   i     * 


-'  J^Ti^.^ir--p-\]      vT-T~  V-^  '^-^^7  /•'  ^        ' ^'^ ''' 


'cm    '  ■■ '■ 
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Ifultiplying  by  2<?S|  ]ntq;rating   and  makiiig  the   velooi^   mo 
when  i;  =  &,  we  have 


Uj 


lliis  gives 

1  dz 


dtz=: 


W  2  sin  a  (^  —  ^  sin  a  J     ^ 


z-^h 


and  by  integration,  the  time  being  zero  when  f  =  A, 

A  —  «  =  J  sin  a  (^  •  sin  a  —  -^  ) .  <2,      ,        .       .      (a). 

Again,  all  axes  in  the  sphere  through  its  centre,  are  principal 
axes;  the  sphere  will  only  rotate  about  the  movable  axis  y,  in 
which  case  v,  and  v.  will  each  be  zero,  and  Equations  (202)  will  give 


•         »          ■  •       

/:  ^  -■■■'  ^  /» •  /  7  /  /  / 

vherein, 

* 

,v  ^4;/-. 

-^-^*"     dt   -  dp' 

JC  =  A; 

# 
1 

r  being  the  radios  of  the  sphere. 

■  .  ;  1     •■ 

Whence,    ' 

• 
• 

d*4>        Fr 

dfi  ~  Mk» 

Multiplying  by  %d\^  integrating,  and  making  the  angular  velool^' 
and  the  arc  4/  vanish  ^together, 


.  (  '■' 


rhencCy 


dfi  "  Mky^' 


"    ,  •     - 


T 


7  '   '     ■  ,  .  ■'  ...    V 


1,        -  .     .  ,&'•;-»  ■-'"■.  '.   . 


t 


/y."'/  ^L 


".-  ,  ' 


/.  ^  .  ^rf./- 


X  .  ■ 
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tnd  by  integration,  making  t  and  4^  vluiish  together, 

Alao,   because  the   length  of  path  described  in  the  direction  of  the 
plane  is  r.4',  we  have,  in  addition, 

A  —  «  =  r.4'-8ina;  r.  ^' ^ 

and    eliminating  4^  from    this    and    the    above    equation,  there   will 
result  ^/.,  ...    /.  ./  r  . 


. » .  ■ . 


V  -r ,  H ,  sm  a  ^  '  ^  ' 

Dividing  Equation  (a)  by  Equation  (&),  and  solving  with  respect 
to  F, 

and  this  in   Equation    (6),   gives 


,'       .  r  '^ 


'.t   * 


»  =  v/ r-^ 5 — V»; 


^/    If  the   sphere  be  homogeneous,  then   will 


.  Il 


■«»;=|,^,  and  i^J^^KEA.Jl, 

^,       •       •  ^  V  ^- Silica     V  5 

«  T 

/if  the  matter  bo   all   concentrated   into   the  surface,  then   will 
V  =  *r«  and  ,  =  W^IiEI).^; 

which  times  are  to  one  another  as    y^  to   y^^ 


CONSTRAINED  MOTION  ABOUT  A  FIXED  POINT. 

§  227.— If  a  body  be  retained  bj  a  fixed  point,  the  fixed  and 
what  has  been  thus  &r  regarded  as  a  movable  origin  may  both  be 
taken  at  this  point;  in  which  case,  6x^^  dy^,  Sz^,  in  Equation  (40), 
will  be  zero,  the  first  three  terms  of  that  general   equation  ^f  equi- 
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librium  will  reduce  to  zero  independently  of  the  forces,  and  the  equi- 
librium will  be  satisfied  by   simply  making 

2P(«cosi8  —  ycosa)  —  2iii.-^ — ^  "~^ — ^  =  0 


2F(z  cos  a  —  «  cosy)  —  2  m  • r-^r =  0 

2  P  (y  cosy  —  «  cos  j8)  —  2  m .  ^ ^  =  0 


(365) 


the  accents  being  omitted   because   the  elements   m,  m\  6cc,,   being 
referred  to  the  same  origin,  a?',  y',  2'  will  become  a:,  y,  z. 

The  motion  of  the  body  about  the  fixed  point  might  be  discussed 
both  for  the.  cases  of  incessant  and  of  impulsive  forces,  but  the  discus- 
sion being  in  all  respects  similar  to  that  relating  to  the  motion  about 
the  centre  of  mertia,  §  127  and  §  173,  we  pass  to 

00N8TRAIKED  MOTION   ABOUT  A  FIXED  AXIS. 

§228. — If  the  body  be  constrained  to  turn  about  a  fixed  axis, 
both  origins  may  be  taken  upon,  and  the  co-ordinate  axis  y  to 
coincide  with  this  axis;  in  which  case  Sx^^  $y^,  Sz^,  6^  and  S% 
in  Equation  (40),  will  be  zero,  and  to  satisfy  the  conditions  of* 
equilibrium,  it  will  only  be  necessary  for  the  forces  to  fulfil  the 
condition, 

2  P  («  cos  a  —  «  cosy)  —2m j-^ =  0    •  •  (366) 

the   accents  being  omitted  for  reasons  just  stated. 

§220. — The  only  possible   motion  being  that  of  rotation,   let  trs 
transform  the  above  equation   so  as  to  contain  angular  co-ordinates. 
For  this  purpose  we  have.  Equations  (36), 

x'  =  r"sin4.;    z'  =  r"cos4/ (367) 

in  which  r"  denotes  the  distance  of  the  element  m  from  the  axis  y. 
Omitting  the  accents,  difierentiating  and  dividing  by  dt,  we  have 

dx  ,  d-L      dz  ,    .    d-lf  /«^^v 

^  =  roo8  +  ^;    ^^=-rsm+.-^.    •    ^    (368) 


./      .  I      -  . 

'  ■  ^1 
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Now, 


d(^  d(^ 


I      ,  /     dx  dz\ 

=  — -•  a  I  IT  • —  —  *•  -T-  I  I 

dl       \     dt  dt/  ' 


whence  by  substitution,  Equations  (367)  and  (368), 


*  •  r 


and  since    -r^  must  be  the  fame  for  every  element,  we  have,  Eqi 
dr 

taon  (366), 

2  m  f2  •  -^^  =  2  P  («  008  a  —  «  COB  y), 


and 

C  dfi  Imr^  ^      ' 

That  is  to  say,  the  angular  acceleration  of  a  body  retained  by  a 
fixed  axis,  and  acted  upon  by  incessant  forces,  is  equal  to  the 
moment  of  the  impressed  forces  divided  by  the  moment  of  inertia 
with  reference  to  this  axis. 

Denoting  the  angular  velocity  by  V^ ,  and  the  moment  of  inertia 
by  /,  we  find,  by  multiplying  Equation  (369)  by  2^4^  and  integrating, 

/r,2  =  2y2P(zoosa  —  a:  cosy)  <f  4/  +  (7, 

and  supposing  the  initial  angular  velocity  to  be  F/,  we  have 

.  /(F,3-  F,'2)  =  2y2P(«cosa  -xcosy)^^. 

But  the  second  member  is,  §  107,  twice  the  quantity  of  work 
about  the  fixed  axis ;  whence  the  quantity  of  work  performed  be- 
tween the  two  instants  at  which  the  body  has  any  two  angular 
velocities,  is  equal  to  half  the  difference  of  the  squares  of  these 
velocities  into  the  moment  of  Inertia,  or  to  half  the  L'ving  force 
gained   or  lost  in  the  interval. 
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Now,  J  =  Afk^' =  M^  .{!)'=  M/,  so  that,  iho  momeot  of  inertia 
measores  thai  mass  which  would,  if  concentrated  on  the  arc  4'i  l^a^e 
»  liTiDg  force  eqnal  to  that  of  the  bod;  which  actoallj  roiaies. 


§230. — Any  body  euspended  from  a  horizwital  axis  AB,  about 
which   it  may    swing  with  freedom   under  the 
action  of  its  own  weight,  is  called  a  eompimnd  _ 

ptndulum.,  7 

The  eleraenta  of  tiie  pendulum  being  acted  / 

upon  only  by  their  own  weights,  we  have  ra 

P  =  mff;     f  =:  m's,  6sc  ;  / 

the  axis  of  t  being  taken  vertical  and  positive        A 
downwards, 

cos  a  =  cos  a'  =  Ate  =  0 ; 
cos  y  =  cos  y'  =  dso. 
and  Equation  (369)  becomes 


dl* 


Imr* 


•  (370) 


Denote  by  e,  the  distance  A  &,  of  the  centre  of  gravity  from  the 
axis;    by  4',    the   angle  ^ AQ,  which 
A  Q  makes  with  the  plane  yz\  by  2„ 
the   distance  of  the  centre  of  gravity 
frxim  this  plane;    then  will 

X,  =  e .  sin  -^  ; 

and  from  the   principles  of  the  centre 
of  gravity, 

Zmx  =  Mx,  =  Jf.«.8in4'; 
which  substitute]  above,  gives 

JM;  _  _       M.t 


{371) 
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Multiplying  by  2d^y  and  integrating, 

4>imotins(  the  initial  value  of  4^  by  a,  we  have 


ifi^the  initia 


^  =  ^^'^ — -5 -COS  a  +  C7; 


whence, 


but 


4,2  J,* 

COS  4/  =  1  —  -^ —  4- —  &ol 

^  1.2  ^  1.2.3.4 


COS  a  =  1  — 4-  —  &c. 

•  1.2  ^  1.2. 3. 4 

and  taking  the  value  of  4^9  so  small  that  its  fourth  power  may  he 
neglected  in  comparison  with  radius,  we  have 

a?  —  4/« 
cos4'  —  cos  a  = Ti^'t 

which  substituted  above,  gives,  afler  a  slight  reduction,  and  replacing 
2fnr^  by  its  value  given  in  Equation  (216), 


^4. 
V      t.q 


vA-i 

the  negative  sign  being  taken   because  4^  is  a   decreasing  function  of 
the  time. 

Integrating,  we  have  ,  v  ;mw.  ^: 

The  constant  of  integration  is  zero,  because  when  4/  =  a,  we   have 
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liaklng  4^  =  —  a,  we  have 

'  =  '\/^5 m) 

which  gives  the  time  of  one  entire  oscillation,  and  from  which  we 
conclude  that  the  oscillations  of  the  same  pendulum  will  be  isochro- 
nal, no  matter  what  the  lengths  of  the  arcs  of  vibration,  provided 
they  be  small. 

If  the  number  of  oscillations  performed  in  a  given  interval,  say 
ten  or  twenty  minutes^  be  counted,  the  duration  of  a  single  oscillation 
will  be  found  by  dividing  the  whole  interval  by  this  number. 

Thus,  let  6  denote  the  time  of  observation,  and  N  the  number  o( 
oscillations,  then  will 

and  if  the  same  pendulum  be  made  to  oscillate  at  some  other  location 
during  the  same  interval  d,  the  force  of  gravity  being  different,  the 
number  N'  of  oscillations  will  be  different;  but  we  shall  have,  aa 
before,  g'  being  the  new  force  of  gravity, 


N'  y      e.g' 


Squaring  and  dividing  the  first  by  the  second,  we  find 

.       HP^       g' 


N^ 


(374)' 


that  is  to  say,  the  intensities  of  the  force  of  gravity,  at  different 
places,  are  to  each  other  as  the  squares  of  the  number  of  oscilla- 
tions performed  in  the  same  time,  by  the  same  pendulum.  Hence, 
if  the  intensity  of  gravity  at  one  station  be  known,  it  will  be  easy 
to  find  it  at  others. 

§  231.— From  Equation   (372),  we  have 

-^  .2ii»r>  =  2ir.^.e(cos4' —  oosa);     .     •    (375) 
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■  ■  • 

and  making 

we  have 

/.  Fi«  =  2J/.^.JJ;  .    .....    .(S76) 

in  which  IT,  denotes  the  vertical  height  passed  over  hy  the  centre 
of  gravity,  and  from  which  it  appears  that  the  pendulum  will  come 
to  rest  whenever  -^  becomes  equal  to  a,  on  either  side  of  the  ver- 
tical plane  through  the  axis. 

§  232. — If  the  whole  mass  of  the  pendulum  be  conceived  to  be 
concentrated  into  a  ^single  point,  the  centre  of  gravity  must  go 
there  also,  and  if  this  point  be  connected  with  the  axis  by  a  medium 
without  weight  and  inertia,  it  becomes  a  simple  pendulum.  Deno- 
ting the  distance  of  the  point  of  concentration  from  the  axis  by  ^ 
we  have 

*.  =  0;  «  =  A 

vhich  reduces  Equation  (374)  to 


-...JL. 


(877) 


If  the  point  be  so  chosen  that 


1=   '   ^      ; (878) 

the  simple  and  compound  pendulum  will  perform  th^ir  oscillations  in 
the  same  time.  The  former  is  then  called  the  equivalent  simple  pen' 
dulum;  and  the  point  of  the  compound  pendulum  into  whidi  the 
mass  may  be  concentrated  to  satisfy  this  condition  of  equal  duration, 
is  called  the  centre  of  oscillation,  A  line  through  the  centre  of 
oscillation  and  parallel  to  the  axb  of  suspension,  is  called  an  axis  of 
oscillation. 
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§  233. — ^The  axes  of  oscillation  and  of  suspension  are  reciprocal. 
Denote  the  length  of  the  equivalent  simple  pendulum  when  the  com- 
pound pendulum  is  inverted  and  suspended  from  its  axis  of  oscillation, 
by  V ,  and  the  distance  of.  this  latter  axis  from  the  centre  of  gravity 
by  e[  then  will 

/=«  +  «'     or    e'  =  /  —  # ; 
and,  Equation  (378), 

and  replacing  /,  by  its  value  in  Equation  (378),  we  find 


,1     .    ''■:    ' 


*        y 


That  is,  if  the  old  axis  of  oscillation  be  taken  as  a  new  axis  of  sus 
pension,  the  old  axis  of  suspension  becomes  the  new  axis  of  oscilla- 
tion.     Ibis  furnishes  an  easy  method  for  finding  the  length  of  an 
equivalent  simple  pendulum. 

Differentiating  Equation  (378),  regarding  /  and  t  as  variable,  we 
have       ''  "     "       .'■ 

d9^         ^       ' 

m 

and  if  /  be.  a  minimum, 

—  =  0  = *—  : 

whence, 

But  when  /  is  a  minimum,  then  will  <  be  a  minimum,  Equa- 
tion (377).  That  is  to  say,  the  time  of  oscillation  will  be  a 
minimum  when  the  axis  of  suspension  passes  through  the  principal 
centre  of  pyratianj  and  the  time  will  be  longer  in  proportion  as  the 
axis  recedes  from  that  centre. 
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Let  A  and  A'  be  two  acute  parallel  prismatio  axes  firmlj 
nected  with  the  pendulum,  the  acute  edges 
being  turned  towards  each  other.  The 
oscillation  may  be  made  to  take  place 
about  cither  axis  by  simply  inverting  the 
pendulum.  Also,  let  if  be  a  sliding  mass 
capable  of  being  retained  in  any  position 
by  the  clamp-screw  H.  For  any  assumed 
position  of  M^  let  the  principal  radius  of 
gyration  be  O  C\  with  6^  as  a  centre, 
G  C  SLS  radius,  describe  the  circumference 
CSS\  From  what  has  been  explained, 
the  time  of  oscillation  about  either  axis 
will   be   shortened    as    it    approaches,   and 

lengthened  as  it  recedes  from  this  circumference,  being  a  minimum, 
or  least  possible,  when  on  it.  By  moving  the  mass  Jf^  the  centre 
of  gravity,  and  therefore  the  gyratory  circle  of  which  it  is  the 
centre,  may  be  thrown  towards  either  axis.  The  pendulum  bob  being 
made  heavy,  the  centre  of  gravity  may  be  brought  so  near  one  of 
the  axes,  say  wl',  as  to  place  the  latter  within  the  gyratory  cir- 
cumfcrence,  keeping  the  centre  of  this  circumference  between  the 
axes,  as  indicated  in  the  figure.  In  this  position,  it  is  obvious  that 
any  motion  in  the  mass  M  would  at  the  same  time  either  shorten 
or  lengthen  the  duration  of  the  oscillation  about  both  axes,  but 
unequally,  in  consequence  of  their  unequal  distances  from  the  gyratory 
circumference. 

The  pendulum  thus  arranged,  is  made  to  vibrate  about  each  axis 
in  succession  during  equal  intervals,  say  an*  hour  or  a  day,  and  the 
number  of  oscillations  carefully  noted;  if  these  numbers  be  the  \ 
same,  the  distance  between  the  axes  is  the  length  ^  of  the  equiva- 
lent simple  pendulum ;  if  not,  then  the  weight  M  must  be  moved 
towards  that  axis  whose  number  is  the  least,  and  the  trial  repeated 
till  the  numbers  are  made  equal.  The  distance  between  the  axes 
may  be  measured  by  a  scale  of  equal  parts. 

g  234. — From  this  value  of  /.  we  may  easily  find  that  of  the  simple 
secowTt  pendulum;    that  is  to  say,  the  simple  pendulum  which  vfill 
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perform  its  vibration  in  one  second.  Let  N^  be  the  number  of 
Tlbratiaus  performed  in  one  hour  by  the  cpmpound  pendulum  whose 
equivalent  simple  pendulum  is  /;  thp  number  performed  in  the 
same  time  by  the  second's  pendulum,  whose  length  we  will  denote 
by  /',  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence, 

y  =  ^  =  ^vr 

3600*  -  ^    -      V  ^  ' 

and  because  the  force  of  gravity  at  the  same  station  is  constant, 
we  find,  after  squaring  and  dividing  the  second  equation  by  the  first, 

/        h         / 

^'  =   (S600^« ^^^'^ 

Such  is,  in  outline,  the  beautiful  process  by  which  Kater  determined 
the  length  of  the  simple  second's  pendulum  at  the  Tower  of  Liondon 
to   be   39,13908  inches,  or  3,26159  feet. 

As  the  force  of  gravity  at  the  same  placp  is  not  supposed  to 
change  its  intensity,  this  length  of  the  simple  second's  pendulum 
must  remain  forever  invariable ;  and,  on  this  account,  the  English 
have  adopted  it  as  the  basis  of  their  system  of  weights  and  measures. 
For  this  purpose,  it  was  simply  necessary  to  say  that  the  y.^jxTl^* 
part  of  the  simple  seconcTs  pendulum  at  the  Tower  of  London  shall 
be  one  English  foot^  and  all  linear  dimensions  at  once  result  from 
the  r^ation  they  bear  to  the  foot;  that  the  gallon  shall  contain 
iV'aV**'  ^^  *  cubic  foot,  and  all  measures  of  volume  are  fixed  by  the 
relations  which  other  volumes  bear  to  the  gallon ;  and  finally,  that 
a  cubic  foot  of  distilled  water  at  the  temperature  of  sixty  degrees 
Fahr,  shall  weigh  one  thousand  ounces,  and  all  weights  are  fixed  by 
the   relation  they  bear  to   the  ounce. 

§235. — It  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London ;  that  is  to  say,  the  force  of  gravity  as  afiected  by  the  cen- 
trifugal force  and  the  oblateness  of  the  earth.     The  time  of  oscillation 
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being  one  second,  and  the  length  of  the  simple  pendulum   3,26159 
feet,  Equation  (377)  gives  ^         • 


73^6169 


whence, 

^  =  *a  (3,26159)  =  (3,1416)« .  (3,26159)  =  32,1908  feet. 

From  Equation  (377),  we  also  find,  hy  making  t  one  second. 


and  assuming 


we  have 


^^  .  • 


I  =i  X  +  y  cos 24^9 


^  =  «  +  ycos2+ (380) 

Now  starting  with  the  value  for  ff  at  London,  and  causing  the 
same  pendulum  to  vibrate  at  places  whose  latitudes  are  known,  we 
obtain,  from  the  relation  given  in  Equation  (374)',  the  corresponding 
values  of  ^,  or  the  force  of  gravity  at  these  places;  and  these 
values  and  the* corresponding  latitudes  being  substituted  successivelj 
in  Equation  (380),  give  a  series  of  Equations  involving  but  two  iiii> 
known  quantities,  which  maj  easily  be  found  hy  the  method  of 
least  squares. 

In  this  way  it  has  been  ascertained  that 

^^.x  =  32,1808    and    ^^.y  =  —  0,0821 ; 

9 

whence,  generally, 

ff  =  32,1808  -  0,0821  cos  2  + ;     .    .    .    .    (381) 

and  substituting  this  value  in  Equation   (377),  and   making  <  =s  1, 
we  find 

/  =  3,26058  —  0,008318  cos  2  4/    •    •    •    •    (382) 

Such  is  the  length  of  the  simple  second's   pendulum  at  any  plaM  * 
of  which  the  latitude  is  4^« 
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If  we    make  +  =  40^  42'  40",  the   latitude  of  the   City  Hall  of 
New  York,  we  shall  find 


A 


in. 


Jtyl-iJ^ 


/  =  3,25938  =  39,11256. 

§23G. — ^The  principles  which  have  just  been  explained,  enable  us 
to  find  the  moment  of  inertia  of  any  body  turning  about  a  fixed 
axis,  with  great  accuracy,  no  matter  what  its  figure,  density,  or  the 
distribution  of  its  matter.  If  the  axis  do  not  pass  through  its  centre 
of  gravity,  the  body  will,  when  deflected  from  its  position  of  equi- 
librium, oscillate,  and  become,  in  fact,  a  compound  pendulum ;  and 
denoting  the  length  of  its  equivalent  simple  pendulum  by  /,  we  have, 
after  multiplying  -Equation  (378)  by  if. 


,     MA.t  z^M{k,'^  +  e»)  =i7imr^', 


•     •     •     t 


(383) 


or  smce 


9 

—  •  l,e  =  2  m  H, 
9 


(384) 


in  which   W  denotes  the  weight  of  the  body. 

Knowing  the  latitude  of  the  place,  the  length  /' .  of  the  simple 
second's  pendulum  is  known  from  Equation  (382) ;  and  counting  the 
number  N  of  oscillations  performed  by  the  body  in  one  hour 
Equation  (379)   gives  ^''.      •  «.  '  ^       / 


.S'  f.    ■ 


,       /' .  (3600)2 

To  find  the  value  of  e,  which  is 
the  distance  of  the  centre  of  gravity 
from  the  axis,  attach  a  spring  or 
other  balance  to  any  point  of  the 
body,  say  its  lower  end,  and  bring 
the  centre  of  gravity  to  a  horizontal 
plane  through  the  axis,  which  posi- 
tiou  will  be  indicated  by  the  max- 
imum reading  of  the  balance.  De- 
noting by  a,  the  dbtance  from  the  axis  C  to  the  point  of  support  B^ 
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mnd  by   6,  the  maximum  indication  of  the  balance,  we  have,   frcin 
the  principle  of  moments, 


V.i^X 


&  a  =  TTe. 


Tlie  distance  a,  may  be  measured  by  a  scale  of  equal  parta.  Sub- 
stituting the  values  of  W^  e  and  /  in  the  expression  for  the  naoment 
of  inertia,  Equation  (384),*  we  get 

If  the  axis  pass  through  the  centre  of  gravity,  as,  for  example, 
in  the  fly-wheel^  it  .will  not  oscillate;  in  which  case,  take  Equation 
(383),  from  which  we  have 

Moun^  the  body  upon  a  parallel  axis  A^  not  passing  through  the  cen- 
tre of  gravity,  and  cause  it  to  vibrate 
for  an  hour  as  before;  from  the  num- 
ber of  these  vibrations  and  the  length 
of  the  simple  second's  pendulum,  the 
value  of  /  may  be  found;  M  is  known, 
being  the  weight  W  divided  by  g ;  and 
t  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  the  spring 
balance,  as  already  indicated;  whence  k^  becomes  known. 

MOTION     OF  A   BODY   ABOUT   AN    AXIS   UNDER   THE   ACTION    OF    IBIFTJL* 

SIVE    F0B0E8. 

\  §  237. — If  the  forces  be  impulsive,  we  may,  §  170,  replace  in 
Equation  (366)  the  second  differential  co-efficients  of  x^  y,  «,  by  tht 
first  diffefeutial  co-efficients  of  the  same  variables,  which  will  reduce 
it  to 

zdx  —  X  dx 
iPiz  cos  a  —  X  cosy)  —  2  m  •  — - — r =  0 : 
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and  replacing  dx  and  dt^   by  their  values  in  Equations   (368),  we 
find 


rf^}/        2P(«co9a  — afcosy) 
"ST  "■  2mr3 


(386) 


That  is,  (JI0  angular  velocity  of  a  body  retained  by  a  fixed  axis,  and 
mbjeeted  to  the  simultaneous  action  of  impiilsive  forceSj  is  equal  to  the 
sum  cf  the  moments  of  the  impressed  forces  divided  by  the  moment  of 
inertia  with  reference  to  this  axis^ 


BALUSTIC   PENDULUM. 

§  238. — In  artillery,  the  initial  velocity  of  projectiles  is  ascertained 
by  means  of  the  ballistic  pendulum, 
which  consists  of  a  mass  of  matter 
suspended  from  a  horizontal  axis 
in  the  shape  of  a  knife-edge,  afler 
the  manner  of  the  compoimd  pen- 
dulum. The  bob  is  either  made 
of  some  unelastac  substance,  as 
wood,  or  of  metal  provided  with 
a  large  cavity  filled  \«ith  some 
soft  matter,  as  dirt,  which  re* 
ceives  the  projectile  and  retains 
the  shape  impressed  upon  it  by  the 
blow 

Denote  by  V  and  m,  the  initial  velocity  and  mass  of  the  ball; 
F,  the  angular  velocity  of  the  ballistio  pendulum  the  instant  after 
the  blow,  /  and  M  its  moment  of  inertia  and  mass.  Also  let  / 
represent  the  distance  of  the  centre  of  oscillation  of  the  pendulum 
from  the  axis  A.  That  no  motion  may  be  lost  by  the  resistance 
of  the  axis  arising  from  a  shock,  the  ball  must  be  received  in  the 
direction  of  a  line  passing  through  this  centre  and  perpendicular  to  the 
plane  of  the  axis  and  line  A  0.     With  this  condition,  Eq.  (386)  gives 


m-V- 


mV 


\ 
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whence 

_      if  4-  m  . 

m 

and  supposing  the  angular  velocity  communicated  to  the  pendulum  to 
be  equal  to  that  acquired  by  &lling  from  rest  through  the  initial  arc 
a,  in  Equation  (372),  we  have,  from  that  equation  and  Equation  (216), 
by  writing  e  for  ci,  .-/  ^        - 


and  £q.  (374), 


?• 


which  substituted  above  gives 

Fi  =  2  -  •  sin  J  a ; 

and  this  in  the  value  for  F  gives,  after  substituting  for  the  ratio  of  the 
masses  that  of  their  weights, 

F=2-— ^— .-.tf.sinia (387). 

w        t  t      ,        .      .         y^      ' 

From  this  equation  we  may  find  the  initial  velocity  F;  and  for 
this  purpose,  it  will  only  be  necessary  to  have  the  duration  of  a  single 
oscillation,  and  the  amplitude  of  the  arc  described  by  the  centre  of 
gravity  of  the  pendulum.  The  process  for  finding  the  time  has  been 
explained.  To  find  the  arc,  it  will  be  sufficient  to  attach  to  the 
lower  extremity  of  the  pendnlum  a  pointer,  and  to  fix,  on  a  permanent 
stand  below,  a  circular  graduated  groove,  whose  centre  of  curvature  is 
at  A ;  the  groove  being  filled  with  some  sofb  substance,  as  tallow,  the 
pointer  will  mark  on  it  the  extent  of  the  oscillation.  Knowing  thus 
the  arc  a,  and  the  value  of  tf,  found  as  already  described,  §  236,  we 
have  F. 


C^L'(  ^  .  ;   . 

,■ 

J.. 

'   ~         / 

,    />■'     ;. 

V  * 

//v 


t 
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THS    OTJK    PENDULUIL 

This  consists  of  a  gun  suspended  from  a  horizontal  axis.  The  shot 
is  fired  from  the  gun,  and  its  velocity  is  inferred  from  the  recoil,  as 
in  the  Ballistic  Pendulam.  The  forces  measured  by  the  quantities  of 
motion  developed  by  the  expansive  action  of  the  exploded  powder, 
must  be  in  equilibrio.    Make 

F  =  velocity  of  the  ball  on  leaving  the  gun, 
1*^=  average  velocity  of  the  inflamed  powder, 
y^  =  angular  velocity  of  pendulum  on  parting  from  shot^ 
K;  =  weight  of  gun  pendulum, 
F;  =       «*  ball  and  wad, 

TT^  =       ^  the  charge  of  powder  and  bag, 

H;  =       •*  **  « '^^  oC\powder  alone, 

d  =  diameter  of  bore, 

d  =  diameter  of  ball, 

E  =z  distance  of  axis  of  bore  from  axis  of  suspension. 

Tlie  quantity  of  motion   in   ball  and  wad,  on  leaving  the  gun,  will  be 

V]  the   corresponding  pressure  on   the   bottom   of  the  gun   is  to 

that  which  generates  this  motion,  as  the  area  of  a  cross-section  of  the 

bore  is  to  that  of  a  great  circle  of  the  ball.     Again,  the  blast  of  the 

powder  will  continue  its  action   on  the  gun  after  the  ball  leaves  it.' 

Let  this  action  be  proportional  to  the  charge  of  powder.    The  moment 

of  the  force  impressed  upon  the  pendulum,  in  reference  to  the  axis  of 

suspension,  will  be  mven  by  Eqs.  (384)   and  (229);    and  taking  the 

moments  of  the  other  forces  in  reference  to  the  same  axis,  we  have 

/    .• 
IT  TF.  It      IF  IF '    . 

ff  9^9  9 

m  which   n',  like  n,  is  a  constant  to  be  determined  by   experiment) 
and  from  which  we  find 

r= '         


TF^-f^  +  nlF..f  +  n'TF^.f 


J 


it''         /        --•      /.* 
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'  The  liviDg  force  withu[l)u;h  t^ei^^^glu™  Rcparates  from  the  ball 
must  eqaal  twice  the^8HE*performe8  l^y  tne  weight  while  the  centre 
of  gravity  is  moving  to  the  highest  point;  whence 

V}- — -  •  / •  e  =  2  IT. .  e .  venine  a  =  4 IT, .  e .  tin*  i«, 
>*  IF  '  ■         ' 

•^      I     •  -9  / 

gk.    (    .     ,  .  ,  t^    t  •    r  •*   1  '    *.     *f  '  '     .  .      1    *  '»/•'-././'.'.■*•*      ''i-' 

m   whi(m    a    denotes    the"^  great^t''  inclination    of   e   to    the    verticaL 
Whence 


r,  =  gy^^.iinl.; 


which  sabstituted  above  gives, 

r= j^ ftinja       ....     (888). 

« 

The  methods  for  finding  e  and  a  are  the  same  as  in  the  ballistic 
penduluim.  To  find  n  and  n\  firo  the  ball  from  the  gun  into  the 
ballistic  pendulum;  the  effect  lipon  the  latter  will  give  the  initial 
velocity  F.  Repeat  as  often  as  may  be  thought  desirable,  and  with 
different  charges.  The  corresponding  initial  velocities  substituted  in 
Eq.  (388),  will  give  as  many  equations  ns  trials.     These  equations  will 

contain   only  n  and   n*  as  unknown  quantities,  which   may  be  found 

• 

by  the  method  of  least  squares.      For  full  and   valuable  inforn&atioi 
on  this  subjecti  consult  Mordecai^s  ^£zperiment8  on  Qunpowder." 
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.     INTRODUCTORY     REMARKS. 

§239. — ^Thb  physical  condition  of  every  body  depends  upon  the 
relation  subsisting  among  its  molecular  forces.  When  the  attrao* 
tions  prevail  greatly  over  the  repulsions,  the  particles  are  held  firmly 
together,  and  the  body  is  solid.  In  proportion  as  the  difference  be- 
tween these  two  sets  of  forces  becomes  less,  the  body  is  softer,  and 
its  figure  yields  more  readily  to  external  pressure.  When  these 
forces  are  equal,  the  particles  will  yield  to  the  slightest  force,  the 
body  will,  under  the  action  of  its  own  weight,  and  the  resistance 
of  the  sides  of  a  vessel  into  which  it  is  placed,  readily  take  the 
figure  of  the  latter,  and  is  Uquui,  Finally,  when  the  repulsive  ex- 
ceed the  attractive  forces,  the  elements  of  the  body  tend  to  separate 
fi:om  each  other,  and  require  either  the  application  of  some  extra- 
neous force  or  to  be  confined  in  a  closed  vessel  to  keep  them 
together ;  the  body  is  then  a  gaB,  In  the  vast  range  of  relation 
among  the  molecular  forces,  from  that  which  distinguishes  a  solid  to 
that  which  determines  a  gas  or  vapor,  bodies  are  found  in  all  possible 
conditions — solids  run  imperceptibly  into  liquids,  and  liquids  into 
gi^«^.  Hence  all  classification  of  bodies  founded  on  their  physical 
properties  alone^  must,  of  necessity,  be  arbitrary. 

§240. — Any  body   whose   elenrientary  particles   admit  of  motion 
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^JfD.ong  e^h.  other,  is  called  a  ^id — such  as  water,  'mw^  mercorj, 
the  ^r,  and,  in  general,  liquids  and  gas^;  all  of  which  are  distin- 
guished from  solids  by  the  great  mobility  of  their  particles  among 
themselves.  This  distinguishing  property  exists  in  different  degrees 
in  dififerent  liquids — it  is  greatest  in  the  ethers  and  alcohol ;  it  is 
less  in  water  and  wine;  it  is  still  less  in  the  oils,  the  sirups, 
greases,  and  melted  metals,  that  flow  with  difficulty,  and  rope  when 
poured  into  the  air.  Such  fluids  are  said  to  be  vUcouSy  or  to  possess 
vtscoaity.     Finally,  a  body  may  approach  so  closely  both  a  solid  and 

• 

liquid,  as  to  make  it  difficult  to  assign  it  a  place  among  either 
clasA,  as  jHute^  putty,  and  the  like. 

§241. — Fluids  are  divided  in  mechanics  into  two  classes,  viz.: 
compressible  and  incompressible.  The  term  incompressible  cannot,  in 
strictness  of  propriety,  be  applied  to  any  body  in  nature,  all  being 
more  or  less  compressible;  but  the  enormous  power  required  to 
change,  in  any  sensible  degree,  the  volumes  of  liquids,  seems  to 
justify  the  term,  when  applied  to  them  in  a  restricted  sense.  The 
^ases  are  highly  compressible.  All  liquids  will,  therefore,  be  regarded 
as   incompressible;   the  gases  as   compressible. 

§  242. — The  most  important  and  remarkable  of  the  gaseous  bodies 
is  the  atmosphere.  It  envelops  the  entire  earth,  reaches  far  beyond 
the  tops  of  our  highest  mountains,  and  pervades  every  depth  from 
which  it  is  not  excluded  by  the  presence  of  solids  or  liquids.  It 
is  even  found  in  the  pores  of  these  latter  bodies.  It  plays  a  most 
important  part  in  all  natural  phenomena,  and  is  ever  at  work  to 
influence  the  motions  within  it.  It  is  essentially  composed  of  oxypen 
and  nitrogen,  in  a  state  of  mechanical  mixture.  The  former  is  a 
supporter  of  combustion,  and,  with  the  various  forms  of  carbon,  is 
one  of  the  principal  agents  employed  in  the  development  of  mechan- 
ical power. 

The  existence  of  gases  is  proved  by  a  multitude  of  facts.  (}on« 
tained  in  an  inflexible  and  impermeable  envelope,  they  resist  pressure 
like  solid  lodies.  Gas,  in  an  inverted  glass  vessel  plunged  into 
water,  will  not  yield  its  place  to  the  liquid,  unless  some  avenue  of 
escape   be  provided  for  it.    Tornadoes  which  uproot  trees,  overtuin 
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houses,  and  devastate  entire  districts,  are  but  air  in  motion*  Air 
opposes,  by  its  inertia,  the  motion  of  other  bodies  through  it,  and 
this  opposition  is  called  its  resistance.  Finally,  we  know  that  wind 
is  employed  as  a  motor  to  turn  mills  and  to  give  motion  to  ships 
of  the  largest  kind. 

§243. — In  the  discussions  which  are  to  follow,  fluids  will  be  con- 
sidered as  without  viscosity ;  that  is  to  say,  the  particles  will  be 
supposed  to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  fluids  are  said  to  be  perfect.  The  results  deduced  upon  the 
hypothesis  of  perfect  fluidity  will,  of  course,  require  modification 
when  applied  to  fluids  possessing  sensible  viscosity.  The  nature  and 
extent  of  these  modifications  can  be   known  only  from  experiments. 


hasiotte's  law. 


§244. — Grases  readily  contract  into  smaller  volumes  when  pressed 
externally ;  they  as  readily  expand  and  regain  their  former  dimen- 
sions when  the  pressure  is  removed.  They  are  therefore  both  cont' 
pressible  and  elastic. 

It  is  found  by  experiment,  that  the  change  in  volume  is,  for  a 
constant  temperature,  always  directly  proportional  to  the  change  of 
pressure.  The  density  of  the  same  body  is  inversely  proportional  to 
the  volume  it  occupies.  If,  therefore,  F  denote  the  pressure  upon 
a  unit  of  surface  which  will  produce,  at  a  given  temperature,  say 
0®  Centr.,  a  density  equal  to  unity,  and  D  any  other  density,  and 
p  the  pressure  upon  a  unit  of  surface  which  will,  at  the  same  tern- 
pcrature  of  the  gas,  produce  this  density,  then,  according  to  the  ex- 
periments above   referred  to,  will  / 

p=z  P.D (389)     C 

This  law  was  investigated  by  Boyle  and  Mariotte,  and  is  known 
as  Mariotte'8  Law,  By  experiments  made  at  Paris,  it  was  found  that 
this  law  obtains,  when  air,  in  its  ordinary  condition,  is  condensed  27 
and  rac^jied  112  times. 
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LAW     OF    THE    PBESSUBE,     DENBITT,     AND     TEHFEBATUKB. 

§  245. — Under  a  constant  pressure,  all  bodies  are  expanded  by 
heat;  under  a  constant  volume,  their  elastic  force  is  increased  by  the 
same  agent.  Experiment  has  shown  that  the  laws  of  these  changes 
for  gases  are   expressed  by 

p  =  P.D. {l+a6); (390) 

in   which   p  denotes   the    pressure    upon   a    unit  of   surface,   J)   the" 
density   of   the  gas,  6  the  difference    between   the  actual   and   some 
standard  temperature,  and  a  a  constant  which  is  equal  to  ^|n|^ 7=0,003605 
when  the  standard  is  0^  c^tr.,  and  6  is  expressed  in  units  of  that  scale. 

First  supposing  D  and  6  variable  and  p  constant;    then  p  and  i 
variable  and  I)  constant,   Equation   (390)  gives 

/  dD  a,D  dp  ap  •       , 

dS  1+ad'       d6       1+ad  ^' 

»      ' 

The  quantity  of  heat,  denoted  by  q,  necessary  to  change  the  ti»m- 
perature  ^  degrees  from  the  assumed  standard,  wi)l  be  a  function 
of  p,  2),  d  ;    but  because   of  Equation   (390,)   we  may  write 

q=^f{n,p)         .         .         .         .         .(b) 

The  increment  of  heat  which  will  raise  a  body^s  temperature  one 
degree,  is  called  its  specific  heat.  The  specific  heat  being  the  in- 
crement of  q  for  each  unit  of  d,  if  c  denote  the  specific  heat  when 
the   pressure   is  constant,  and   c^  that  when   the  density   is  constant^ 

then  will 

dq       dq    dD ^  dq       dq  dp^ 

or,  Equations  (a), 

dq      a,D  dq      a.p 


dD    1  +  ad'        *''  dp    1  +  aa' 

and  by   division,  making  c  =  7 .  c^, 

-^    dq    ,  dq 

in  which  7,  denotes  the  ratio  of  the  specifio  heat  of  the  gas  at  a 
constant  pressure  to  that  at  a  constant  density.  This  ratio  is 
know;i  from  experiment  to  be  constant  for  atmospheric  air,  and  is 
probably    so    for   all    gases.       The    experiments  of    Desormes    and 
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Clements  make  its  value   1,3482;  those  of  Gay-Lussac  and  Walter  P*^"  '. 
1,3748;    and  those  of  Dulong  on  perfectly  dry  air  1,421.      Regard-  ^*Y^ 
ing  /  as  constant,   the  integration  of   the   foregoing   equation  gives 


=/(© . 


(S— l|niiindlTWb.t.) 


in  which  /,  denotes  any  arbitrary  function  of  the  quantity  withm 
the  parenthesis,  and  from  which,  denoting  the  inverse  functions  by 
jP,   we  may   write 

p  =  lP'.F{q) (c) 

From   Equatioa  (300),   we  have 

a=  ?  ^l^.J-^.j/'^\^(g)^l.      .       .       .(d) 

a.P.D       a      a.F  ^^'       a  ^  ' 

Sudden  compression  increases,  and  a  sudden  expansion  decreases  tha 
temperature  of  bodies,  and  if  q  remain  the  same,  while  suddenly 
p,  2>,  d,  become  p\  D\  A\  we  have 

p'=iy>^.F(q),  .   .    (e)       »'  =  J-^iyy-KF{q)-\.   .   .   (g) 

Eliminating  F  (q)  first  from  Equations  (c)  and  (e),  and  then  from  Equa- 
tions (d)  and  (g),  we  have,  replacing  y  and  a  by  their  numerical  values, 

•        •        •        •       (391) 

a'=  (273  +  6)  {^)  -  273     .        .        .      .  (392) 

These  equations  give  the  relation  between  the  densities,  elastic 
forces,  and  the  temperatures  of  a  gas  suddenly  compressed  or  dila- 
ted,  and   retaining   the  quantity   of  its  heat  unchanged. 

The  pressure  being  constant,  make,  in  Eq.  (390),  ^  =  0,  2>  =  Z>^,  and 

divide  same  equation  by  the  result ;  we  find  D  =z  D^-r-  (l-fa^.      Make 

pz=iD^*k^^  •  g'  =  weight  of  a  column  of  mercury  at  standard  temperature 

T,  and  resting  on  a  base  unity,  in  Lat.  45°,  where  gravity  is  g\     These 

in  Eq.  (389)  give,  after  writing  0,00204  for  a,  and  /°  —  32°  for  d, 

JP  =  :??^^ .  [I +  (/•- 32«) .  0,00204] .    .    .    (398) 
If  the   temperature  of  the  mercury   vary   from  tXift  tlwv^vt^'T^ 


■•  -  © 
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and  become  7*  then  will  Z>.  also  v&ry  and  become  D^  and  to  deit 
the   same  pressure   A,,    must   have  a    new    value    k,   aod   auch  that 

D^.h„.ff'  =  D',.h.g'. 
Mercury    cxpaods  or    contracts  0,0001001"'    part   of    its  entire  vol 
time    fur   each   degree  of  Fahr.    by    which   it  iocreases  or  diminishei 
its   temperature.       And    as  the    density   of    the    same    body    varia 
inversely    aa   its  volume,   we  have 

iJ;  =  D.[i  +(T—  y)- 0,0001001] 
which  substituted   above  gives 

A„  =  A[l  +  {r-T'). 0,0001001] (SM) 

SQUAI.    TBASBUIBBIOK    OF    FBE86UBX. 

§246. — Let  EHL,  represent  a  dosed  vessel  of  any  shape,  wiA 
which  two  piston  tubes  A  B'  and 
J)  C  communicate,  each  tube  be- 
ing provided  with  a  piston  that 
fits  it  accurately  and  which  may 
move  within  it  with  the  utmost 
freedom.  The  vessel  being  filled 
with  any  fluid,  let  forces  P  and 
P',  be  applied,  the  former  per* 
pendicularly  to  the  piston  A  B, 
and  the  lntt«r  in  like  direction 
to  the  piston  CD,  and  suppose 
these  forces  in  equllibrio,  which 
they  moy  be,  since  the  fluid  cannot  escape.  Now  let  the  piston 
ABhn  moved  to  the  position  A' B' ;  the  piston  <7i>  will  lak« 
Bomo  new  position,  aa  C  If.  And  denoting  by  (  and  »',  the  di» 
tances  A  A'  and  C  C,  respectively,  wo  have,  from  the  principle  of 
virtual  velocities, 

P»  =  P'*'. 

Denote  the  area  of  the  piston  AB  hj  a,  and  that  of  the  piston 
CD  hy  a',  then  will  the  volume  of  the  fluid  which  was  thrust  from 
the  tube  AB',  be  measured  by  a.s,  and  that  which  entered  the  tub* 
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}  (T^  will  be  measured  by  a!  s\    But  the  pressure  upon   the  pistons 

ad  the  temperature  remaining  the  same,  the   entire  yolum:e»  of   the.  ^ ' 

aid  in  the  vessel  and  tubes  will  be  unchanged.      Hence,    ^     ^  N  V    v 

as  =  a'  s'l 
iTiding  the  equation  above  hj  this  one,  we  have 

■ 

p    p' 

-  =  ^ (396) 

a         a  ^       * 

liat  is  to  saj,  two  Jbrces  applied  to  pistons  which  communicate  freehf 
nth  each  other  through  the  intervention  of  some  confined  fiuid^  will 
e  in  equilibria  when  their  intensities  are  directly  proportional  to  the 
ireas  of  the  pistons  upon  which  they  act. 

This  result  is  wholly  independent  of  the  relative  dimensions  and 
K>sitions  of  the  pistons;  and  hence  we  conclude  that  any  pressure 
gmmunicated  to  one  or  more  elements  of  a  fluid  mass  in  equilibrio,  is 
qually  transmitted  throughout  Hie  whole  fluid  in  every  direction.  This 
aw  which  is  fully  confirmed  by  experiment,  is  known  as  the  prin- 
iple  of  equal  transmission  of  pressure, 

§247. — LfCt  a  become  the  superficial  unit,  say  a  square  inch  or 
quare  foot,  then  will  P  be  the  pressure  applied  to  a  unit  of  sur- 
ace,  and,  Equation  (396), 

P'^Pa'. (397) 

[hat  is,  the  pressure  transmitted  to  any  portion  of  the  surface  of 
he  containing  vessel,  will  be  equal  to  that  applied  to  the  unit  of 
urface  multiplied  by  the  area  of  the  surface  tci  which  the  transmis- 
ion  is  made. 

§  248* — Since  the  elements  of  the  fluid  are  supposed  in  equilibrio, 
he  pressure  transmitted  to  the  surface  through  the  elements  in  con- 
act  with  it,  must,  §217  and  Equations  (332),  be  normal  to  the  sur 
ace.     That  is,  the  pressure  of  a  fluid  against  any  surface^  acts  always 
n   the  direction  of  the  normal. 
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»/''<J^§^- 


MOTION  OF  THE  FLUID  PABTICLE8. 


Tho  particles  of  a  fluid  having  the  utmost  freedom  of 
motion  among  one  another,  all  the  forces  applied  at  each  particle 
must  be  in  equilibrio.  Regarding  the  general  Equation  (40)  as  ap- 
plicable to  a  single  particle,  whose  coordinates  are  x^  y^  c,  we  shall 
have 


«  =  */»    y^Vi^    «  =  « 


>j 


and  supposing  the  particle  to  have   simply  a  motion  of  translation, 
we  also  have 

5(p  =  0;    *>^  =  0;    S^  =  0; 


and   that  equation  becomes 


( 


2  P  cos  a  —  m 


Sx 


+    (2/>cos/3-m.-^)  Jy 


d 


+    (sPcosy  ^m^-j^JS 


=  i>-^ 


whence,  upon  tho  principle  of  indeterminate  co-efficients, 


2  P  cos  a  --  m» 


2  P  cos  j3  —  m 


2  P  cos  /  — 


m 


(Px 

d^ 

d^z 
dt^ 


=  0; 


=  0; 


=  0. 


(398)    • 


Now  the  terms  2  P  cos  a,  2  P  cos  j3  and  2  P  cos  y,  are  each  composed 
of  two  distinct  parts,  viz. :  1st.,  the  component  of  the  resultant  of 
the  forces  applied  directly  to  tho  particle;  and  2d.,  the  component 
of  the  pressure  transmitted  to  it  from  a  distance,  arising  from  the 
forces  impressed   upon   other  particles. 

Denote  by  X,   Y  and  Z,  the  accelerations,  in  tho  directions  of  the 
axes  X,  y,  2r,   respectively,   due  to  the  forces  applied  directly  to  the 
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particle;  then  m,  being  the  mass  of  the  particle,  the  components  of 
the  forces  directly  impressed  will  be 

mX;     mY\     mZ, 

The  pressure  transmitted  will  depend  upon  the  particle's  place, 
and  will  be  a  function  of  its  co-ordinates  of  position.  Denote  by  jo, 
the  pressure  upon  a  unit  of  surface,  on  the  supposition  that  every 
point  of  •the  unit  sustains  a  pressure  equal  to  that  communicated  to 
the    particle  from  a  distance ;   then,  for  a  given  time,  will 

Conceive  each  particle  of  the  fluid  to  consist  of  a  small  rectan* 
gular  parallelopipedon  whose 
faces  are  parallel  to  the  co- 
ordinate planes,  and  whose  con- 
tiguous edges  at  the  time  <, 
are  dx^  dy  and  dz\  and  let 
«,  y,  z,  be  the  co-ordinates  of 
the  molecule  in  the  solid  an- 
gle nearest  the  origin  of  co- 
ordinates. Then  would  the 
difference  of   pressure   on  the 

opposite  faces,  which  are  paral-  ^.         ^ 

lei   to  the  plane  ty^  were  these  faces  equal  to  ^  unity,  be'« 

dp 


\^ 


.  •''. 


F(x  +  dx,  jr,2r,)  -  F{x,y,z,)  =~^.rfar; 

and   upon  the  actual   faces   whose   dimensions   are  each  dz.dy,  thin 
difference  becomes,  Equation  (397), 

,  -r-'  dx'dy '  dz, 

*  dx  ^ 

In  like  manner  will  the  diflference  of  the  pressures  transmitted 
to  the  <jppo8ite  faces  parallel  to  the  planes  zx  and  xy^  be,  respeo 
lively, 

dp  dp 

dy^dt'dxy     and     -^•dz^dx^dy. 


dy 


ds 
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These  pressures  being  normal  to  the  surfaces  to  which  they  are 
respectively  applied,  they  will  act,  the  first  in  the  direction  of «, 
the  second  in  the  direction  of  y,  and  the  third  in  Uie  direction 
of  z.  And  as  these  differences  alone  determine  that  portion  of  the 
motion   due  to  the  transmitted   pressures,  w^  have 

dp 

SPcosa  =  mX ~-  -dz .dy  ,dz\ 

ax 

2Pcosj8  =mF r^  ^dy ,dx.dz\ 

dy 


2  P cos y  =z  mZ  — 


dp 
'dz 


dz.dx.  dy. 


Denote  by  D  the  density  of  the  mass  m,  then  will,  Equation  (1)', 

m  =  J)  .dx  ,dy,.dZy 

and  by  substitution,  £<[uations  (398)  become 


1      df 

D  '  dx 

1 


=  Jf- 


d^x 


J)      dy 


^p  ^  y_fy 


t     '    *  f    m 


\ 


1  -rr- 


dp 
dz 


=  Z  - 


dl^ 

cPz 
dfi 


•     • 


(399) 


y  DenoJ^by   ii,  v  and  tr,  the  velocities   of  the   molecule  whose 


co- 


ordinates are  xyz,  parallel  to  the  axes  x^  y,  ar,  respectively,  at  the 
time  t.  Each  of  these  will  be  a  function  of  the  time  and  the  co- 
ordinates of  the  molecule's  place;  and,  reciprocally,  each  co-ordinate 
will  be  a  function  of  /,  «,  v  and  w;  whence.  Equations  (12)  and  (13), 

d^x       du 


dfi 


^  dM  __  /(f  m\     dt       du    dx      du     dy      du     dz 

"■  77  ""  v7/  '  Ji ^ dH'  Ji  ^  Jj^ '  Tt"^ 7z  "dt'^ 


dx    dy    dz 
and  replacing  — »   --?  ~i    by  their  values  w,  v,  w,  respectively,  w« 


have 


d^x        /du\    ,    du  du  du 
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1  the  same  way, 


dt^ 


(dv\    ,    dv  ,     dv 

di/        dx  dy 


,    dv 

^  +  77-^' 


dx 


dw 


ajf.  dg 


hich,  substituted  in  Equations  (399),  give 


) 

dp 

=  X~ 

(^) 

du 
dx 

•  u  — 

•  V  — 

dz 

'W\ 

r 

•dp 

=  Y- 

O 

dv 
'dx 

•  V  — 

dv 
dy 

•  1^  — 

dv 
IT 

*w\ 

r' 

dp 

dz 

=  Z  - 

(4^) 

dw 
dx 

u  — 

dw 

dy 

,  V  — . 

dw 
dz 

•w. 

*■    •  4 


(400) 


Here  are  three  equations  involving  five  unknown  quantities,  viz. : 
,  V,  w,  p  and  D,  which  are  to  be  found  in  terms  of  Xj  y,  z  and  t,ry^ 

Two  other  equations  may  be  found  from  these  considerations,  viz :        ^ 
le  velocity  in  the  direction  of  2ir,  of  the  molecule  whose  co-ordinates      ^  • 
*e  xyz^  is  u;    the  velocity  of    the  molecule  in  the  angle  of   the 
irallelopipedon  at  the  opposite  end  of  the  side  dx^  at  the  same  time, 

* 

du 
u  +  j-^-dx; 


id  hence  the  relative  velocity  of  the  two  molecules  is 


.  du    ,  du     . 

u  +  -T—  •  a«  —  V  =  -T —  •  dx, 

dx  "  dx 


t  the  time  ty  the  length  of   the  edge    joining  these  molecules 
r,  and  at  the  end  of  the  time  t  -{•  dt^  this  length  will  be 

t  du     -       ,  ,     /  -    .  du     _  V 

dx  ^  -^-:^dx.di  —  dx{^\  '\-'^--dt)\ 


dx 


dx 


e    second  term   being    the    distance    by  which    the    molecules   in 
testion    approach   toward    or    recede    from    one    another   in    the 


374  ELEMENTS    OF    ANALYTICAL    MECHANI08. 

In  the  same  way  the  edges   of  the  parallelopipedon  which  at_  Um 
time  t,  were  dy  and  dz^  become  respectlyely, 

1      ,    dw     ,',,  .    ,^    ,    dvf     _*. 

dg  +  -r-'dz.dt     =zdz  (1  +  --— -rfrt; 

dz  ^^       dz         '^ 

and  the   volume  of  the  parallelopipedon,  which   at  the  time  t^  was 
dz,dy,dz,  becomes  at  the  time  t  +  dt, 

dx.dy.dzn  +4^.rf/).(l+4^.c//).(l  +^.dt). 
^  dx        '    ^         dy        ' _  dz        ' 

•  # 

The  density,  which   was  D^  at  the   time  /,  being  a  function  of  xyi 

and  ty  becomes   at  the   time  t  +  dtj 

dt  dx  dy  dz 

^   which  may   be  put  under  the  form, 

^    .    /dD     .    dD  dx     .'  dD   dy     ,    dD    dz\  ^ 

2>  -4-  I -4-  . 4-  . -—  -4-  • \  dt\ 

^\dt   ^    dx    dt  ^   dy    dt   ^  dz     dt/       * 

and  replacing 

dx        dy        dz 
'dt'     Tt'     TT' 

by  their  values  «, »,  w,  respectively, 

/dD         dD  dD  dD     \  ^ 

Multiplying  this  by  the  volume  above,  we  have  for  the  mass  of   the 
parallelopipedon,  which  was 

D  .dx  ,dy  .dz^ 

at  the   time   t^  the  value, 

>^dx.dy.dz{l+^.dt):{l+^.dt).il+^-^.dt) 
at  the  time   t  +  dt. 


•    1 
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But  these  masses  must  be  equal,  since  the  quantity,  of  matter 
is  unchanged.  Equating  them,  striking  -out  the  common  factors,  per- 
forming the  multiplication,  and  neglecting  the  second  powers  of  the 
difiTerentials,  we  have 

^  /du        dv        dw\       dD       dD  dD       .  dD  ^,^^,^ 


/J 


This  is  called  the  Equation  of  continuity  of  the  fiuid.j^  It  expres- 
ses the  relation  between  the  velocity  of  the  molecules  and  the  den- 
sity of  the  fluid,  which  are  necessarily  dependent  upon  each  other. 
This  is  a  fourth  equation.  "77        ^       0 ^m  m  * 

§250.— If  the  fluid  be  compressible,  then  will  the  fifth  equauon 
be  given  by  the  relation, 

F{D,p)^Q,  . (402) 

•  • 

as  b  illustrated  in  the  particular  instance  of  Mariotte's  law.  Equa- 
tion (389).  The  form  of  the  function  designated  by  the  letter  J^ 
will  depend  upon  the  nature  of  the  fluid. 

§  251. — If  the  fluid  be  incompressible,  the  total  difierential  of  D 
will  be  zero,  and 

dD         dD  dD  dD  ^  .,^^, 

and  consequently,  the  equation  of  continuity.  Equation  (401),  becomes, 

du    .     dv     .     dw   '   ^  /.rv.v 

+  ;^ h-T-=0;     •     •     •     *    ..  (404) 


dx         dy  dg 


,  I  .  ■  t 


ard  we  have  for    the  determination   of  u,  v,  to,  2>  and  /i,   the  five 
Equations  (400),  (403),  (404). 

§252. — These  equations  admit  of  great  simpliflcation  in  the  case 
of  an  incompressible  homogeneous  fluid  when  u*dx  +  v.dy  +  to.dB, 
is  a  perfect  differential.     For  if  we  make 

udx  +  vdy  +  wdz  =  d^^ 
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then  from  the  partial  differentials  will 

-  =  7^5   "  =  77'   "  =  77'-   •   •   •   (^) 

which,  in  Equation  (404),  gives  {qt  t^e  equatiofi^  <^  Q^tijuiitj, 

by  the  integration  of  which  the  function  9  may  be  found. 
Differentiating  the  values  of  ti,  v  and  10  above,  we  have 

^  aa:  '  ay  '  dz 

Eliminating  u,  v,  w,  duydv  and  d  w,  from  Equation  (400),  hj  means 
of  the  values  of  these  quantities  above,  we  have 

1     dp  __  CP9  ^9    rf2^        j;f^       ^^  ^qj       1^^ 


2/     (3^2;                  dx'dt  dx  dx^       dy    dx,dy       dz     dx.dz^ 

1     dp                     cPq)  rfq)       cPq)          cf^   rf*©       </9       cP9 

D    dy                  dy.dt  dz  dy.dx      dy  dy^       dz    dy.dz* 

1     dp         „           d^^  d^       d^^          d^      d^(^          d(p    cP^ 

J)     dz                  dz,dt  dx  dz.dx       dy    dz.dy       dz     dz^ 

Multiplying  the  first  by  dx^  the  second   by  (fy,  the  third  by  <f2,and 
adding,  we  find. 


^  7     ''1  ■  /  /  V         / 


From  which,  by  integration,  may  be  found  the  pressure  at  any  point 
of  an  incompressible  fluid  mass  in  motion,  when  Equation  (406)  is 
the  equation  of  continuity. 

;  §253. — When  the  excursions  of  the  molecules  are  small,  the 
second  powers  of  the  velocities  may  be  neglected,  which  will  reduce 
Equation  (407)  to 

^'dp=iXdx  +  rdy  +  Zdz^  d  ^.    .    .    (408) 
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§  254. — ^If  the  condition  expressed  by  Equation  (406)  be  not  fuU 
filled,  then  we  must  have  recourse  to  Equation  (404)  to  find  the 
pressure. 

§255. — Resuming  Equation  (401),  which  appertains  to  a  compres- 
sible fluid,  retaining  the  condition  that 

udx  +  vdy  +  wdz  =  d^ 
18   a  perfect  diflferential,  and  from  which,  therefore, 

«  =  775    '  =  ^'^=^'     •     •    •    (409) 
we  obtain  by  substitution, 

J  cftt  dv       dw  I       dD  .  dD  d(f>        dD  d(p       dD  d(f>        _ 

(  </^  c/y        cf2;   )        dt       dz   dx        dy  dy        dz  dz 

If  the  excursions  of  the  molecules  from  their  places  of  rest  be 
very  small,  both  the  change  of  density  and  velocity  will  be  so 
small  that  the  products  which  constitute  the  last  three  terms  of 
this  equation  may  be  neglected,  and  the  equation  of  continuity  be- 
comes 

_,     /du     ,     dv     .     dw\    .    dD 

and  repladng  du,  dv  and  die,  by  their  values  from  Equations  (409), 
and  dividing  by  D,  we  find 

-TT  +  rfF  +  rfp-  +  rf^S  =  «•    •    •    •     (410) 

from  which,  and  Eq.  (408),  the  equation  connecting  the  extraneous 
forces  with  the  co-ordinates  xyz^  and  that  expressive  of  Mariotte^s 
law,  the  function  9  may  be  found,  then  the  value  of  2),  and  finallj 
that  of  p. 

The  excursions  being  small,  if  we  impose  the  additional  condi- 
tion that  the  molecules  of  the  fluid  are  not  acted  upon  by  extra- 
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Deocs  forces,  in  vhich  case  the  motions  can  onlj  arise  from  acme 
arbitrary  initial  disturbance;   then,  Equation  (408), 

and  by  Mariotte's  law, 

p  =  P.JD  =  a^.D (411) 

jfrom  which  • 

dp  =  a'dJ) (412) 

and  the  above  may  be  written,  after  dividing  hy  dty  * 

which,  in  Equation  (410),  gives 

From  this  Equation  the  function  9  is  to  be  determined,  then  the 
value  of  />,  from  Equation  (410),  and  that  of  ^,  from  either  of  the 
Equations  (411)  or  (418). 

§  266. — Conceive  a  homogeneous  elastic  fluid  to  be  disturbed  at  one 
of  its  points  by  the  sudden  expansion  or  contraction  of  the  element 
there  situated.  This  will  break  up  the  equilibrium  of  the  surrounding 
molecular  forces  at  that  point,  the  particles  adjacent  will  move  to  re- 
store tlie  uniformity  of  density,  and  an  expanding  disturbance  will  pro- 
ceed outward  from  this  as  a  centre.  Take  the  origin  at  the  pointy  and 
denote  the  distance  of  any  particle  involved  in  the  disturbance,  at  any 
time  /,  subsequent  to  the  disturbance  by  »*,  then  will 

a?'  +  y*  +  2*  =  r\        ' 

Denote  the  velocity  of  the  particle,  supposed  in  the  direction  of  r,  by 
C;  then  will 

T  r  r 
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DifferentiatiDg  the  first  of  the  above  equations,  we  have 

zdx  +  f/df/-\'zdz=^r,dr. 

Substituting  the  values  of  r,  y,  and  z  from  the  secondf  third,  and  fourth, 
there  will  result 

udx  +  vdff  +  tffdz  =  ^,dri 

so  that  this  satisfies  the  condition  of  the  first  member  being  an  exact 
differential ;  and,  therefore,  d(p  =z^.  dr;  or 

or 
And  hence 

d(p      d(^    X  d(p      d(p    y  '  (f  9      cf  9    z 

a«      rfr     r  rfy       rfr    r       '        dz       dr    r 

differentiating, 

<P^  ^(P(^    y*      dp    j^  +  X* ^ 

c?*9__rf*9    jf'c/^    a^  +  y* ^ 
d^'^d?'?'^'!^'  ~7^  ' 

and  these  values,  substituted  in  Equation  (414),  give 


t*  \dr*^r    drj' 


which  may  be  written, 


cJfrcD         .    d*r(D 


of  which  the  integral  is,  Appendix  No.  IV., 

r(p  =  F{r  +  at)+/{r^at)\ 

and  in  which  F  and  /  denote  any  arbitrary  functions  whatever.    From 
this  we  have 
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<l>  =  -lf{r  +  at)+/(r-at)]    ....     (415) 

Taking  tho  first  differential  coefficient  of  9  with  respect  to  r,  and  re- 
placing its  value  by  ^, 

■ 

f  =  1 .  [/"  (r  +  a  0  +/'(r  -at)]-  i  [F{r  +  at)  +/(r  -  a  0]. 
r  r 

m 

Eor  arij  considerable  distance  from  the  origin,  the  second  term  may  be 
omitted  in  comparison  with  the  first ;  and  there  will  result,  after  squaring 
and  multiplying  by  m,  the  mass  of  the  moving  particle. 


m^  =  '^^.[r{r  +  at)+f{r^at)y    . 


.    •     (416) 


The  first  member  is  the  .living  force  of  the  moving  particle,  or  double 
the  quantity  of  work  it  may  impress  upon  the  oigans  of  sense  exposed 
to  its  action.  The  effect  it  may  produce  will,  therefore,  all  other  things 
being  equal,  vary  inversely  as  the  square  of  its  distance  from  the  place 
of  primitive  disturbance.  Equations  (415)  and  (416)  are  employed  in 
discussing  the  theory  of  sound. 


>»■ 


EQUILIBBIUH    OF    FLUIDS. 


'    8  257.— If  the  fluid  be  at  rest,  then  will 
and  Equations  (899)  become 


=  0; 


dx  ' 


dp 
dy 

dp^ 
dz 


U  t 


=  i>.r;  . 


z^D.Z. 


■■( 


t^" 


(417) 


§  258.— Multiplying  the  first  by  rfar,  the  second   by  rfy,  tlie  third 
\ff  dgj  and  adding  we  find, 


dp  =  J)  (Xdx  +  Ydy  4.  Zdz)^ 


(418) 


3     y,    VZ     -iU      -^I^wi^/    '      ^^<r^rY«    >-  ./.-         i\       /.■^'/       ..•/.'.^•'        v-^<2.. 
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and  by  integratioii, 

pz=:fD.{Xdx+Tdy  +  Zdz)',   .    .    .    .(419) 

whence,  m  order  that  the  value  of  p  may  be  possible  for  any 
point  of  the  fluid  mass,  the  product  of  the  density  by  the  function 
Xdx  +  Tdy  +  ZdZy  must  be  an  exact  difierential  of  a  function  of 
the  three  independent  variables  x^y^z.  Reciprocally,  when  this  oondi* 
tion  is  fulfilled,  not  only  will  the  pressure  at  any  point  become  known 
by  substituting  its  coi^rdinates,  but  the  Equations  (417),  will  be  sat- 
isfied, and  the  fluid  will  be  in  equiHbrio. 

§  259. — Ck)nceiving  those  points  ^  of  the  fluid  which  experience  equal 
pressures  to  be  connected  by,  indeed  to  form  a  surface,  then  in 
passing  from  one  point  to  another  of  this  surface,  we  shall  have 
rfp  =  0,and  /""-/''' -,.-..     ...^..     ^    - 

y/    >  Xdx+  Ydy  +  Zdz=:0, (420) 

which  is  obviously  the  differential  equation  of  the  surface.' 

Dividing  this  by  RdSy  ia  which  mj?,  denotes  the  resultant  of  the 
forces  which  act  upon  any  particle,  and  ds,  the  element  of  any 
curve  upon  the  surface  passing  through  the  pairticle,  we  have 

Ji    ds   ^  B    ds    ^  E    ds  '  ^^*' 

whence  the  resultant  of  the  forces  acting  upon  any  one  of  the 
elements  of  a  surface  of  equal  pressure,  is  normal  to  that  surface. 
This  is  the'  characteristic  of  what  is  called  a  level  surface,  which 
may  be  defined  to  be  any  surface  which  cuts  at  right  angles  the 
direction  of  the  resultant  of  the  forces  which  act  upon  its  particles. 

§260.— If  Equation  (420)  be  integrated,  we  have 

f(Xdx  +  Tdy  +  Zdz)  =  C7,      ....  (422) 

in  which  C  is  the  constant  of  integration.  The  magnitudes  of  this 
constant  must  result  from  the'  dimensions  of  the  surface,  or  from 
the  volume  of  the  fluid   it  envelops.      By  giving   it    different  and 
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suitable  values,  we  may  start  from  a  single  particle  and  proceed  ouU 
wards  to  the  boundary  of  the  fluid,  and  if  the  successive  values 
differ  by  a  small  quantity,  we  shall  have  a  series  of  level  ianceiUrk 
strata. 

The  last  possible  value  for  €  will  determine  the  exterior  or  bounding 

surface  of  the  fluid ;  because  this  surface  being  free,  the  pressure  upon  it 
will  be  zero ;  the  differential  of  the  pressure  from  one  point  to  another 
will,  therefore,  be  zero,  and  the  differential  equation  will  be  that  num- 
bered (420),  or  that  of  equal  pressure.  Every  free  surface  of  a  fluid  in 
equilibrio  is,  therefore,  a  level  surface. 

§261.^Putting  Equation  (418)   under  the  form 

^  =  Xdx  +  Tdy  +  Zdz, (428) 

we  see  that  whenever  the  second  member  is  an  exact  differential, 
p  must  be  a  function  of  i>,  since  the  first  member  must  also  be  an 
exact  differential.     Making,  therefore, 

p  =  F{Dl.    .......    (424) 

■    ...    •        •.  ■♦!-•.     ,.        •  •■   ••: 
in  which  F  denotes  any  function  whatever,   the  above  equation  be- 
comes 

^-^^^  =  Xdx  +  Ydy  +  Zdz\      .    .    .     (425) 

but  for  a  level  surface  or  stratum,  the  second  member  reduces  to 
lero ;  whence, 

dFiJ))  =  0; 
and  by  integration, 

F{D)  =  C7; 

whence,  not  only  will  each  level  stratum  be  subjected  to  an  equal 
pressure  over  its  entire  surface,  but  it  will  also  have  the  same 
density  throughout 

g262. — ^If  the  fluid  be  homogeneous  and  of  the  same  temperature 
throughout,  then  will  D  be  constant,  and  the  condition  of  equilibrium 
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simply  requires  that  the  function  Xdx  +  Ydy  +  Zdz,  Equation 
(419),  shall  be  an  exact  difierential  of  the  three  independent 
variables  x,  y,  e,  and  when  this  is  not  the  case,  the  equilibrium 
will  be  impossible,  no  matter  what  the  shape  of  the  fluid  mass, 
and  though  it  ^ere  contained  m  a  closed  vessel. 

But  the  function  above  referred  to  is,  §  133,  always  an  exact 
difierential  for  the  forces  of  nature,  which  are  either  attractions  or 
repulsions,  whose  intensities  are  functions  of  the  distances  from  the 
centjes  through  which  they  are  exerted.  And  to  insure  the  equi- 
librium, it  will  only  be  necessary  to  give  the  exterior  surface  such 
shape  as  to  cut  perpendicularly  the  resultants  of  the  forces  which  act 
upon  the  surface  particles.  This  is  illustrated  in  the  simple  example 
of  a  tumbler  of  water,  or,  on  a  larger  scale,  by  ponds  and  lakes 
whidi  only  come  to  rest  when  their  upper  surfaces  are  normal  to 
the  resultant  of  the  force  of  gravity  and  the  centrifugal  force  arising 
from  the  earth's  rotation  on  its  axis. 

In  the  case  of  a  heterogeneous  fluid  subjected  to  the  action  of  a 
central  force,  its  equilibrium  requires  that  it  be  arranged  in  concentrio 
level  strata,  each  stratum  having  the  same  density  throughout/  And 
the  equilibrium  will  be  stable  when  the  centre  of  gravity  of  the 
whole  is  the  lowest  possible,  §  138,  and  hence  the  denser  strata  should 
be  the  lowest. 

When  the  fluid  is  incompressible,  the  density  may  be  any  function 
whatever  of  the  co-ordinates  of  place.  It  may  be  continuous  or  dis- 
continuous. When  it  is  given,  the  value  of  the  pressure  is  found  from 
Equation  (419). 

§263. — In  compressible  fluids  the  density  and  pressure  are  con- 
nected by  law,  and  the  former  is  no  longer  arbitrary. 

Dividing  Equation  (418)  by  Equation  (389),  we  have    '  ^   •  *»  fv 

.  %«' 

dp   _  Xrfa?  +  Tdp  +  Zdg      ....     (426)' 
p     -  P  • 

Integrating, 

,                fXdx  +  Ydy  -f  Zdz   ,   ,      ^  ,^^^, 

^gl>  =  J -p^ +  log  C;  •    .    .  (426) 
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'    denoting  the  base  of  the  Naperian  system  by  e^  we  have 


P 

and  this  substituted  in  Equation  (389),  gives 


J 


^^. 


JXix-\-  Tif+Zit 

l>  =  — J- (428) 


These  equations  determine  the  pressure  and  density. 

For  any  surface  of  constant  pressure,  the  exponent  of  f,  in  Equa- 
tion (427),  must  be  constant,  its  differential  must,  therefore,  be  zero, 
and  all  the  consequences  deduced  from  Equation  (420)  will  follow; 
that  is,  when  the  fluid  is  at  rest,  it  must  be  arranged  in  level  strata, 
each  stratum  having  the  same  density  throughout,  with  the  addition 
that  the  law  of  ttie  varying  density  must  be  continuous  by  the  re> 
quirements  of  Mario tte's  law.        .'<-<.*  \         . . .  V-^      ^f  '■  • 

If  the  temperature  vary,  then  will  P  vary^and  in  order  that 
Equation  (425)'  may  be  an  exact  differential,  F  must  be  a  function 
of  xyZj  and  hence,  Equations  (427)  and  (428),  when  p  is  constant, 
D  will  be  constant ;  that  is,  each  level  stratum  must  be  of  uniform 
temperature  throughout. 

It  is  obvious  that  the  atmosphere  can  never  be  in  equilibrio ;  for 
the  sun  heating  unequally  its  different  portions  as  the  earth  turns 
upon  its  axis,  the  layers  of  equal  pressure,  density  and  temperature 
can  never  coincide.  Hence,  those  perpetual  currents  of  air  known  as 
the  trade  winds,  and  the  periodical  monsoons;  also,  the  sea  and  land 
breezes,  variable  winds,  &c.,   &c. 


/?^(3^J8  264. — Rest  is  a  relative  term;  when  applied  to  a  particle  of  a 
fluid  mass,  it  means  that  that  particle  preserves  unaltered  its  place  in 
regard  to  the  other  particles;  a  condition  consistent  with  a  bodily 
movement  of  the  entire  mass. 

If  a  liquid  mass  turn  uniformly  about  an  axis,  the  preceding 
equations  will  .nake  known  its  permanent  figure.  For  this  purpose 
it  will  be  sufficient  to  join  to  the  forces  X,  F,  Z,  the  centrifugal  forces 
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Take  the  axis  f  as  the  axis  of  rotation ;   denote  the  angular  velocity 
by  9,  and    the  distance  of 
the  particle   M  from   the 
axis  z  by  r;  then  will 

ra  =  a:a  +  y2; 

the  centrifugal  force  of  M 
regarded  as  a  unit  of  mass, 
will  be 

r9^ 

and  its  components  in  the 
direction  of  x  and  y,  respectively, 

and  these  in   Equation  (418),  give 

djp  =  D.{Xdx  +  Ydy  +  Zdz  +  (p^arrfa?  +  9^  y .  rf  y).  •  (429) 

When  the  second  member  is  an  exact  difierential,  the  permanent  form 
will   be  possible. 

For  the  free  surface  d'p  =:  0,  and  we  have 

Xdx  +  Ydy  +  Zds  +  (p'^.x.dx  +  <p^ydy  =  0*  •  -(430) 

Example  1. — Let  it  be  required  to  find  the  figure  assumed  by 
the  free  surface  of  a  heavy  and  homogeneous  fluid  contained  in  an 
open  vessel  and  rotating  about  a  vertical  axis. 

Here, 

X=Oj     r=0;    Z=  -^;  • 

and   Equation  (430)  becomes 

ffdg  =  (fi^{xdx  +  ydy). 
Integrating, 


^ 


'  =  «:;(**  + y*)  +  ^' 


(431) 


which  is  the  equation  of  a  paraboloid  whose  axis  is  that  of  rotatiim. 
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To  find  the  constant  C7,  let  tho  vessel  be  a  right  cylinder,  with 
circular  base,  whose  radius  is  a,  and  denote  by  A  the  heightf  due  to 
the   velocity  of  the  fluid  at  the  circumference,  then 


'      f  ■ 


and 


/  / 

z  =  ^  +  C7 (482) 


Denote  by  h  the  height  of  tho  liquid  before  the  rotation ;  its 
volume  will  be  ^<]?,h.  Conceive 
the  w^hole  body  of  the  liquid  to 
be  divided  into  concentric  cylin- 
drical layers,  having  for  a  common 
axis  the  axis  of  rotation.  Tho  base 
of  any  one  of  these  layers  will 
have  for  its  area,  neglecting  (fr^, 
2*^.  rfr,  and  for  its  volume,  taking 
the  origin  of  co-ordinates  in  the 
bottom  of  the  vessel,  2'rr.rfr.^, 
which  being  integrated  between  the 
limits  r  =  0  and  r  ^=z  a^  will  give 
^  the  whole  volume  of  the  fluid,  and 
hence, 


/r 


a*  6  =  2/    zr  ,dT  \ 


replacing  r .  rf  r  by  its  value  from  Equation  (432),  and  integrating 
between  the  limits  z  •=^  C  and  z  =  A  -f  (7,  which  are  the  values 
given   by  Equation  (432)  for  r  =  0   and  r  =  a,  we  find 

(7=  6  -  JA, 

and   the  equation  of  tho  upper   surface  becomes 


z  = 


Ar« 


4-  *  —  i  A. 


The  least  and  greatest  values   for   z^  are   h  ^  \K   and    5  -|-  J  A, 
obtained  by  making  r  =  0  and  r  =  a,  so  that  the  depression  i*f  the 
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liquid  at  the  axis  is  equal  to  its  elevation  at  the  surface  of  Jie 
cylindrical  vessel,  and  is  equal  to  half  die  height  due  to  the 
velocity  of  the  latter. 

§  265.—FxampU  2.— Let 
the  fluid  elements  be  attract- 
ed to  the  centre  of  the  mass 
by  a  force  varying  inversely 
as  the  square  of  the  distance. 
Take  the  origin  at  the  cen- 
tre  ;  denote  the  distance  to 
the  particle  m  from  that  point 
by  r,  and  the  intensity  of  the 
attractive  force  at  the  unit's 
distance  by  k.    Then  will 


P  =  m  -r- ;     cos  a  = ;     cos  ^  = ;     cos  y 

r*  r  r 


and 


-^-    Z 


/ 
kg 


which  in  Equation  (430),  give 

—  {xdx  +  ydy  +  zdz)  —  f^^{xdx  +  ydy)  tr  0, 


or 


^^ 


tr     . 


^--^'rf(*»  +  y«)  =  o, 


and  by  integration. 


^  +  |-(*'  +  y')  =  C; 


I  making 

ar*  +  y2  —  ^.2  cos«  d, 

in  which  d  denotes  the  angle  made  by  r,  ^ith  the  plane  xy^ 


r         2  ' 
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and    denoting  the  distance  from  the  origin    to  the  point  in   whidi 
^e  free,8ur&ce  cuts  the  axis  z  by  unity,  we  have,  by  making  h  =  90^, 

^hich  substituted  above,  and  solving  with  respect  to  008*4,  gives 

j^2.cos^4==--l-_J (484) 

and  making  r  =:  1  +  u,  we  have 


\  9*  •  cos*  h  = 


(1  +  uf 

if  the  angular  velocity  be  small,  then  will  u  be  very  small. 
Developing  the  second  member  with  this  supposition,  and  limiting 
the   terms  to   the  first  power  of  u,  we  find 

i  92 .  cosM  =  ir  («  —  3  tt»). (434/ 

Neglecting  Sw'^,  and  replacing  u  by  its  value,  viz.:  r —  1,  we 
have   for  a  first  approximation, 

r  =  1  +  —  •  cos*  4. 

From  Equation  (434)',  we  find 

9* -cos* 4     .    _   . 

and  this  in  the   equation 

r  =  1  +  t*, 
gives 

r  =  1  +  ~.cos*4  +  St**; 

and  replacing  ti*  by  its  approximate  value  — i   above,  by  neg- 

lecting 3tf*,  we  have 

,    .    9*         o  ii    .    3  9*«cos*4 

tor  the  polar  equation  of  the  meridian  section. 
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Camparing  this  with  the  equation 

r  =  —  =  1  +  ie'cos'i  +  J-<*  -oos**  +  &&, 

tbey  become  identical    by   neglecting   the  higher  powers   and  making 


The  free  surfkce  of  the  fluid  approximates  therefore  very  doselj 
to  an  ellipsoid  of  revolution  of  which  the  eccentricity  of  ita  meridian 
Kection  is  equal  to  the  square  root  of  the  quotient  arising  from 
dividing  the  centrifugal  force  at  the  unit's  dbtance  from  the  axis 
of  rotation,  by  the  force  of  attraction  at  an  equal  distance  from  the 
centre. 

FBSSSIJBE  OF  HEATT  FLUIDB. 

§366. — When -a  fluid  contained  in   any   vessel  is  acted  upon  bj 
Its  own  veight,  if  the  axis  »  be    taken  vertical 
and  positive  downwards,  then  will 

and   Equation  (418)  becomes, -after  integrating, 

p  =  Dgs  +  C; 

and    asBumipg    the  plane  xy   to    coincide   with 

the  upper  surface  of  the  fluid,  which  must,  when  in  equUibrio,  b* 

horizontal,  we  have,  by  mailing  c  =  0, 

in  which  p'  denotes  the  pressure   exerted  upon  the  unit  of  the  free 
mrfiice.    Whence, 

p-p'==D.g.z. (4»6) 

The  first  member   is  the  pressure   exerted   upon  a  unit  of  surface, 
every  point  of  which  unit  having  a  pressure  equal  to  that  sustained 
by  the  element  whose  coordinate  is  c 
19 
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U  p'  =  0,  then   will  ^-i^^C  ^\^\'^S>f' 

p^Dgzl^^^.     .....     .(436) 

and  denoting  by  h  the  area  of  the  surface  pressed,  and  by  dh^  the 
oJcnicnt  of  this  surface,  whose  co-ordinate  is  2,  we  have,  Equation 
(397),  for  the   pressure  upon   this  element  denoted  by  /»^, 

p^  z=z  Dff.z.dby 

and  the  same  for  any  other  clement  of  the  surface ;  whence,  deno- 
ting  the   entire  pressure  by  P,   we  shall   have 

P  =lp^  =  Dff.^z.db. (437) 

But  if  z^  denote  the  co-c»rdinate  of  the  centre  of  gravity  of  the 
entire  surface  6,  then    will.  Equations  (91), 

Iz.db  =  bz^y 
and 


P^Dg.b.z,.     .    .    ,  ,..    .     ,    .    (438)  ; 

/  .  .  I  .    r    ■    .     .  .  .'  .  ■.    I  •■     >*•*  ■  / 

Now  ^  ^^ .  is  the  volume  of  a  right  cylinder  or  prism,  liirhose  base 
is  b,  and  altitude  z/^  Dg,b,z^  is  the  weight  of  this  volume  of 
the  pressing  fluid.  Whence  we  conclude,  that  the  pressure  exerted 
vpon  any  Hurface  by  a  heavy  fluid  is  eqtial  to  the  weight  of  a  cylin^ 
drical  or  prismatic  column  of  the  fluid  whose  base  is  equal  to  the 
surface  pressed,  and  whose  altitude  is  equal  to  the  distance  of  ike  cen- 
tre of  gravity  of  the   surface  below  the   ttp2)er  surface  of  the  fluid. 

When  the  surface  pressed  is  horizontal,  its  centre  of  gravity  will 
be  at  a  distance  from  the  upper  surface  equal  to  the  depth  of  the 
Quid. 

This  result  is  wholly  independent  of  the  quantity  of  the  pressing 
fluid,  and  depends  solely  upon  the  density  of  the  fluid,  its  heio^ht,  aiid 
the   extent   of  the   surface   pressed. 


£zampU  1.  —  Required  the  pressure 
against  the  inner  surface  of  a  cubical  ves- 
sel filled  with  water,  one  of  its  faces  being 
horizontal.  Call  the  edge  of  the  cube  a, 
the  area  of  each  face  will  be  a',  the  dis- 
tance   of   the    centre   of   gravity   of    each 

* 
vertical    face  below  the  upper  surface  will  be  ^a,   and  that  of  th« 


N 

K 

r~^ — 

> 

\ 

i 

\ 

•» 


MECHANICS   OF   FLUIDS.  291 

« 

lower   fiice  a;     whence,   the    principle    of    the    centre    of   gravi^ 
gives,     ^ 


Again, 

6  =  6g2; 

and  these,  substituted  in  Equation  (438),  give 

Now  2>^  X  1'  =  Dg^  is  the  weight  of  a  cubic  foot  of  water  =  62,5 
lbs.,  whence, 

P  =  62,5  X  3g». 

Hake  g  =  7  feet,  then  will 

P  =  62,5  X  3  X  (7)3  =  64312,5. 

Hie  weight  of  the  water  in  the  vessel  is  62,5  g^,  yet  the  pressure 
is  62,5  X  3g3,  whence  we  see  that « the  outward  pressure  to  break 
the  vessel,  is  three  times  the  weight  of  the  fluid. 

Example  2. — Let  the  vessel  be  a  sphere  filled  with  mercury,  and 
let  its  radius  be  R,    Its  centre  of  gravity  is 
at  the  centre,  and   therefore  below   the   upper 
surface  at  the  distance  J?.     The  surface  of  the 
sphere    being    equal    to    that    of  four    of   its 

great  circles,  we  have  '  ^ ^      .    ^  •  *    -> 

6  =  4«'/2a; 

whence, 

b.s,  =4«'^3. 

and.  Equation  (438), 

The  quantity  2>^  x  P  =  2>^,  is  the  weight  of  a  cubic  foot  of 
mercury  =  843,75  lbs.,  and  therefore,  substituting  the  value  of 
*  =z  3,1416, 

P  =  4  X  3,1416  X  843,75 .  E^. 
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-  'A 


Now  suppose  the  radius  of  the  sphere  to  be  two  feet,  then 'will 
R^  =  8,  and 

Ih9,  Of. 

P  =  4  X  3,1416  X  843,75  X  8  =  84822,4. 

The  volume  of  the  sphere  is  ^*B^\  and  the  weight  of  the  con- 
tained mercurj  will  therefore  be  1*223^2)=  W.  Dividing  the 
whole  pressure  by  this,  we  find 

^  =  3; 

whence  the  outward  pressure  is  three  times  the  weight  of  the  fluid. 

Example  3. — Let  the  vessel  be  a  cylinder,  of   which    the   radius 
:     r  of  the  base  is  2,  and  altitude  I,  6  feet.    Then  will 

6. «,  =  ^rr^r +  /)  =  3,1416  X  2  X  6  X  8; 

which,  substituted  in  Equation  (438), 

P  =  301,5936  X  Dg, 
and 

W  =  3,1416  X  2»  X  6  X  i>^  =  75,398  X  Dg\ 

whence, 

P   _  301,5936  X  Dg  _     ^ 
W  "     75,39B4.i>^    ^"■     ' 

that  is,  the  pressure  against  this   particular  vessel   is  four  times  the 
weight  of  the  fluid. 

^  y<y  .^§267.— The  point  through  which  the  resultant  of  the  pressure 
upon  all  the  elements  of  the  surface 
passes,  is  called  the  centrt  of  pressure. 
Let  EIF  he  any  plane,  and  MIf 
the  intersection  of  this  plane  produced 
with  the  upper  surface  of  the  fluid 
which  presses  against  it.  Denote  the 
area  of  any  elementary  portion  n  of 
the  plane  EIF  hj  db;  and  let  m  be 
the  projection  of  its  place  upon  the 
upper  surface  of  the  fluid;  draw  mAf 
perpendicular  to  MN^  and  join  n  with  if  by  the  right  line  li  i/jthi 
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latter  will  also  be  perpendicular  to  MN^  and  the  angle  nMm  will 
measure  the   inclination  of  the  plane  UIF  to  the   surface   of  the 
fluid.     Denote  this  angle  hj  9,  the  distance  mn  by  h\  and  Mn  by  r' 
then  will  /^  ^.,;.   ^   ,  .   /  '     /' 

the  pressure  upon  the  element  db^  - 

•  m  m 

its   moment  with  reference  to  the  line  MN^f 

Dffr'^  sin  9  .  rf6; 

and  for  the  entire  sur&ce,  the  moment  becomes 

2>^.sin9.2r'*rf6. 

Denote  by  .r  the  distance  of  the  centre  of  gravity  of  the  surface 
pressed  from  the  line  MN,  its  distance  below  the  upper  surface  of 
the  fluid  will  be  r .  sin  9 ;  and  the  pressure  upon  this  surface  will  be 

i>  ^ .  r  sin  9 . 6 ; 

and  if  I  denote  the  distance  of  the  centre  of  pressure  from  the 
line  MN^  then  will 

J)g.rem(p.b.l  =  Dg  .sm^.J^r^.dby 
from  which  we  have, 

1  =  ^^^—  =  "'    ^r.' (439) 

r,b       ■  r  ^       ' 

whence,  Equation  (238),  the  centre  of  pressuj'e  is  found  at  the  centre 
of  percussion  of  the  surface  pressed. 

§268. — ^The  principles  which  have  just  been  explained,  are  of 
great  practical  importance.  It  is  oflcn  necessary  to  know  the  pre- 
cise amount  of  pressure  exerted  by  fluids  against  the  sides  of  ves- 
sels and  obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimensions  of  the  latter  as  to  give  them  sufiicient  strength  to 
resist.  Reservoirs  in  which  considerable  quantities  of  water  are  col- 
lected and  retained  till  needed  for  purposes  of  irrigation,  the  supply 
of  cities  and  towns,  or  to  drive  machinery;  dykes  to  keep  the  sea 
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and  lakes  from  inundating  low  districts;  artificial  embankments  con- 
structed along  the  shores  of  rivers  to  protect  the  adjacent  coimtiy 
in  times  of  freshets ;  boilers  in  which  elastic  vapors  are  pent  up  in 
a  high  state  of  tension  to  propel  boats  and  cars,  and  to  give  motion 
to  machinery,  are  examples. 

§269. — As  a  single  instance,  let  it  be  required  to  find  the  thick- 
ness of  a  pipe  of  any  material  necessary  to  resist  a  giv^  pre»> 
sure. 

Let  ABC  be  a  section  of  pipe  perpen- 
dicular to  the  axis,  the  inner  surface  of 
which  is  subjected  to  a  pressure  of  p  pounds 
on  each  superficial  unit.  Denote  by  R  the 
radius  of  the  Interior  circle,  and  by  /  the 
length  of  the  pipe  parallel  to  the  axis; 
then  will  the  sur&ce  pressed  be  measured 
by  2*R.l\  and  the  whole  pressure  by 
2*R.l.p. 

By  virtue  of  the  pressure,  the  pipe  will  stretch;  its  radius  will 
become  R  +  dR^  the  path  described  by  the  pressure  will  h^  dB^ 
and  its  quantity  of  work 

2*R.l.pdR, 

The  interior  circumference  before  the  pressure  was  2^R,  afterwards 
%*{R  +  dR),  and  the  path  described  by  resistance,  2iedR.  And 
if  B  denote  the  resistance  which  the  material  of  the  pipe,  is  capable 
of  opposirig,  to  a  stretching  force,  without  losing  its  elasticity  over 
each  unit  of  section,  t  the  thickness  of  the  pipe,  then,  by  the  prin- 
ciple of  the  transmission  of  work,  must 


2^.B.l.dR.t  =:2^R.l.p.dRi 


whence, 


/  = 


Rp 
B 


The  value  of  p  is  estimated  in  the  case  of  water  pressure  by 
the  rules  just  given.    That  in  the  case  of  steam  or  condensed  gases^ 
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by  rules  to  be  given  presently.  The  value  of  B  is  readily  obtained 
from  Taole  I,  giving  the  results  of  experiments  on  the  strength  of 
materials. 


BQUnJBBIUK  AND  STABIUTY  OF  FLOATING  BODIES. 

V 

§270. — When  a  body  is  immersed  iif^a  fluid  it  is  not  only 
acted  upon  by  its  own  weight,  but  also  by  the  pressure  arising  from 
the  weight  of  the  fluid,  and  the  circumstances  of  its  rest  or  motion 
will  be  made   known   by  Equations  {A)  and  (B), 

l«et  ED  be  the  body;  take  the  plane  :py  in  the  plane  of  the  up- 
per surface  of  the  fluid, 
supposed  at  rest,  and 
the  axis  of  i;  therefore 
vertical.  Denote  by 
6  the  entire  surface 
of  the  body,  and  by 
d  by  one  of  its  elements, 
whose  co-ordinates  of 
position  are  xyz.  The 
pressure  upon  this  ele- 
ment will  be 

D  .g  ,z,dhy 

in  which  D  is  the  density  of  the  fluid,  and  g  the  force  of  gravity. . 

This  pressure  is,  §  248,  normal  to  the  surface,  and  denoting  by 
a,  /S  and  7,  the  angles  which  this  normal  makes  with  the  axes  xyz^ 
respectively,  the  components  of  the  pressure  in  the  direction  of  these 
axes  will  be 

2>*^.2r.(/6.cosa;     D,g  ,z  »db,cosP]    D,g.z,db  .cosy. 

Similar  expressions  being  found  for  the  components  of  the  pressure  on 
other  elements,  we  have,  by  taking  their  sum, 

J)  g.^z.db  .cos  a  I     Dg.^Ez  .db  .cos  fi]     Dg.^z.db  .cosy. 

Qut  df^.cos.a,   ili.cosjS,   and   db.cosy,    are  the  projecticns   of  the 
area  db  on  the  coordinate  planes  zg^  zx  and  xy,  respectively;    and 


1/ 


»    *t    # 


*.' 


■I  •   .<. 


/< 
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J^z  ,db  ,  COS  a,Sz,db , cos  fi^lg.db  .  cos y^  are    volumes  of    righ 
prisms   whose    bases  are    projections  of   the  entire  surface    pressed 
upon   the  same  co-ordinate  planes,  and  of  which  the  altitude  of  each 
is  the  depth  of  the  common  centre  of  gravity  of  the  elements  of  its 
base  submerged  to  the  depths  of  their  corresponding  surface  elements. 

Whence  we  conclude,  that  the  component  of  the  pressure  an  an^ 
eur/acej  estimated  in  any  directiony  is  equal  to  the  pressure  on  so  muck 
of  that  surface  as  is  equal  to  its  projection  on  a  plane  at  right  angles 
to   the  given  direction. 

The  cylinder  or  prism  which  projects  an  element  on  one  side  of 
the  body  will  also  project  an  element  situated  on  the  opposite  side; 
these  projections  will,  therefore,  be  equal  in  extent,  but  will  have 
contrary  signs,  for  the  normal  to  the  one  will  make  an  acute,  and 
to  the  other  an  obtuse  angle  with  the  axis  of  the  plane  of  projection. 
When  these  projections  ,are  made  upon  any  vertical  plane,  the  value 
of  z  will  be  the  same  in  both,  and  hence,  for  each  positive  product^ 
z.db,  cos  a  and  z.db, cos /3,  there  will  be  an  equal  negative  product; 
therefore, 

J)g  .Iz  ,db,cosa  =  lPcosa=z  0;  Dg  ,lz .db , cos ^=^P cos ^=0, 

That  is,  the   sum   of    the  horizontal   pressures   in   the   directions  of 
X  and  y,  and  therefore  in  all  horizontal  directions^  will  bs  zero ;   and 
the  first  and   second  of  Equations  (120),  give 

or,  which   is  the  same  thing,  there  can  be  no   horizontal   motion  or 
translation   from  the   fluid  pressure. 

When  the  projections  of  opposite  elements  are  made  upon  as 
horizontal  plane,  they  will  still  be  equal  with  contrary  sif^ns,  th 
normal  to  the  elements  on  the  lower  side  making  obtuse,  while  th<^ 
normals  to  the  elements  above  make  acute  angles  with  the  axis  z\ 
but  the  corresponding  values  of  z  will  differ,  and  by  a  length  equal 
to  that  of  the  vertical  filament  of  the  body  of  which  these  elements 
form   the  opposite  bases,  and   hence 

Dg,lz.db.cosyz=:  J)g,l{z'^z,)dbcosy  =  —  Dg^cd bcoay" {440) 
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in  \chich  z'  denotes  the  ordinate  for  the  upper,  and  z,  that  for  the 
lower  element  in  the  same  vertical  line,  and  c  the  distance  between 
the  elements;  and  the  third  of  Equations  (120)  becomes 

2  (^Pcosy  —  m-  -^\  =  Mg  —  2)^«2c«rf6-cosy  —  2»i.-^--^  =  0, 

But  2c .db . cos 7  is  the  volume  of  the  immersed  body  which  is 
obviously  equal  to  that  of  the  displaced  fluid;  also  Dg.lcdb  .cosy 
is  the  weight  of  the  displaced  fluid;  and  Mg  that  of  the  body. 
Denoting  the  volume  of  the  body  by  P,  its  density  by  i>',  the 
%bovo  may  be  written 

V'jyff-  VDff-Sm'^  =  0.     •    .    .     (441) 

t 

Now,  when  r        -  -    '  • 

T  lyg  —  TDg  =  0, 


OP 


then  will 


2>  =s  D\ 


and  there  can  be  no  vertical  motion  of  translation   fi:m  the  fluid 
pressure  and  the  body's  weight. 
When  D*  >  i>,  then  will 

and   the  body  will   sink  with  an  accelerated  motion. 
•     When  D'  <  2>,  then  will 

and   the  body  will  rise  with  an  accelerated  motion  till 

Sm-~=V'I)'y-  rDff  =  0;     •    •         ^142) 
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in  vbich    V  denotes  the  Volume  ABO,  of  the 
fluid  displaced.    At  this  instant  we  hare 


V;i>'ff=  VDg; 


(443) 


ud  if  the  bodj-  be  brought  to  rest,  it  will 
remain  so.  That  is,  the  body  will  float  at  the 
surface  when  the  weight  of  the  fluid  it  dia- 
placea  is  equal  to  its  own  weight. 

'nie  action  of  a  heavy  fluid  to  support  a  body  wholly  or  partlj 
immersed  ia  it,  is  called  the  buoyant  tfforL  The  intensity  of  the 
buoyant  eflbrt  is  equal   to  tlie  vieighl  of  tht  Jlaid  difphud. 

Substituting  the  values  of  the  bori2ontal  and  vertical  oompoaeota 
of  the   pressures  in  Equations  (116),  and  redudng  by  the  relations, 


Dg.Ze.db.eosy.y'  =  Dg.V.y;^ 


(444) 


in  which  x  and  y  are  the  co-ordinates  of  the  centre  of  gravity  of  ths 
displaced  fluid  referred  to  the  centre  of  gravity  of  the  body,  we  find 


I' 

J./ 

-!f 

^^ 

df 

, 

.(Pit 

-«' 

*•«' 

dp 

y' 

d*z 

-    !' 

d'y' 

dfi 


-  Dg.  V.x; 


=.-Dg-V.y. 


(445) 


Equation.s  (444)  show  that  the  line  of  direction  Qf  the  buoymt 
eflort  passes  through  the  centre  of  gravity  of  the  displaced  fluid. 
This  point  is  called  the  thtlrt  of  buoyancy.  And  from  Equations 
(445),  we  see  that  as  long  as  x  and  y  are  not  zero,  there  will  be 
ait  angular  acceleration  about  the  centre  of  gravity.  At  the  Instant 
2  =  0  and  y  =  0,  that  is  to  say,  when  the  centres  of  gravity  of 
the  body  and  displaced  fluid  are  on  the  same  vertical  line,  this 
aceelemtion  will  cease,  at\d  if  the  body  were  brought  to  rest,  it 
would   hate  no   tendency  to   rotate. 

To   recapitulate,  we  find, 


moHAirics  or  flvids. 


1st.  37iat  the  pruntrm  upon  th*  wurfiuf  ^  a  body  immtrted  in 
a  lutmy  Jhiid  kavt  a  nngU  ntultani,  called  ih»  buoyant  tffort  of  th§ 
Jhtid,  and  thai  IhU  rMultant  it  directed  vtrtieally  vptoardt, 

Sd.  That  the  buoyant  effort  is  equcd  in  inttnaity  to  tke  veighi  of 
tkt  fiuid  dttplaeed. 

3d.  That  ihs  litle  of  direction  of  the  buoyant  effort  paiut  through 
th*  centre  0/  gravity  of  the  diiplaetd  Jtuid. 

4th.  That  tht  horizontal  preuuret  destroy  one  another. 

§S71. — Having  discussed  the  equilibrium,  oonsider  next  the  sta 
Irili^  of  a  floating  bodjr.  Ihe  density  of  the  bod/  maj  be  honu^' 
geneouB  or  heterogeneous. 
Let  ^  ^  Ci7  be  a  section 
of  the  body  by  the  upper 
sur&ce  of  the  fluid  when 
the  body  b  at  rest,  & 
its  centre  of  gravity,  and 
ff  that  of  the  fluid  dis- 
placed. Denote  by  V  the 
Tolnme  of  the  displaced 
fluid,  and  by  J£  the  mass 
of  the  entire  body.    The 

body  being  in  equilibrio,  the  line  C^will  be  vertical,  and  denodng 
the  density  of  the  fluid  by  D,  ve   shall  have 


(446) 

Suppose  the  section  ABCD  either  nuaed  above  or  depressed 
below  the  surface  of  the  fluid,  and  at  the  same  time  slightly  careened  ; 
also  suppose,  when  the  body  is  abandoned,  that  the  elements  hnve 
a  slight  Telocity  denoted  by  u,  «',  &c.  Now  the  question  of  sta- 
bility will  consist  in  ascertaining  whether  the  body  will  return  to  its 
former  position,  or  will   depart  more  and  more  from   it. 

Hie  free  surface  of  the  fluid  is  called  the  plaiu  of  Jloatation, 
and  daring  the  motion  of  the  1>ody  this  plane  will  out  from  it  a 
variable  section. 

[let  A'  £'  C  D'  be  one  of  these  seotions  at  any  g^Ten  instant  of 


)'^ 
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time ;  A  B"  CJy\  another  variable  section  of  the  bodj  bj  a 
zontal  plane  through  the  centre  of  gravity  of  the  primitive  aeotioK 
A  B  CDy  and  A  C  the  intersection  of  the  two.  Denote  b j  A  Um 
inclination  of  these  two  sections,  and  by  ^  the  vertical  distanoe  of 
A  B"  CD*\  from  the  plane  of  floatation,  which  now  ooinddea  with 
A  B*  C  D\  this  distance  being  regarded  as  negative  or  positive,  a^ 
cording  as  A  B"  CD"  is  below  or  above  the  plane  of  floatation. 
The  variable  quantities  A  and  ^  will  be  supposed  very  small  at  the 
instant  the  body  is  abandoned*  Will  they  continue  so  during  the 
whole  time  of  motion  1 

From  the  principles  of  living  force  and  quantity  of  work,  we  baT«^ 
Equation  (121),       .*  .       . 

fu^.dM=2f{Xdx  +  Ydy  +  Adz)  +  C. 

The  forces  acting  are  the  weights  of  the  elements  dM  and  the  TWti- 
cal  pressures,  the  horizontal  pressures  destroying  one  another ;  whence, 
X  =  0,    Z  =  0,  and 

fu^dMz:z2fzdz+C=^2^Zz+C.    •    .     (447) 

The  force  which  a^ts  upon  an  element  above  the  plane  of  floatik 
tion  is  its  own  weight,  and  the  force  which  acts  upon  any  element 
below  that  plane  is  the  difference  between  its  own  weight  and  that 
of  the  fluid  it  displaces;  the  first  of  these  latter  will  he  p.dM^  and  the 
second,  (/ .  D .  d  V,  in  which  d  V  is  the  volume  oi  dM\  whence, 

:^Zz  z=zfg.z,dM^fgD.z,dV.  •     .     (448) 

•  But,  drawing  from  the  centre  of  gravity  (?,  of  the  body,  the  perpen- 
dicular O  E^  Xx>  the  plane  of  floatation  A'  B'  C  D\  and  denoting  Q  JS 
by  «^,  we  have 

J  g  .z.dM  =  gMz^. 

The  integral yz/D.r.rf  7,  will  be  divided  into  two  parts,  viz:  one 
relating  to  the  volume  of  the  body  below  AB  CD^  or  the  volume 
immersed  in  a  state  of  rest,  and  the  other   that    comprised  between 
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A  B  CD  and  the  plane  of  floatation  A'  B'  C  D\  when  the  bodj  is  in 
motion.  Denote  hj  g  D  Vz\  the  value  of  the  first,  in  which  z' 
denotes  the  variable  distance  HF^  of  the  centre  of  gravity  J7,  of 
the  volume  F,  from  the  plane  of  floatation  A'  B'  C  D\  And  repre- 
senting for  the  instant  by  h  tne  value  of  the  integral  J zdV^  com- 
prehended between  the  planes  ABCD  and  A' B'  C  J)\  gDh  wOl 
be  the  second  part;  and  Equation  (447)  becomes 

fu^dM=2g.Mz,  --^gDVz'  -•2gDh+  a  •  •  (449) 

The  line  Off,  being  perpendicular  to  the  plane  ABCD,  the  angle 
which  it  makes  with  the  line  0  JE  is  equal  to  6,  and  denoting  the  dis- 
tance G  ff  hy  a,  we  have 

z,  ^=  z'  ±  a  cos  A  ; 

the  upper  sign  being  taken  when  the  point  G  is  below  the  point 
fff  and  the  lower  when  it  is  above.  This  value  reduces  Equation 
(449)  to 

fu^dM=::h2gDVaco36-^2gDh+C.   •   •   .(450) 

•  Let  us  now  find  the  integral  h.  For  this  purpose,  conceive  the 
area  ABCD  to  be  divided  into  indefinitely  small  elements  denoted 
by  d\  and  let  these  be  projected  upon  the  plane  of  floatation, 
A'  B*  C*  D\  The  projecting  surfaces  will  divide  the  volume  com- 
prised between  these  two  sections  into  an  indefinite  number  of 
vertical  elementary  prisms,  and  these  being  cut  by  a  series  of  hori- 
zontal planes  indefinitely  near  each  other,  will  give  a  scries  of  ele- 
mentary volumes,  each  of  which  will  be  denoted  by  d  V,  and  we 
shall  have 

rf  F  =  rf  2? .  rf  X .  cos  d  ; 

whence,  for  a  single  elementary  vertical  prism, 

J  MdV  =  J  zdz.d\. cosA  =  J  (z)^  .  costf  .  rfX; 
in  which  {z)  denotes  the  mean  altitude  of  the  prism,  and  consequently 

h  =  lcos6.f{zy.d\ 
which  must  be  extended  to  embrace   the  entire  surface  ABCD. 
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Tho  yalue  of  (e)  is  composed  (f  two  parts,  viz.:  one  comprised 
between  the  parallel  sections  A' B' C  D'  and  AB"CD'\  and  whidt 
has  been  denoted  by  ^ ;  the  other  comprised  between  the  base  iX 
and  the  second  of  these  planes,  and  which  is  equal  to  /,  sin  ^,  de- 
noting by  /  the  distance. of  ef X  from  the  intersection  AC\  whence, 

in  which  I  will  be  positive  or  negative  according  as  <fX  happens  to 
be  below  or  above  the  plane  A  B'*  C D^\  Substituting  this  in  the 
value  of  A,  and  recollecting  that  ^  and  ^  are  constant  in  the  inte- 
gration, we  find 

Denote  by  b  the  area  of  AB  CD,  or  the  value  of  Jd X.  He 
line  A  C  passing  through  the  centre  of  gravity  of  AB  CD^  we  have 
I ld\  ±=  0.  And  denoting  by  k^  the  principal  radius  of  gyratioo 
of  the  surface  6,  in   reference   to   the  axis  A  (7, 

in  which  the  value  of  k^  is  dependent  upon  the  figure  and  extent 
of   the   surface   AB  CD,   and    upon    the   position  of   the   line   A  C, 

■ 

Whence, 

/*  =  i  ft .  cos  ^  (^  +  Ar,2  sin«  6).      ....     (451) 

Taking 

sin  d  =  4  —  ^-^  +  &c ;     cQsd  =  1  —  -—  +  &c. 

Neglecting  all  the  terms  of  the  third  and  higher  orders,  substitut- 
ing in  the  v-alue  of  h,  and  then  in  Equation  (450)  we  find,  after  trans- 
posing and    including   the   term    zh2pD  Va,  in  the  constant  (7, 

fu\dM+gD^b^^  -f  (6V  db  ra)4«]=  C.  •  •  .(452) 

Now  the  value  of  the  constant  C  depends  upon  the  initial  values 
of  tt,  ^  and  ^;  but  these  by  hypothesis  are  very  small;  hence  C, 
must  also   be  very   small.     As  long  as  the  second  term  of  the  first 
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member  is  positive,  /  u^dM  must  remain  very  smsll,  since  it  is  essen- 
tially positive  itself,  and  being  increased  by  a  positive  quantity, 
the  sum  is  very  small.  Hence  ^  and  b  must  remain  very  small. 
But  when   the  second  term  is    negative,   which   can    only   be   when 

hh^  d=  Va^  is  negative  and  greater  than  ^^,  the  value  of  I  u^dM 
may  increase  indefinitely;  for,  being  diminished  by  a  quantity  that 
increases  as  fast  as  itself,  the  difference  may  be  constant  and  very 
small.  Hence,  f  and  A  may  increase  more  and  more  afler  thy 
body   is  abandoned  to  itself,   and  finally  it  may  overturn. 

The  stability  of  the  equilibrium  depends,  therefore,  upon  the  sign 
oi  bk^^  ■±.  Va'y  the  equilibrium  is  always  stable  when  this  quantity  is 
positive ;   it  is  unstable  when  it  is  negative  and  greater  than  b  2_. 

1^d\  must  always  be  positive,  since  all  its 
elements  are  positive;  the  value  of  db  Va  becomes  negative  when 
the  centre  of  gravity  of  the  body  is  above  that  of  the  displao^ 
fluid,  in   which  case  the  stabih'ty  requires  that 

bk,^>Va,    or,  V>^- 

When  the  centre  of  gravity  of  the  body  is  below  that  of  the  dis- 
placed  fluid,  the  sign   of   Va  is  positive. 

Whence  we  conclude  that  the  equilibrium  of  a  body  floating  at 
the  surface  of  a  heavy  fluid,  will  be  stable  as  long  as  the  centre 
^  of  gravity  of  the  body  is  below  that  of  the  displaced  fluid;  that 
it  will  also  be  stable  about  all  lines  A  C,  with  reference  to  which 
the  principal  radius  of  gyration  of  the  section  of  the  body  by  the 
plane  of  floatation  squared,  is  greater  than  the  volume  of  the  dis- 
placed fluid  multiplied  by  the  distance  between  the  centres  of 
gravity  of  the  displaced .  fluid  and  that  of  the  body,  when  the  latter 
is  in  equilibrio,  divided  by  the  area  of  the  section  of  the  body 
by  the  plane  of  floatation.  When  this  condition  is  not  fulfilled,  the 
equilibrium  may  be  unstable.  A  ship  whose  centre  of  gravity  is 
above  that  of  the  water  she  displaces,  may  overturn  about  her  longer, 
but  not  about  her  shorter  axis. 

§  272. — A  line  BJC  through  the  centre  of  gravity  G  of  the  body 
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and  which  is  vertical  when  the  body  is  in  equilibrio,  is  called  a  Sm 
of  rest.    A  vertical  line  W  M  ^ 

m 

through  the  centre  of  gravity 
H'  of  the  displaced  fluid,  is 
called  a  line  of  sttpport.  The 
point  Af^  in  which  the  line  of 
support  cuts  the  line  of  rest, 
is  called  the  metacentre.  The 
body  will  be  in  equilibrio 
when  the  line  of  rest  and  of 
support  coincide.  Tlie  equi- 
librium will  be  stable  if  the  metacentre  fall  above  the  centre  of 
gravity  ;   it  may  be  unstable  if  below. 

§273. — When  the  equilibrium  is  stable,  and  the  body  is  disturbed 
and  then  abandoned  to  the  action  of  its  own  weight  and  that  of 
the  fluid  pressure,  it  will,  in  its  eflbrts  to  regain  its^  place  of  res^ 
oscillate  about  this  position,  and  finally  come  to  rest. 

The  circumstances  of  those  oscillations  about  the  centre  of  ffrantji 
of  the  body  will  readily  result  from  Equations  (445). 


8PECIFI0    GRAVITY. 

§274. — ^The  specific  gravity  of  a  body,  is  the  weight  of  so  mud 
of  the  body,  as  would  be  contained  under  a  unit   of  volume* 

It  is  measured  by  the  quotient  arising  from  dividing  the  weight 
of  the  body  by  the  weight  of  an  equal  volume  of  some  other  sub- 
stance, assumed  as  a  standard ;  for  the  ratio  of  the  weights  of  equal 
volumes  of  two  bodies  being  always  the  same,  if  the  unit  of  vojiume 
of  each  be  taken,  and  one  of  the  bodies  become  the  standard,  its 
weight  will  become  the  unit  of  weight. 

The  term   density  denotes    the  degree  of   proximity   among   the« 
particles  of  a  body.    Thus,  of  two  bodies,  that  will  have  the  greater 
density  which  contains,  under  an  equal  volume,  the  greater  number 
of    particles.      The   force   of   gravity   acts,   within    moderate    limitSi 
equally   upon  all  elements  of  matter.     The  weight  of  a  Bubstance 
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is,  therefore,  directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the  ratio 
of  their  densities.  Denote  the  weight  of  the  first  by  W,  its  density 
by  i>,  its  volume  by   F,  and  the  force  of  gravity  by  ^,  then  will 

W=zg.D.  V; 

and  denoting  the  like  elements  of  the  other  body  by  W^^  D^  and 
F^,  we  have 

Dividing  the  first  by  the  second, 

W  _   ^i>F   __    D  V 

and  making  the  volumes  equal, 

W        I)  ,^^^, 

'W  ^  'D ^    ^ 

Now  suppose  the  body  whose  weight  is  TF^  to  be  assumed  as  the 
standard  both  for  specific  gravity  and  density,  then  will  D,  be  unity* 
and 

5  =  -^  =  2) (454) 

in  which  S  denotes  the  specific  gravity  of  the  ^dy  whose  density 
is  D\  and  from  which  we  see,  that  when  specific  gravities  and 
densities  are  referred  to  the  same  substance  as  a  standard^  the 
numbers  which  express  the  one  will   also  express  the  other. 

§275. — Bodies  present  themselves  under  every  variety  of  condi* 
tion — gaseous,  liquid,  and  solid ;  and  in  es^rj  kind  of  shape  and  of 
all  sizes.  The  determination  of  their  specific  gravity,  in  every  in- 
stance, depends  upon  our  ability  to  find  the  weight  of  an  equal 
volume  of  the  standard.  When  a  solid  is  immersed  in  a  fluid,  it 
loses  a  portion  of  its  weight  equal  to  that  of  the  displaced  fluid. 
The  volume  of  the  body  and  that  of  the  displaced  fiuid  are  equal. 
Hence  the  weight  of  the  body  in  vacuo,  divided  by  its  loss  of 
weight  when  immersed,  will   give   the  ratio  of  the  weights  of  equal 

Yolumes  of  the  body  and  fluid;  and  if  the  latter  be  taken  as  the 

20 
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standard,  and  the  loss  of  weight  be  made  to  oocnpy  the  denomS- 
nator,  this  ratio  becomes  the  measure  of  the  specific  gravity  of  dn 
body  immersed.  For  this  reason,  and  in  view  of  the  consideration 
that  it  may  be  obtained  pure  at  all  times  and  places,  water  k 
assumed  as  the  general  standard  of  specific  gravities  and  densities 
for  all  bodies.  Sometimes  the  gases  and  vapors  are  referred  to 
atmospheric  air,  but  the  specific  gravity  of  the  latter  being  knonn 
as  referred  to  water,  it  is  very  easy,  as  we  shall  presently  see,  to 
pass  from  the  numbers  which  relate  to  one  standard  to  those  that 
refer   to   the   other. 

§  276. — But  water,  like  all  other  substances,  changes  its  density  with 
its  temperature,  and,  in  consequence,  is  not  an  invariable  standard. 
It  is  hence  necessary  either  to  employ  it  at  a  constant  temperature, 
or  to  have  the  means  of  reducing  the  apparent  specific  gravities,  as 
determined  by  means  of  it  at  difierent  temperatures,  to  what  they 
would  have  been  if  the  water  had  been  at  the  standard  temperature. 
The  former  is  generally  impracticable;    the  latter  is  easy. 

Let  D  denote  the  density  of  any  solid,  and  S  its  specific  gravity, 
as  determined  at  a  standard  temperature  corresponding  to  which  the 
density  of  the  water  is  D^,     Then,  Equation  (453), 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body,  as  indi> 
catcd  by  the  water  when  at  a  temperature  dififerent  from  the  stan- 
dard, and  corresponding  to  which  it  has  a  density  JD^,,  then  will 

D 


f 

o 

"A. 

Dividing 

the  first  of  these 

equations  by  the  second. 

WO 

have 

S 

A.. 

S'  " 

^          m                    • 

"  A' 

whence, 

S  = 

^'••^".  •       • 

• 

•    • 

(455) 


and   if  the   density  D, ,  be  taken  as  unity, 

S^zS'-J),,. (456) 


MECHANICS    OF  FLUIDS. 


807 


Tbat  ia  to  lay,  tlu  ipeeijie  gravity  of  a  body  at  delertiliiud  at  iht 
ikmdarti  temperature  of  the  water,  is  equal  to  it*  tpecific  graviti/  dttf~ 
vUtied  at  any  other  temperature,  multiplied  by  the  demity  of  l!u 
water  eorreiponding  to  thit  temperature,  the  deneity  at  the  ilandard 
temperature  being  regarded  at  unity. 

To  make  this  rule  practicable,  it  becomes  necessary  to  And  tba 
relative  denaltiea  of  vater  at  different  temperatures.  For  this  pur- 
pose, take  any  metal,  aay  silver,  that  easily  resists  the  chemical 
action  of  vnter,  and  whose  rate  of  expansion  for  each  d^ree  of 
Fahr.  thermometer  is  accurately  known  from  experiment;  give  it 
the  form  of  a  slender  cylinder,  that  it  may  readily  conform  to  the 
temperature  of  the  water  when  immersed.  Let  the  length  of  the 
cylinder  at  the  temperature  of  33°  Fahr.  be  denoted  by  /,  and  the 
radius  of  its  base   by   ml;    its  volume  at  this  temperature  will  be, 

*m'P  X  I  =  *m»P. 

Let  nl  be  the   amount  of   expansion  in  length  for   each  degree  of 

the  thermometer  above   32°.      Then,  for  a  temperature  denoted  by 

t,  will   the  whole  expwision  in  length  be 

nl  X  {l~3Sf), 

and  the   entire  length  of  the  cylin- 
der  will  become 

l+nl(t-~aZ'')=l[\+n{t-3af)]; 

which,  substituted  for  /  in  the  first 
expression,  will  give  the  volume 
for  the  temperature  t,  equal  to 
*in»P[l  +n{t-Z^)]K 
The  cylinder  is  now  weighed  in 
vacuo  and  in  the  water,  at  differ- 
ent temperatures,  varying  from  32° 
upward,  throughany  desirable  range, 
say  to  one  hundred  degrees.  The 
temperature  at  each  process  being 
substituted  above,  gives  the  volume 
of  the  displaced  fluid ;  the  weight  of   the  displaced  fluid  is  V.TWi'^ii 


/ 


SOS 
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from  the  loss  of  weight  of  the  cylinder.  Dividing  tliis  weight  bj 
the  volume,  gives  the  weight  of  the  unit  of  volume  of  the  water  at 
the  temperature  t.  It  was  found  bjr  Stamp/ery  that  the  weight  of 
the  unit  of  volume  is  greatest  when  the  temperature  is  -88^^  Fahi 
renheit's  scale.  Taking  the  density  of  the  water  at  this  temperature 
as  unity,  and  dividing  the  weight  of  the  unit  of  volume  at  each  of 
the  other  temperatures  by  the  weight  of  the  unit  of  volume  at  thisi 
88^.75,  Table  U  will  result. 

The  column  under  the  head  F,  will  enable  us  to  determine  how 
much  the  volume  of  any  mass  of  water,  at  a  temperature  t^  exceeds 
that  of  the  same  mass  at  its  maximum  density.  For  this  purpose, 
we  have  but  to  multiply  the  volume  at  the  maximum  density  bj 
the  tabular  number  corresponding  to  the  given  temperature. 


§2T7. — Befoce  proceeding  to  the  practical  methods  of  finding  the 
^ specific  gravity  of  bodies,  and  to  the  variations  in.  the  prooessel 
rendered  necessary  by  the  peculiarities  of  the  different  substances^ 
it  will  be  necessary  to  give  some  idea  of  the  best  instruments  em* 
ployed  for  this  purpose.  These  are  the  Hydrottatic  Balance  and 
NicholsorCa  HydronUter, 

The  first  is  similar  in  principle  and  form  to  the  common  balanofl^ 
It  is  provided  with  nunlerous 
weights,  extending  through  a 
«wide    range,    fi'om    a    small 
fraction  of  a  grain  to  several 
ounces.     Attached  to  the  un- 
der   surface    of   one    of   the 
basins,  is  a  small  hook,  from  . 
which     may     be    suspended 
any    body    by    means   of  a 
thin     platinum    wire,    horse- 
hair,  or    any   other    delicate 
thread  that  will  neither  absorb 
nor  yield  to  the  chemical  ac- 
tion of  the  fluid  in  which  it  may  be  desirable  to  immerse  it 
NichoUorCa  Hydrometer  consists  of  a  hollow  metolic  ball  A^  through 


MECHANICS    OF    FLUIDS.  309 

the  centre  of   which  passes  a  metallic  wire,  prolonged  in  both  dV 

rections  beyond  the  sur&ce,  and  supporting 

at    either    end  a    basin  B    and    B\      The 

ooncavities    of  these    basins    are    turned    in 

the    same    direction,  and    the    basin    B^  is 

made  so    heavy  that  when    the    instrument 

is  placed  in  water  the  stem    C  C  shall  be 

vertical,  and  a  weight  of  500  grains  being 

placed  in  the  basin  B^  the  whole  instrument 

will  sink   till   the  upper  surface  of  distilled 

water,  at  the  standard  temperature,  comes  to 

a  point  C  marked  on  the  upper  stem  near 

its  middle.     This  instrument  is    provided    with    weights    similar   Id 

those  of  the  Hydrostatic  Balance. 

§278. — (1).  If  the  body  he  solid,  insoluble  in  water,  and  will  sink 
in  that  fluid,  attach  it,  by  means  of  a  hair,  to  the  hook  of  the 
basin  of  the  hydrostatic  balance ;  counterpoise  it  by  placing  weights 
in  the  opposite  scale ;  now  immerse  the  body  in  water,  and  restore 
the  equilibrium  by  placing  weights  hi  the  basin  above  the  body, 
and  note  the  temperature  of  the  water.  Divide  the  weights  in  the 
basin  to  which  the  body  is  not  attached  by  those  in  the  basin  to 
which  it  is,  and  multiply  the  quotient  by  the  density  corresp9nding 
to  the  temperature  of  the  water,  as  given  by  the  table;  the  result 
will  be  the  specific  gravity. 

Thus  denote  the  specific  gravity  by  S,  the  density  of  the  water 
by  J),^y  the  weight  in  the  first  case  by  W,  and  that  in  the  scale 
above  the  solid  by  w,  then  will 

W 
'        w 

(2).  If  the  body  be  insoluble,  but  will  not  sink  in  water,  as  would 
be  the  case  with  most  varieties  of  wogd,  wax,  and  the  like,  attach 
to  it  some  body,  as  a  metal,  whose  weight  in  the  air  and  loss  of 
weight  in  the  water  are  previously  found.  Then  proceed,  as  in  the 
ease  before,  to  find  the  weights  which  will  counterpoise  the  com- 
pound in  air  and  restore  the  equilibrium  of  tlie  balance  when  it  is 
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immersed  in  the  water.  From  the  weight  of  the  compound  in  lir, 
subtract  that  of  the  denser  body  in  air;  from  the  loss  of  weight 
of  the  compound  in  water,  subtract  that  of  the  denser  bodj; 
divide  the  first  difference  by  the  second,  and  multiply  by  the  densitjr 
of  the  water  answering  to  its  temperature,  and  the  result  will  be 
the  specific  gravity  sought. 

Example, 

gra. 

A  piece  of  wax  and  copper  in  air  =  438     =  Tr+  W^ 
Lost  on   immersion  in  water  -    -     =    95,8  =  w  +  w', 

Copper  in  air =  388     =  W^ 

Loss  of  copper  in  water      -    •    -     =    44,2  =:  w'. 

Then 

TT  +  TP  -  TP  =  438  -  388  =  50,    =  IT, 
w  +  w'  -^  vt'  z=z  95,8  -  44,2  =  51,6  =  w. 

Temperature  of  water  43**,25, 

D,,  =  0,999952, 

W  50 

S  =iD,,x—   =  0,999952  x    =t^  =  0,968. 
"        w  51,6 

(3).  If  the  body  readily  dissolve  in  water,  as  many  of  the  saltB, 
sugar,  dsc,  find  its  apparent  specific  gravity  in  some  liquid  in  which 
it  is  insoluble,  and  multiply  this  apparent  specific  gravity  by  the 
density  or  specific  gravity  of  the  liquid  referred  to  water  at  its 
maximum  density  as  a  standard ;  the  product  will  be  the  true  specifio 
gravity. 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the  solid  is 
insoluble,  saturate  the  water  with  the  substance,  and  find  the  appa- 
rent specific  gravity  with  the  water  thus  saturated.  Multiply  this 
apparent  specific  gravity  by  the  density  of  the  saturated  fluid,  and 
the  product  will  be  the  specific  gravity  referred  to  the  standard* 
This  is  a  common  method  of  finding  the  specific  gravity  of  gunpow- 
der, the  water  being   saturated  with  nitre. 

(4).  If  the  body  be  a  liquid,  select  some  solid  that  will  resist  iti 
chemical  action,   as  a  massive   piece   of  glass   suspended   from  Gm 
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platinum  wire;  weigh  it  in  «£/ then  in  water,  and  finally  in  the 
liquid ;  the  differences  between  the  first  weight  and  each  of  the 
latter,  will  give  the  weights  of  equal  volumes  of  water  and  the 
liquid.  Divide  the  weight  of  the  liquid  by  that  of  the  water,  and 
the  quotient  will  be  the  specific  gravity  of  the  liquid,  provided  the 
temperature  of  water  be  at  the  standard.  If  the  water  have  not' 
the  standard  temperature,  multiply  this  apparent  specific  gravity  by 
the  tabular  density  of  the  water  corresponding  to  the  actual  tem- 
perature. , 

Example. 

Loss  of  glass  in  water  at  41**,  150     =  w', 
"  "         sulphuric  acid,  277,5  =  w, 

277  5 
S  =  %^  X  0,999988  =  1,85. 
150 

(5).  If  the  body  be  a  gas  or  vapor,  provide  a  large  glass  flask- 
shaped  vessel,  weigh  it  when  filled  with  the  gas ;  withdraw  the  gas, 
which  may  be  done  by  means  to  be  explained  presently,  fill  witli 
water,  and  weigh  again ;  finally,  withdraw  the  water  and  exclude  the 
air,  and  weigh  again.  This  last  weight  subtracted  from  the  first, 
will  give  the  weight  of  the  gas  that  filled  the  vessel',  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume  of  water ; 
divide  the  weight  of  the  gas  by  that  of  the  water,  and  multiply 
by  the  tabular  density  of  the  water  answering  to  the  actual  tem- 
perature of  the  latter ;  the  result  will  be  the  specific  gravity  of 
the   gas. 

The  atmosphere  in  which  all  these  operations  must  be  performed, 
varies  at  different  times,  even  during  the  same  day,  in  respect  to 
temperature,  the  weight  of  its  column  which  presses  upon  the  earth, 
and  the  quantity  of  moisture  or  aqueous  vapor  it  contains.  That  is 
to  say,  its  density  depends  upon  the  state  of  the  thermometer,  barom- 
eter, and  hygrometer.  On  all  these  accounts  corrections  must  be 
made,  before  the  specific  gravity  of  atmospheric  air,  or  that  of  any 
gas  exposed  to  its  pressure,  can  be  accurately  determined.  The  prin- 
ciples  according  to  which  these  corrections  are  made,  will  bo  discussed 
when  we  come  to  treat  of  the  properties  of  elastic  fluids. 


812 
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To  find  tlie  specifio  gravity  of  a  solid  by  xneaDs  of  Nicholson's 
Hydrometer,  place  the  instrument  in  water,  and  add  weights  to  the 
upper  basin  until  it  sinks  to  the  mark  on  the  upper  stem;  remoye 
the  weights  and  place  the  solid  in  the  upper  basin,  and  add  weights 
till  the  hydrometer  sinks  to  the  same  point;  the  difference  betweea 
the  first  weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  latter  in  air.  Take  the  body  from  the  upper  basin, 
leaving  the  weights  behind,  and   place   it  in   the   lower  basin;  add 

weights  to  the  upper  basin  till  the  instrument  sinks  to  the  same  point 

« 

as  before,  the  last  added  weights  will  be  the  weight  of  the  water 
displaced  by  the  body ;  divide  the  weight  in  air  by  the  weight  of 
the  displaced  water,  and  multiply  the  quotient  by  the  tabular  density 
of  the  water  answering  to  its  actual  temperature ;  the  result  will  be 
the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instrument,  immerse 
it  in  water  as  before,  and  by  weights  in  the  upper  basin  sink  it  to 
the  mark  on  the  upper  stem ;  add  the  weights  in  the  basin  to  the 
weight  of  the  instrument,  the  sum  will  be  the  weight  of  the  dis- 
placed wat&r.  Place  the  instrument  in  the  fluid  whose  specific  gravity 
is  to  be  found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
the  mark  as  before ;  add  these  weights  to  the  weight  of  the  Instru- 
ment, the  sum  will  be  the  weight  of  an  equal  volume  of  the  fluid; 
divide  this  weight  by  the  weight  of  the 
water,  and  multiply  by  the  tabular  density 
corresponding  *  to  the  temperature  of  the 
water,  the  result  will  be  the  specific  gravity. 

§  279. — Besides  the  hydrometer  of  Nichol- 
son, which  requires  the  use  of  weights,  there 
is  another  form  of  this  instrument  which  is 
employed  solely  in  the  determination  of  the 
specific  gravities  of  liquids,  and  its  indications 
are  given  by  means  of  a  scale  of  equal  parts. 
It  is  called  the  Scale- Areometer,  It  consists, 
generally,  of  a  glass  vial-shaped  vessel  A^  ter- 
minating at  one  end  in  a  long  slender  neck  C7, 
to  receive  the  scale,  and  at  the    other  in  a 
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small  globe  B^  filled  with  some  heavy  substance,  as  lead  or  mercury 
to  keep  it  upright  when  immersed  in  a  fluid.  The*  application  and 
use  of  the  scale  depend  upon  this,  that  a  body  floating  on  the  sur&oe 
of  different  liquids,  will  sink  deeper  and  deeper,  in  proportion  as  the 
density  of  the  fluid  approaches  that  of  the  body ;  for  when  the  b6dy 
is  at  rest  its  weight  and  that  of  the*^  displaced  fluid  must  be  equal. 
Denoting  the  volume  of  the  instrument  by  F,  that  of  the  dis* 
placed  fluid  by  F',  the  density  of  the  instrument  by  D,  and  that 
of  the  fluid  by  jy^  we  must  always  have  ' 

hi  which  g  denotes  the  force  of  gravity,  the  first  member  the  weight 
of  the  instrument,  and  the  second  that  of  the  displaced  fluid.     Divi- 
ding both  members  by   D'  F,   and   omitting   the  common  factor  g 
we  have 

m 

In  which,  if  the  densities  be  equal,  the  volumes  must  be  equal ; 
if  the  density  D'  of  the  fluid  be  greater  than  2>,  or  that  of  the 
solid,  the  volume  F  of  the  solid  must  be  greater  than  F',  or  that 
of  the  displaced  fluid;  and  in  proportion  as  J)'  increases  in  respect 
to  i>,  will  V  diminish  in  respect  to  F;  that  is,  the  solid  will 
rise  higher  and  higher  out  of  the  fluid  in  proportion  as  the  den- 
sity of  the  latter  is  increased,  and  the  reverse.  The  neck  C  of 
the  veasel  should  be  of  the  same  diam^er  throughout.  To  estab- 
lish the  scale,  the  instrument  is  placed  in  distilled .  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  surface 
of  the  water  on  the  neck  is  marked  and  numbered  1 ;  the  instru- 
ment  is  then  placed  in  some  heavy  solution  of  salt,  whose  specific 
gravity  is  accurately  known  by  means  of  the  Hydrostatic  Balance, 
and  when  at  rest  the  place  on  the  neck  of  the  fluid  surface  is  again 
marked  and  characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another  point 
towards  the  opposite  extreme  of  the  scale,  which  may  be  completed 
by  graduation. 
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To  use  this  instrument,  it  will  be  sufficient  to  immerse   it  in  « 
fluid  and  take  the  number    on   the  scale  which  coincides  with    the 

surface. 

To  ascertain  the  circumstances  which  determine  the  sensibilitj 
both  of  the  Scale-Areometer  and  Nicholson's  Hydrometer,  let  s  de- 
note the  specific  gravity  of  the^  fluid,  e  the  volume  of  the  vial,  /  the 
length  of  the  immersed  portion  of  the  narrow  neck,  r  its  semi-diame- 
ter, and  to  the  total  weight  of  the  instrument.  Then  will  ^  r^,  denote 
the  area  of  a  section  of  the  neck,  and  ^r^  I,  the  volume  of  fluid  dis- 
placed by  the  immersed  part  of  the  neck.  The  weight,  therefore,  of 
the  whole  fluid  displaced  by  the  vial  and  neck  will  be 

sc  +  Bncr^l ; 
but  this  must  be  equal  to  the  weight  of  the  instrument,  whence, 

from  which  we  deduce, 

to 


s  = 


c  +  ncr^V 


,        to  —  sc  ,^^^ 


Now,  immersing  the  instrument  in  a  second  fluid  whose  specific  gravi- 
ty is  «',  the  neck  will  sink  through  a  distance  /',  aiid  from  the  l&st 
equation  we  have 


subtracting  this  equation  from  that  above  and  reducing,  we  find 


The  difference  I  —  V  is  the  distance  between  two  points  on  the  scale 
which  indicates  the  difference  s'  —  8  of  specific  gravities,  and  this 
we  see  becomes  longer,  and  the  instrument  more  sensible,  therefore, 
in  proportion  as  w  is  made  greater  and  r  less.  Whence  we  con- 
elude  that  the  Areometer  is  the  more  valuable  in  proportion  as  the 
vial  portion  is  made  larger  and  the  neck  smaller. 
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•f  the  specifio  gravity  of  the  fluid  remain  the  same,  which  is  the 
case  with  Nicholson's  Hydrometer,  and  it  becomes  a  question  to 
know  the  eflect  of  a  small  weight  added  to  the  instrument,  denote 
this  weight  by  w\  then  will  Equation  (457)  become 

„       w  +  w/  —  «c 

/   =  ■  • 

subtracting  from  this  Equation  (457),  we  find 


'gr^s 


From  which  we  see  that  the  narrower  the  upper  stem  of  Nicholson's 
iiLstrument,  the  greater  its  sensibility. 

The  knowledge  of  the  specific  gravities  or  densities   of   diflerent 
substances,  Table  III,   is  of  great  importance,  not  only  for  scientific 
purposes,  but    also   for  its   application   to  many  of  the   useful  arts. 
This .  knowledge  enables  us  to   solve    such  problems   as  the  follow 
ing,  viz. : — 

1st.  The  weight  of  any  substance  may  be  calculated,  if  its  volume 
and   specific  gravity  be   known. 

2d.  The  volume  of  any  body  may  be  deduced   from   its  specific 
gravity  and  weight.     Thus  *we  have  always 

W  =  gD  F; 

in  which  g  is  the   force  of  gravity,  D  the  density,   V  the   volume, 
and   W  the  weight,  of  which   the   unit  of  measure  is   the  weight  of 
a  unit  of  volume  of  water  at  its  maximum   density. 
Making  D  and   V  equal   to  unity,  this  equation  becomes 

but  if  the  density  be  one,  the  substance  must  be  water  at  38^,75 
Fahr.  The  weight  of  a  cubic  foot  of  water  at  60^  is  62,5  lbs.,  and, 
therefore,  at  88^,75,  it  is 

62,5  '*'•  ^ 

'       =  62,556 ; 


0,99914 


whence,  if  the  volume  be  expressed  in  cubit  feet, 

W  =  62,556  X  DV (458) 


Also, 
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in  whidi  W  is  expressed  in  pounds ;  and  if  the  unit  of  yolume  be 

a  cubic  inch, 

(to  55A 
TT  = -yl^  i>  F  =  0,086201  i>  r,     •    •    .    (459) 

V=-ii^ (460) 

62,556 . 2) 

y^  =  isr^ — (4«1) 

0,036201 .  J> 

m 

Example  1. — Required  the  weight  of  a  block  of  dry  fir,  containing 
60  cubic  inches.  The  specific  gravity  or  density  of  dry  fir  is  0,555^ 
and  F  =  50 ;  substituting  these  values  in  Equation  (459)| 

W  =  0,036201  X  0,555  x  50  =  1,00457. 

Example  2. — How  many  cubic  inches  are  there  in  a  12-pound 
cannon-bain  Here  TT  is  12  pounds,  the  mean  specific  gravity  of 
cast  iron  is  7,251,  which,  in  Equation  (461),  give 

12  •*»• 

Y t-L 45  6 

'  ""  0,036201  X  7,251    ""      ' 


ATMOSPHERIC   PBE88UBE. 

§280. — The  atmosphere  encases,  as  it  were,  the  whole  earth.  It 
has  weight,  else  the  repulsive  action  among  its  own  particles  would 
cause  it  to  expand  and  extend  itself  through  space.  The  weight  of 
the  upper  stratum  of  the  atmosphere  is  in  equilibrio  with  the  re- 
pulsive action  of  the  strata  below  it,  and  this  condition  determioea 
the  exterior  limit. 

Since  the  atmosphere  lias  weight,  it  must 
exert  a  pressure  upon  all  bodies  within  it. 
To  illustrate,  fill  with  mercury  a  glass  tube, 
about  32  or  33  inches  long,  and  closed  at 
one  end  by  an  iron  stop-cock.  Close  the 
open  end  by  pressing  the  finger  against  it, 
and  invert  the  tube  in  a  basin  of  mercury; 
remove  the  finger,  the  mercury  will  not 
escape,  but  remain  apparently  susjtended,  at 
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the  level  of  the  ocean,  nearly  30  inches  aboye  the   sur&ce  of  the 
mercniy  in  the  basin. 

The  atmospheric  air  presses  on  the  mercury  with  a  force  sufficient 
to  maintain  the  quicksilver  in  the  tube  at  a  height  of  nearly  30 
inches ;  whence,  the  intensity  of  its  pressure  must  be  equal  to  the  weight 
of  a  column  of  mercury  whose  hose  is  equal  to  that  of  the  surface 
pressed  and  whose  altitude  is  about  30  inches.  The  force  thus  exerted^ 
is  called  the  atmospheric  pressure. 

The  absolute  amount  of  atmospheric  pressure  was  first  discovered 
by  Torrlcelli,  and  the  tubes  employed  in  such  experiments  are  called, 
on  this  account,  Torricellian  tubes,  and  the  vacant  space  above  the 
mercury  in   the  tube,  is  called   the  Torricellian  vacuum. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea,  support 
ing  as  it  does  a  column  of  mercury  30  inches  high,  if  we  suppose 
the  bore  of  the  tube  to  have  a  cross-section  of  one  square  inch 
the  atmospheric  pressure  up  the  tube  will  be  exerted  upon  this 
extent  of  surface,  and  will  support  30  cubic  inches  of  mercury. 
Each  cubic  inch  of  mercury  weighs  0,49  of  a  pound — say  half  a 
pound — from  which  it  is  apparent  that  the  surfaces  of  all  bodies^  at 
the  level  of  the  sea,  are  subjected  to  an  atmospheric  pressure  of  fifteen 
pounds  to  each  square  inch, 

BABOMETEB. 

§281. — ^The  atmosphere  being  a  heavy  and  elastic  fluid,  is  com- 
pressed  by  its  own  weight.  Its  density  cannot  be  the  same  through- 
out, but  diminishes  as  we  approach  its  upper  limit  where  it  is  least, 
being  greatest  at  the  surface  of  the  earth.  If  a  vessel  filled  with 
air  be  closed  at  the  base  of  a  high  mountain  and  afterwards  opened 
on  its  summit,  the  air  will  rush  out;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  the  mountain,  the 
air  will  rush  in. 

The  evaporation  which  takes  place  from  large  bodies  of  water, 
the  activity  of  vegetable  and  animal  life,  as  well  as  vegetable  decom- 
positions, throw  considerable  quantities  of  aqueous  vapor,  carbonic 
acid,  and  other  foreign  ingredients  temporarily   into  the  permanent 
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purUons  of  the  atmosphere.  These,  together  vith  its  ever-^'srTliig 
.  temperature,  keep  the  density  and  elastic  force  of  the  air  in  t 
state  of  almost  incessant  change.  These  changes  ars  indicated  by 
the  BaromeUr,  an  instrument  employed  to  measure  the  intendtj  of 
atmospheric  pressure,  and  frequently  called  a  weather-glati,  becaiiM 
of  certain  agreements  found  to  exist  between  its  indications  and  dw 
state   of  the   weather. 

The  barometer  consists  of  a  glass  tube  about  thirty-four  or  thirty, 
five  inches  long,  open  at  one  end,  partly  filled  with  distilled  mer- 
cury, and  inverted  in  &  small  cistern  also  containing  meronry.  A 
scale  of  equal  parts  is  cut  upon  a  slip  of  metal,  and  placed  against 
the  tube  to  measure  the  height  of  the  mercurial  column,  the  zero 
being  on  a  level  «-ith  the  surface  of  the  mercury  in  the  dstem. 
The  elastic  force  of  the .  air  acting  freely  upon  the  mercury  in  the 
cistern,  its  pressure  is  transmitted  to  the  interior  of  the  tube,  and 
sustains  a  column  of  mercury  whose  weight  it  is  just  sufiieient  to 
counterbalance.  If  the  density  and  consequent  elastic 
force  of  the  air  be  increased,  the  column  of  mercury 
will  rise  till  it  attain  a  corresponding  increase  of 
weight;  if,  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fall  (ill  its  diminished 
weight  is  sufficient  to   restore   the    equilibrium. 

In  the  Common  BaromeUr,  the  tube  and  its  cis- 
teiii  arc  partly  inclosed  in  a  metallic  case,  upon 
which  the  scale  is  cut,  the  cistern,  in  this  case,  hav- 
ing a  flexible  bottom  of  leather,  against  which  a 
plate  a  at  the  end  of  a  screw  b  is  mode  to  press, 
in  order  to  elevate  or  depress  the  mercury  in  the 
cistern  to  the  zero  of  the  scale. 

Dt  Lac's  Siphon  Barometer  consists  of  a  glass 
tube  bent  upward  so  as  to  form  two  unequal  par- 
allel legs :  the  longer  is  hermetically  sealed,  and 
constitutes  the  Torricellian  tube;  the  shorter  is  open, 
and   on   the   surface  of  the  quicksilver   the   pressure  [5i 

of   the    atmosphere   is  exerted,      Tlio    difference    be- 
tween   the  levels   in    the  longer  and  shorter   legs  is    the  baromettiH 
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height     The  most  convenient  and  practicable  way,  of  measuring  this 
difference,  is  to    adjust    a    movable    scale    between 
-•the  two  legs^   so   that  its   zero    may   be    made    to 
coincide    with    the    level    of    the    mercury    in    the 
shorter  leg. 

Different  contrivances  have  been  adopted  to  ren- 
der the  minute  variations  in  the  atmospheric  pres- 
sure,  and  consequently  in  the  height  of  the  barome- 
ter, more  readily  perceptible  by  enlarging  the  di- 
visions on  the  scale,  all  of  which  devices  tend  to 
hinder  the  exact  measurement  of  the  length  of  the 
column.  Of  these  we  may  name  Mor land's  Diago- 
nal, and  Hook's  Wheel-Barometer,  but  especially 
Huygen's  Double-Barometer. 

The    essential    properties  of   a  go6d    barometer 
are     width  of  tube ;    purity   of  the  mercury ;    accu- 
rate graduation   of  the   scale;  and  a  good  vernier, 

§282. — The    barometer    may  be  used    not    only  to   measure  the 
pressure  of  the   external   air,  but  also   to   determine  the   density  and 
elasticity  of  pent-up  gases  and   vapors.     When  thus   employed,  it  is 
called    the    harometer-gauge.     In   every   case   it  will 
only    be    necessary    to    establish    a   free    connection 
between  the  cistern  of  the  barometer  and  the  vessel 
containing  the   fluid   whose   elasticity  is   to   be  indi- 
cated ;    the    height    of    the    mercury    in    the    tube, 
expressed  in  inches,  reduced  to  a  standard  tempera- 
ture,  and    multiplied    by   the    known   weight    of   a 
cubic    inch   of   mercury    at    that    temperature,    will 
give  the  pressure   in   pounds  on   each   square   inch.  . 
In   the  case   of  the  steam   in   the  boiler  of  an   en- 
gine, the  upper  end  of  the   tube   is   sometimes  left 
open.     The  cistern  -4  is  a  steam-tight  vessel,  partly 
filled   with    mercury,   a    is    a    tube    communicating 
with  the  boiler,  and  through  which  the  steam  flows 
and   presses  upon  the  mercury ;  the  barometer  tube 
6  c,   open    at  top,   reaches    nearly   to   the  bottom   of  the   vessel    A^ 


a 
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havings  attached  to  it  a  scale  whose  zero  ooincidea  with  the  levd 
of  the  quicksilver.  On  the  right  is  marked  a  scale  of  inches,  aud 
on  the  lefl   a   scale  of  atmospheres. 

If  a  very  high  pressure  were  exerted^  one  of  several  atmospheres 
for    example,   an    apparatus    thus    constructed   would 
require  a  tube  of  great  length,   in   which  case  Afa- 
rtotU^s  manometer  is  considered  preferable.     The  tube 
being  filled  with   air   and   the  upper  end  dosed,   the 
surface   of  the   mercury  in   both  branches  will   stand 
at  the   same  level   as  long  as  no  steam  is  admitted. 
The  steam   being  admitted  through  (/,  presses  on  the 
surface  of  the  mercury  a  and  forces  it  up  the  branch 
6<?,   and   the  scale  from   6  /to  c  marks  the  force  of  ^ 
compression   in    atmospheres.     The  greater  width   of 
tube   is  given   at  a,   in  order  that  the  level  of  the 
mercury^  at  this  point  may  not  be  materially  affected 
by  its  ascent  up  the  branch  6  c,  the  point  a  being  the  zero  of  the 
scale. 

§283. — Another  very  important  use  of  the  barometer,  is  to  find 
the  difference  of  level  between  two  places  on  the  earth's  surface,  as 
the  foot  and   top   of  a  hill   or  mountain. 

Since  the  altitude  of  the  barometer  depends  on  the  pressure  of 
the  atmosphere,  and  as  this  force  depends  upon  the  height  of  the 
pressing  column,  a  shorter  column  will  exert  a  less  pressure  than  a 
longer  one.  The  quicksilver  in  the  barometer  falls  when  the  instru- 
ment is  carried  from  the  foot  to  the  top  of  a  mountain,  and  rises 
again  when  restored  to  its  first  position :  if  taken  down  the  shaft 
of  a  mine,  the  barometric  column  rises  to  a  still  greater  height.  At 
the  foot  of  the  mountain  the  whole  column  of  the  atmosphere,  from 
its  utmost  limits,  presses  with  its  entire  weight  on  the  mercury; 
at  the  top  of  the  mountain  this  weight  is  diminished  by  that  of 
the  intervening  stratum  between  the  two  stations,  and  a  shorter 
column  of  mercury  will  be   sustained   by   it.  , 

It  is  well  known   that  the  surface  of   the  earth  is  not    uniform, 
and  does  not,  in  consequence,  sustain  an  equal  atmospheric  pressure 
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at  its  diflbrent  points;  whence  the  mean  altitude  of  the  barometrio 
column  will  yary  at  different  places.  This  furnishes  one  of  the 
best  and  most  expeditious  means  of  getting  a  profile  of  an  extended 
section  of  the  earth's  surface,  and  makes  the  barometer  an  instru- 
ment of  great  value  in  the  hands  of  the  traveller  in  search  of 
geographical  information. 

§284. — ^To  find  the  relation  which  subsists  between  the  altitudes 
of  two  barometrio  columns,  and  the  difference  of  level  of  the  points 
wht;re  they  exist,  resume  Equation  (427).  The  only  extraneous  force 
acting  being  that  of  gravity,  we  have,  taking  the  axis  z  vertical, 
and  counting  t  positive  upwards,  ' 

X=:  0;    F=  0;    Z=  — ^. 

and  hencei 

l>=  Cr'-J (462) 

Making  0  =  0,  and  denoting  the  corresponding  pressure  by  |>^,  we  find 

and  dividing  the  last    equation  by  this  one, 

whence,  denoting  the  reciprocal  of  the  common  modulus  by  M^ 

g  =  .^.  log  ^ (463) 

9  P 

Denote  by  A,  and  A,  the  barometric  ^eights  at  the  lower  and  upper 
stations,  respectively,  then  will 

and  reducing  the  barometric  column  A  to  what  it  would  have  been 
had  the  temperature  of  the  mercury  at  the  upper  not  difiered  from 
that  at  the  lower  station,  by  Equation  (394),  we  have 

il \ 

P   "  h\l+(T^T) .0,0001001]' 

in  which  T  denotes  the  temperature  of  the  mercury  at  the  lower  and 

T  that  at  the  upper  station. 

21 
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Moreover,  £quation  (381), 

^  =  /(I  -0,002551  C0S24/); 
in  which, 

g'  =  32,1808  =  force  of  gravity  at  the  latitude  of  45**. 

Substituting  the  value  of  —  • ,   of  ^,  and  that  of  P^  as  given  by 

P 
Equation  (393),  in  Equation  (463),  we  find 

MP  J,,   l-f(^"3y)0>0020\wP.^  1  1 

~       D,       l-0,002551co8  2>j.^^U     l  +  (r-r)0,0001001j 

In  this  it  will  be  remembered  that  t  denotes  the  temperature  of 
the  air;  'but  this  may  not  be,  indeed  scarcely  ever  is,  the  same  it 
both  stations,  and  thence  arises  a  difficulty  in  applying  the  formula. 
But  if  xv'e  represent,  for  a  moment,  the  entire  factor  of  the  second 
member,  into  which  the  factor  involving  t  is  multiplied,  by  X,  thco 
we  mav  write 

2  =  [1  -I-  (^  -  32«>)0,00204]  X. 

If  the  temperature  of  the  lower  station  be  denoted  by  t, ,  and  this 
temperature  be  the  same  throughout  to  the  tipper  station,  then  will 

«^  =  [1  +  (t,  -  32<>)  0,00204]  X. 

And  if  the  actual  temperature  of  the  upper  station  be  denoted  by  f, 
and  this  be  supposed  to  extend  to  the  lower  station,  then  would 

z'  =  [l  +  {f  -  32«>)  0,00204]  X. 

Now  if  /^  be  greater  than  /',  which  is  usually  the  case,  then  will  the 
barometric  column,  or  A,  at  the  upper  station,  be  greater  than  would 
result  from  the  temperature  /',  since  the  air  being  more  expanded, 
a  portion  which  is  actually  below  would  pass  above  the  upper 
station  and  press  upon  the  mercury  in  the  cistern  ;  and  because  h 
enters  the  denominator  of  the  value  X,  z,  would  be  too  small. 
Again,  by  supposing  the  temperature  the  same  as  that  at  the  uppei 
station  throughout,  then  would  the  air  be  more  condensed  at  the 
lower  station,  a  portion  of  the  air  would  sink  below  the  upper 
station  that  before  was  above  it,  and  would  cease  to  act  upon  the 
mercurial  oolunm  A,  which  would,  in  consequence,  become  too  small' 


HBOHANIOS   OF    FLUIDS.  82S 

and  this  would  make  z^  too  great    Taking  a  mean  between  t,  and 
^  as  the  true  value,  we  find 

z  =  ^i-^  =  [1  +  1  ('/  +  ''  -  64<>)  0,00204]  X 


Beplacing  X  bj  its  value, 

MDJi,,  l+K^+<'-64«)0,00204 


c= 


^^^  L  A  ^  1 + (T-  r)o,oooiooi  J 


D,  1  -0,002551  cos  2+  ^LA1+ (T-  T')0,0001001 

The  factor *  *'  >  we  have  seen,  is  constant,  and  it  only  re- 
mains to  determine  its  value.  For  this  purpose,  measure  witlf 
accuracy  the  difference  of  level  between  two  stations,  one  at  the 
base  and  the  other  on  the  summit  of  "some  lofly  moun^in,  by 
means  of  a  Theodolite,  or  levelling  instrument — this  will  give  tlie 
value  of  z ;  observe  the  barometric  column  at  both  stations — this 
Hill  give  A  and  h^ ;  take  ^Iso  the  temperature  of  the  mercury  at 
the  two  stations — this  will  give  T  and  T ;  and  by  a '  detached 
thermometer  in  the  shade,  at  both  stations,  find  the  values  of 
i^  and  i'.  These,  and  the  latitude  of  the  place,  being  substituted  in 
the  formula,  every  thing  will  be  known  except  the  co-eflicient  in 
question,  which  may,  therefore,  be  found  by  the  solution  of  a  simple 
equation.     In  this  way,  it  is  found  that 

^^£  ^'*    =  60345,51  English  foot ; 

"which  will  finally  give  for  «, 

*=60345,51.     i_  0,002551  cos  2+    ^ *''^LA"^l+(7'-r)0,000100lJ 

To  find  the  difference  of  level  between  any  two  stations,  the  lati- 
tude of  the  locality  must  be  known;  it  will  then  only  be  necessary 
to  note  the  barometric  columns,  the  temperature  of  the  mercury, 
and  that  of  the  air  at  the  two  stations,  and  to  substitute  these 
observed   elements  in   this  formula. 

Much  labor  is,  however,  saved  by  the  use  of  a  table  for  the 
computation  of  these  results,  and  we  now  proceed  to  explain  how  it 
may  be  formed  and  used. 
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Hake 

.    60346,61  [1  +  {t,  +  f  -64^)0,00102]  =:  A, 

=A    ■ 


1  -0,002561  oo8  2>]. 

1 

1  +  (^  -  ^)  0,0001 


=  C. 


JUkea  viU 


z  =z  AB  •  log  ' 


h 
«  =  ^  J?,  pog  (7  +  log  A,  —  log  A]  ; 

and  fticing  the  logarithms  of  both  members, 

log?  =  log -4  +  log^  +  log  [log  C  +  loghg  —  logA]  •  .  (464) 

liakmg  t,  +  e  to  vary  from  40^  to  162'',  which  will  be  suffidfiot^ 
for  all  practical  purposes,  the  logarithms  of  the  corresponding  valuei 
of,  A  are  entered  in  a  column,  under  the  head  A^  opposite  the 
▼alues  tj  +  f^  Bs  an  argument. 

Causing  the  latitude  >)/  to  vary  from  0^  to  90®,  the  logarithmi 
of  the  corresponding  values  of  B  are  entered  in  a  column  headed 
B^  opposite  the  values  of  4'* 

The  value  of  T  —  jT  being  made,  in  like  manner,  to  vaiy 
from  —  30®  to  +  30®,  the  logarithms  of  the  corresponding  valuei 
of  C  are  entered  under  the  head  of  C7,  and  opposite  the  values  of 
T  —  T\  In  this  way  a  table  is  easily  constructed.  Table  IV  was 
computed  by  Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Francis 
Baily,  which  is  very  nearly  the  same  as  that  just  described,  there 
being  but  a  trifling  difference  in  the  coefficients. 

Taking  Equation  (464)  in  connection  with  Table  IV,  we  have  this 
rule  for  finding  the  altitude  of  one  station  above  another,  viz.: — 

Take  the  logarithm  of  the  barometric  reading  at  the  lower  tftiliofi, 
io  which  add  the  number  in  the  column  headed  (7,  opposite  the  ob- 
served  value  of  T  —  T^  and  subtract  from  this  sum  the  logarithm 
of  the  barometric  reading  at  the  upper  station;  take  the  logarithm 
of  this  difference,  to  which  add  the  numbers  in  the  columns  headed 
A  and  B,  corresponding  to  the  observed  values  of  t^  +  f  and  4# 
the  sum  will  be   the  logarithm  of  the  height  in  English  feei. 
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Xeample. — ^At  the  mountain  of  Guanaxiuto,  in  Mexico,  M.  Hnni- 
bdldt  observed  at  the 

Detached  thermometer,   t'  =  70®  ,4 ;     i,  =  TPfi. 
Attached  "  r  =z  70,4 ;      T  =•  77,6. 

Barometric  column,  h  =  23,66 ;     h,  =  30,05. 

What  was  the  difference  of  levell 
Here 

t^  +  f^  148*» ;     T^  T  z=z  7^2 ;    Latitude  21*. 

To  log    30^05  =  1,4778445 
Add  C  for  7%2  =  9,9996814 

1,4775259 
Sub.  log  23,66  =  1,3740147 

Log  of  .  -  -  0,1035112  =  -  1,0149873 
Add  A  for  148* .  .  -  -  =  4,8193975 
Add  -5  for  21°    .    ...     =       0,0008689 

6843,1 3,8352537 ; 

whence  the  mountain  is  6843,1  f^t  high. 

It  will  be  remembered  that  the  final  Equation  (464)  was  deduced 
on  the  supposition  that  the  air  is  in  equilibrio— that  is  to  say, 
when  there  is  no  wind.  The  barometer  can,  therefore,  only  be  used 
for  levelling  purposes  in  calm  weather.  Moreover,  to  insure  accu- 
racy, the  o]>servations  at  the  two  stations  whose  difference  of  level 
is  to  be  found,  should  be  made  simultaneously,  else  the  temperature 
of  the  air  may  change  during  the  interval  between  them;  but  with 
a  single  instrument  this  is  impracticable,  and  we  proceed  thus,  vis.: 
Take  the  barometric  column,  the  reading  of  the  attached  and  detached 
thermometers,  and  time  of  day  at  one  of  the  stations,  say  the 
lower;  then  proceed  to  the  upper  station,  and  take  the  same 
elements  there ;  and  at  an  equal  interval  of  time  aflerward,  observe 
these  elements  at  the  lower  station  again;  reduce  the  mercurial 
columns  at  the  lower  station  to  the  same  temperature  by  Equation^  v  J  4 
(394),  take  a  mean  of  these  columns,  and  a  mean  of  the  tempera- 
tures of  the  air  at  this  station,  and  use  these  means  as  a  tingle 
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iet  of  observations   made   simultaneously  with  those  at   the  higher 

station. 

Example, — ^The  fi>llowing  observations  were    made    to    determine 
the  height  of  a  hill  near  West  Point,  N.  Y. 

upper  Station.  L»mtr  SUUtm, 

(1)  («) 

Detached  thermometer,  V  =  57® ;       t^  =  56°      and  61®. 
Attached  "  2^  =  57,5  ;     T  =  56,5    and  63, 

in.  in.  in. 

Barometric  column,         h  =  28,94 ;  h,  =  29,62  and  29,63. 

First,  to    reduce  29,63  inches  at    63®,   to  what    it  would    have 
been  at  56®,5.    For  this  purpose,  Equation   (394)  gives 


k{l  +  T-^  r  X  0,0001)  =  29,63  (1  -  6,5  x  0,0001)  =  29,611 

Then 

29,62  +  29,61 1  •«• 

h,  =      '  ^     '        =  29,6155. 

/,  = 5 =  58®,5, 

t,  +  t'  =:  58®,5  +  57®.  -  =  115®,5, 
T—  T  =  56®,5  -  57®,5 .  =  -  p. 

To  log  2976155  =  1,4715191 
Add  C  for  -  I®  =  0,0000434 


>x. 


1,4715625 
Sub.  log  of  28,94  =  1,4614985 

Log  of  ...  -  0,0100640  =  —  2,0027706 
Add  A  for  115®,5  -  -  -  =  .4,8048112 
Add  B  for  41®,4   -    -    -    -     =       0,0001465 

642,28 2,8077283; 

whence  the  height  of  the  hill  is  642,28  English  feet.« 


HOnON  OF  HEAVY  INC0MPSB8SIBLE  FLXHDS  IK  VESSELS. 

§  285. — A  heavy  homogeneous  liquid  moving  in  a  vessel,  maj 
be  regarded  as  an  assemblage  of  indefinitclj  thin  strata  arranged 
perpendicularly  to  the  direction  of  the  motion,  and  these  strata  may 
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sar 


be  i^urded  as  so  many  solid  bodies,  provided  we  attribute  to 
them  the  property  of  contracting  and  expanding  in  different  direo- 
tiona  80  as  to  maintain  a  constant  volume  in  adapting  themselvu 
to  the  varying  cross  eection  of  the  vessel  in  vhich  they  are  moving. 

Let  ABCD  be  a  vessel  of 
which  the  axis  is  verUcal,  and 
whose  honzontal  sections  vary 
only  by  insensible  degrees ;  sup- 
pose the  fluid  divided  into  an  '- 
indefinite  number  of  thin  level 
strata  whose  volumes  are  equal 
to  one  another.  We  may  sup- 
pose that  at  the  end  of  each 
element  of  time  any  one  stratum 
occupies  the  space  filled  by  the 
stratum  which  preceded  it  at 
the  commencement  of  this  ele-  ^ 

ment, 

llie  horizontal  velocities  of  the  particles  of  the  fluid  may  be 
disregarded,  and  the  vertical  velocity  of  any  one  of  them  will  be 
the  same  as  that  of  every  other  particle  in  the  same  stratum. 
The  motion  of  the  fluid  will  be  known  when  we  know  that  of  any 
one  stratum, 

§386. — Taking  the  axis  of  t  vertical  and  positive  upwards,  wa 
shall  have,  in  Equations  (400)  and  (401), 

X  =  0;     r=0;    Z=-ff;    «  =  0;    »  =  0,    ^  =  0; 
and,  therefore, 

1.^  =  0-    i.^  =  o- 

D     dx       "'    D     ds         • 


1     (tp 


=  -,+ 


in  which  it  will  be  recollected  that  u  is  the  velocity  of  any  < 
particle,  and  therefore  of  the  stratum   to  which  it  belongs,   in 
direction  of  t, 

.       .       «^<  v.. 
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Multiplying  the  last  equation  by  Ddg^  and  integrating,  we  hare 

p^  ^J).^.z  + D'f^'dz+  0.   '    .     .    (465) 

Take  the  following  notation,  viz. : — 

t  =  the  variable  area  of  the  stratum  whose  velocity  is  w. 

t^  =  the  constant  area  of  any  determinate  horizontal  section  of  the 

vessel,  tis  CD, 
S  =  the  area  of  the  section  of  the  ves^l  by  the  upper  sur&oe  of 

the  liquid;  this  may  be  constant  or  variable,  according  as  the 

upper  sur&ce  is  stationary  or  movable, 
w,  =  velocity  of  the  stratum  passing  the  section  «,  at  (72>,  at  the 

time  L 
The    fluid    being    incompressible,    the    same    volume    must 
every  horizontal  section  in  the  same  interval  of  time;  and  henoe 


or 


w^  •  *^  =  w  •  *, 


and 


but 


dw  __    Sf     dWf  ds    dz     1 


—  —  =  w  =  ^^. 

di  8 


Substituting    this  in   the  last  term,   and   multiplying  by   dg^  we 
have 

dw     .  dw,    dz         n     2    ^9 

and  integrating,  regarding  z,  and  therefore  5,  as  variable, 

J  —  .dz^sr-jj-J---^'-^     ...    (466) 
which,  in  Equation  (465),  gives 

^  ^  dw,      pdZ  ^V?         «y*       .  -,  /,--V 


i>._P^  +  i>^A-2>,,.^-/-.-2>.-i.(l-.;^)  =0.(470) 


MBOHAiriOS    OF    FLUIDS.  329 

To  find  the  value  of  C7,  let  p  ^  P,^  when  e  s  «^,  which  corre- 
sponds to  the  section  CD  of  the  liquid;  then  will 

•*  ^         .     ^         dw,     f      dz        _   w.*     8}    .      ' 

which,  subtracted  from  the  equation  above,  gives 

dto   r*dz  w^fs^  1 

p-i»,  =  -2><,(.-0+i>-..-^/--i>f[^-l}(468) 

Also,  if  P'  denote  the  pressure  at  the  upper  sur&ce  corresponding 
to  which  z  =  z'y  we  have 

P'-p,=-.i),(y-o+i>-v^-y;;'^%i>¥[i-i^-(469) 

Now  z'  —  Zf  ^  h  =.  height  of  the  fluid  surface  above  the  section 
CD\  whence,  by  substitution  and  transposition, 

dw.      P*'dz       _    w!^  A       9}^ 

The  quantity  of  fluid  flowing  through  every  section  in  the  same 
time  being  equal,  we  also  have 

^  Sdh  =  8,.w,.dt. (471) 

By  means  of  this  equation,  t  may  be  eliminated  from   Equation 

(470) ;   then  knowing  the  quantity  of  the  liquid,  the  size  and  figure 

/*'dz        r^dz 
—  =  /    — , 

in  which  «  is  a  function  of  z, 

§287.— The  value  of   -p-  being  found  firom  Equation  (470),  and 

substituted  in  Equation  (468),  this  latter  equation  will  give  the  value 
of  the  pressure  p  at  any  point  of  the  fluid  mass  as  soon  as  w^  be* 
comes  known. 

Two  cases  may  arise.  Either  the  vessel  may  be  kept  constantly 
full  while  the  liquid  is  flowing  out  at  the  bottom,  or  it  may  .be 
suflered   to   empty  itself. 

§288. — ^To  discuss  the  case  in  which  the  vessel  is  always  full,  or 
tbe  fluid  retains  the  same  level  by  being  supplied  at  the  top  as  fast 


f 
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as  it  flows  out  at  the  bottom,  the  quantity  h  must  be  conBtant^  and 
Equation  (471)  wUl  not  be  used. 
And  making,  in  Equation  (470), 


A 


--'.r.H- 


^ =«»(»+ ^t/')  i 


and  solving  with  respect  to  dt^  we  have 


£Z  £    ^^  '•        •        •  •     •        •        •        •        • 

B+  Cw? 


(472) 


Now,  three  cases  may  occur. 

1st.  5  may  be  less  than  9, ,  and  C  will  be  positive. 

2d.    S  may  be  equal   to  «^,  in  which  case  C  will  be  zero. 

3d.   S  may  be  greater  than  s^ ,  when  C  will  be  negative,  and  this 

is  usually  the  case  in  practice. 
In  the  first  case,  when  C  is  positive,  we  have,  by  integrating  Ekjun- 
tlon  (472),  and  supposing  /  =  0,  when  w^  ==  0, 

'^■^•""•""'v/l' ^^■'^^ 

whence, 

from  which  we  see  that  the  velocity  of  egress  increases  rapidly  with 
the  time;   it  becomes  infinite  when 

A    ^^'^  IT 
or 

/=-^^ (475) 

When  (7=0,  then  will  the  integration  of  Equation  (472)  give 

<=^-«.. .  .  (*w) 


^-^'^7^^^ 


rftr'/4  *-  tf^s^  **9  ^e 


or  r^la<»2ig  ^  and  B  by  their  values,  and  finding  the  value  of  w^ , 

•.  = xrnr 'i («") 


should,  since 
the  action 


wj>n^  the  velocjt/varie^^irectlgO^  ^^e^tijlfffe  Jt  si 

of^Tis  own  weiffnt  «/^  ^  L  t    m 

When  C7  is  negative,  the  integration  gives     m^9  •^^  ••  ^^«  ^7 


whence,      » 

<  •*     +1 

in  which  t  is  the  base  of  the  Naperian  system  of  logarithms  =  2,718282. 
If  the  section   S  exceeds  «^  considerably,  the  exponent  of  t  will 
soon  become  very  great,  and  unity  may  be  neglected  in  comparison 
with  the  corresponding  power  of  t ;  whence. 


5» 
that  is  to  say,  the  velocity  will  soon  become  constant. 

If  the  pressure  at  the  upper  surface  be  equal  to  that  at  the  place 
of  egress,  which  would  be  sensibly  the  case  in  the  atmosptiere, 
i»'  -  >,  =  0,  and 

'~Jl_»r^ (480) 

and  if  the  opening  below  become  a  mere  orifice,  the  fraction 

^=0; 

and 

•/=  V^TX; (481) 


•.  - .  .^  ^  1   % .  -  >  .  "iv  »^  '      ^ 

that  is  to  say,  the  velocity  with  which  a  heavy  liquid  will  isaoe 
from  a  small  orifice  in  the  bottom  of  a  vessel,  when  subjected  to 
the  pressure  of  the  superincumbent  mass,  is  equal  to  that  acquired 
by  a  heavy  body  in  falling  through  a  height  equal  to  the  depth  of 
the  orifice  below  the  upper  surface  of  the  liquid.  The  velocities 
given  by 
figure  of  1 


ts* 


^         ^u  me  veiocity^^  oe  qp^^ipii^'ywM  area  s^  or  tite  ontice,  the 
^^  produft  wm  ^be^£|nl  volume   of  fluid  discharged  in  a  unit  of  time. 


This  is  called  the  expense.  The  expense  multiplied  by  the  time  of 
flow  will  give  the  whole   volume  dischai^ed. 

§289. — ^The  velodty  w^  being  constant  in  the  case  referred  to  in 
Equation  (479),  we  shall  have 

dw 

and  Equation  (468)  becomes 

1,  =  P,  -  2)^  (.  -  «,)  -  2) .  1^  .  (^  -  l)  , 

or,  substituting  the  value  of  ir^,  given  by  Equation  (470), 
p^P^^Dg{z^z)  +  {Dgh  +  P'^P;).j^^ y.     .     (482) 

whence,  it  appears,  that  when  the  flow  has  become  uniform,  the  pres- 
sure upon  any  stratum  is  wholly  independent  of  the  figure  of  the 
vessel,  and  depends  only  upon  the  area  s  of  the  stratum,  its  distance 


«a 


firom  the  upper  surface  of  the  fluid,  and  upon  the  ratio -^r. 

g  290. — If  the  vessel  be  not  replenished,  but  be  allowed  to  empty 
itself,  h  will  be  variable,  as  will  also  S  except  in  the  particular 
cases  of  the  prism  and  cylinder. 

Making 

f^,  «V^7^ (488) 


•  ^    f 


t 


«  • 


1CS€HAKICS    07    YLITIDS.  8^3 


in  whiish  H  denotes  the  height  due  to  the  yelooit^  of  discharge :  we 
have 

"■"'im- '**> 

and,  Equation  (471), 

dt= ;'li-; (485) 

and  b^  integration, 

t-C 7=./—== (486) 

To  effect  the  int^ipration,  S  and  H  must  be  found  in  terms  of  A. 
The  relation  between  8  and  h  will  be  given  bj  the  figure  of  the 
yessel.  Then  to  find  the  relation  between  JJ  and  A,  eliminate  «^, 
dw^y  and  <f  /  from  Equation  (470),  by  the  values  above,  and  we  have 

or,  dividing  by 

^TTz *'*  +  ''^ 7^'^  rf*=0.(4»7) 

and  making 


grfA  + rfJ7+i2J7rfA  =  0.      .    •    .         (488) 
Multr.plying  by  e        , 

/jRilA  AilA  /jRilA 
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or 

dh'  Q-e         +  d  fJETe        )  =  0; 

and  integrating 

/•  /ndh  fndh 

Jih'  Q^e        +  He         =  (7;  .    .    .     .     (489) 

whence,  *  •  • 

^ = r^"'.*  (C7  - /</A.c  ./"*)•  •  •  •  <^> 

The  constant  must  result  from  the  condition,  that  when  JJ  =  0, 
h  must  be  A^,  the  initial  height  of  the  fluid  in  the  vessel. 

Thus  H  becomes  kuoMrn  in  .terms  of  A,  and  its  value  substituted 
in  Equation  (486)  will  make  known  the  time  required  for  the  fluid 
to  reach  any  altitude  k.  The  constant  in  Equation  (486)  must  be- 
determined,  so  that  when  /  =  0,  k  =  h,. 

§  291. — The  Equation  (490)  gives  a  direct  relation  between  S,  A,  and 
H;  the  figure  and  dimensions  of  the  vessel  give  another  between  S  and 
k.  From  these,  two  of  the  three  variables  may  be  eliminated  from  the 
Equation  (486)  and  the  integratiou  peiformed.  Take,  for  example,  tlie 
case  of  a  right  cylinder  or  prism.  Here  S  will  be  constant,  and  equal 
to  j;. 

*    dz       h 


Moreover,  let   us   suppose   P'  —  P^  =  0,  which    would    be   sensibly 
true  were  the  fluid   to  flow  into  the   atmosphere   that   surrounds   the 

vessel.    Also,  for  the  sake  of  abbreviation,  make  —  =  ^,  tlien  will 

A  A     ' 

«  =  *»; 

and 

jBdh  =  (1  -  A^/f  =  (1  -  *« )  log  A. 
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and  £q.  (490)  bccomea 


-(l-lt«)logk  (l-kJ)l«f  ^ 

J7  =  e  '[O-'/kWi'e  ] 


Multiplying  the  last  term  by 
we  may  write 


-<!-*«) lot  k    r  J^  <!-*»>  log  k-| 

•L^-2^-p*'        J' 


when  //  =  0,  then  will  A  =  A,  and 

which  substituted  above,  gives,  after  reduction, 

but, 

and  therefore, 

which   substituted   in  Equation  (486),  gives 

/it*  —  2     /.  rfA  ,.^^^ 

t=C-\/—^ .  f    .  '    •     (493) 

in  which  the  only  variable  is  A. 

§292. — The  particular  case  in  which  k^  =  2,  gives  to  this  value 
for  t  the  form  of  indetcrmination.  When  this  occurs,  we  must  have 
recourse  to  the  form  assumed  by  Equation  (488),  which,  under  this 
supposition,  becomes 

2hdk  +  AcfJSr-  ffdh  =  0: 
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multiplying  bj  A    , 

2  A~*dA  +  A~\  dS  -^E.  ITUk  =  0; 
^    dk    ,   ^H       « 

21ogA  +  :^  =  C'; 

and  because  JET  =  0  when  A  =  A^ , 

2  log  A,  =  C; 
whence, 

J5r=2A-log-^ 

and  this,  in  Equation  (486),  gives 

t=c L/- ^*_ 

V^V2A.logA 
Making  -^  =  — 9  this  becomes,  between  the  limits  a;  =  0,  ^r  =  1, 

§293. — If  the  orifice  be  very  small  in  comparison  with  a  onw 
section  of  the  prismatic  or  cylindrical  vessel,  then  will  J7  =  A,  and    ' 
Equation  (486)  gives 

Making  <  =  0  when  A  =  A^ ,  we  have 

and  for  the  time  required  for  the  vessel  to  empty  itself  A  =  0,  and 


t 


=vv^ <*«' 
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Now,  with  the  same  relation  of  the  orifice  to  the  cross  section 
of  the  cylindrical  vessel,  we  have.  Equation  (481), 

and  for  the    volume   of    fluid  discharged  in  the    time  /,   when  the 
vessel  is  kept  full, 

and   if  this  be  equal   to  the  contents  of  the  vessel, 

whence,  i  •  ^         >  ^    ^  ^ 

17 


That  is,  Equation  (495),  the  time  required  for  a  prismatic  or  cylin- 
drical vessel  to  discharge  itself  through  a  small  orifice  at  the 
bottom  is  double  that  required  to  di^argc  an  equal  volume,  if 
the  vessel  were  kept  full. 

§294. — ^The    orifice    being    still    small,    we    obtain,    from    Equa- 
tion (485), 

whence  it  appears  that,  for  a  cylindrical  or  prismatic  vessel,  the 
motion  of  the  upper  sur&ce  of  the  fluid  is  uniformly  retarded.  It 
will  be  easy  to  cause  iSi  so  to  vary,  in  other  words,  to  give  the 
vessel  such  figure  as  to  cause  the  motion  of  the  upper  surface  to 
follow  any  law.  If,  for  example,  it  were  required  to  give  such  figure 
as  to  cause  the  motion  of  the  upper  surface  to  be  uniform,  then 
would'  the  first  member  of  the  above  equation  be  constant;  and, 
denoting  the  rate  of  motion  by  a,  we  should  have 


8. 


whence, 


a2 


but  supposing  the  horizontal  sections  circular, 

22   5*  =  *'^'^-—;^—. 


888 
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Midy  therefore, 


'\m'-^-' 


whence  the  radii  of  the  sectioiiB  must  varj  as  the  fourth  root  ol 
their  distances  from  the  bottom.  These  considerations  ftppljr  to  tiM 
construction  o^  Clepsydras  or   Water  Clocks. 


I 


MOTION  OF  ELASTIC  FLUIDS  IN   VESSELS. 

4  §295. — As   in    the   case  of   incompressible,   so    also    in    that  of 

elastic  fluids,  it  is  assumed  that  in  their  movement  through  vessels, 
•  they  arrange  themselves  into  parallel  strata  at  right  angles  to  the 
direction  of  the  motion.  The  quantity  of  matter  in  each  stratom 
IS  supposed  to  remain  the  same,  while  its  density,  which  is  always 
uniform  throughout,  may  vary  from  one  position  of  the  stratum  to 
another;   hence,  the  volume  of  each   stratum  may  vary. 

All  lateral  velocity  among  the  particles  will  be  supposed  zero; 
and  as  the  weight  of  the  elements  of  elastic  fluids  is  insignifioiBt 
in  comparison  to  their  'elasticity,  the  former  will  be  disregarded. 
The  motion  w^ill,  therefore,  be  due  only  to  the  elastic  force  arising 
ftt)m  some  force  of  compression ;  and  as  the  fluid  will  be  supposed 
to  communicate  freely  with  the  air,  or  with  a  vessel  partly  filkd 
with  some  other  elastic  fluid,  this  force  within  may  be  greater  or  leM 
than   it  is  on  the   exterior  of  the  vessel. 

§296. — Assuming    the    axis    of   the  vessel    horizontal,    take    that 
line  as  the  axis  of  x. 
Then,  by  the  "supposi- 
tion above,  will 


X 
T 
Z 

V 

w 


0; 
.0; 
0; 
0; 
0; 


« 
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and  Equations,  (400)  give 

1      dp  /du\        du 

Moreover,  if  we  suppose  the  motion  to  have  been  established 
and  become  permanent,  the  velocity  of  a  stratum  as  it  passes  any 
particular  cross  section  of  the  vessel  will  always  be  constant,  and 
the  quantity  of  fluid  which  flows  through  every  cross  section  will 
be  the  same.  Hence  the  partial  diflcrential  of  u  in  regard  to  tlM 
tiiu^  that  is,  supposing  Xy  y,  ir,  to  bo  constant,  must  be  zero,  and 
tne  above  equation  reduces  to 

dp  =s  ^  D.u.iu. 

From   Mairiottc's  law.  Equation  (389), 

and  by  division, 


and  by  integration, 


dp  1         , 

-^  =  —  —  .  tttfV, 
p  P 


logp=C-^.u\   .    .    .    .    .    .    (497) 


To  determine  the  constant,  let  p^  be  the  pressure  at  the  openings 
C'2>,  that  is,  the  pressure  of  the  atmosphere,  and  denote  by  u^  the 
velocity  of  the  fluid  at  this  point,  then  will 


logp,  =  C7-— -V, 


and  by  subtraction. 


log  1^  =  2^  •  ( V  -  «»). (498) 

Denote  by  s  the  area  of  any  section  of  the  vessel  A'  B\  at  which 
the  pressure  is  p  and  velocity  t/,  by  D  the  density  of  the  fluid  at 
this  section,  and  by  D,  that  at  the  section  CD  equal  to  «^.  Then, 
since  the  quantities  of  fluid  flowing  through  these  sections  in  a  unit 
of  time  must  be  equal,  we  have 


_  % 


>"       i 
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but,  $244, 

£-i. 

wheooe, 

p.i.u  —  p,9,U,, 
or 

p.t 
which,  in  Eqtution  (408),  gives 

>-^  =  S['-r;)"] « 

'  M  pf  denote  the  pressure  exerted  bjr  the  pistoo  A  B,  and  ^  d>- 
note  its  area,  we  have 

whence,  / '"     "'-' 

UtiB  ia   the  velo(»t7   with  which  the  fluid  will    issue    iato    tba 
atmosphere  or  other  fluid  whose  pressure  on  the  unit  of  sur&oe  u  p, . 
g  397. — Ihe  Tolume  discharged  in  a  vnit  of  time  is 

while   under  the   pressure  p, ;    and   under  a  pressure   equal  to   that 
OB  the   unit  of  Burboe  of  the  piston, 
or  top  of  a  gasometer,  and  whidi  would 
be  indicated  by  a  gauge,  sinoe  the  vol- 
umes are  inverael/  as  the  pressures, 

'■"-"■'■■^^  •  '"' 
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g  296.— Dividing  Equation  (499)  by  £quatioQ  (500),  we  have 

log£       l-./AiiV 

^= y^LllL,.    ....    (508) 


,.  > 


which  will  give  the  pressure  p  at  any  section  of  the  vesseL 

§299. — If  the  opening  CJD  is  very  mnall  in  reference  to  AB^  the 
velocity  u^  will  become,  Equation  (501), 

u,  =  4/2  P  .  log  ^  ; (504) 

and  the  volume  of  fluid  discharged  in  a  unit  of  time  and  of  a  den- 
sity equal  to  that  pressing  upon  the  gauge, 


^..,.y^7Tk^; (506) 

and  Equation  (503)  becomes 

§800. — A  stream  flowing  through  an  orifice  is  called  a  vein.  In 
estimating  the  quantity  of  fluid  discharged,  it  is  supposed  that  there 
are  neither  within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  flow ;  that  the  fluid  has  no  viscosity,  and  does 
not  adhere  to  the  sides  of  the  vessel  and  orifice ;  that  the  pariiclee 
of  the  fluid  reach  the  upper  surface  with  a  common  velocity,  and  also 
leave  the  orifice  with  equal  and  parallel  velocities.  None  of  these 
conditions  are  fulfilled  in  practice,  and  the  theoretical  discharge  must, 
therefore,  difler  from  the  actual.  Experience  teaches  that  the  former 
always  exceeds  the  latter.  If  we  take  water,  for  example,  which  is 
far  the  most  important  of  the  liquids  in  a  practical  point  of  view, 
we  shall  find  it  to  a  certain  d^ee  viscous,  and  always  exhibiting  a 
tendency  to  adhere  to  ununctuous  surfaces  with  which  it  may  be 
brought  in  contact      When  water   flows    through   an   opening,  the 
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*dho»ion  of  its  partides  to  the  sur&ce  wUl  check  their  mottoB,  and 
the  viscosity  of  the  fluid  will  transmit  this  effect  towards  the  interior 
of  the  vein;  the  velocity  will,  therefore,  be  greatest  a;  the  axis  of 
the  latter,  and  least  on  and  near  its  surface;  the  inner  particles  thus 
flowing  away  from  those  without,  the  vein  will  increase  in  length  and 
diminish  in  thickness,  till,  at  a  certain  distance  from  the  orifice,  thjd 
velocity  becomes  the.  same  throughout  the  same  cross-section,  whidi 
usually  takes  place  at  a  short  distance  from  the  aperture.  This 
effect  will  be  increased  by  the  crowding  of  the  particles,  arisiBg  from 
the  convergence  of  the  paths  along  which  they  approach  the  aper- 
ture, every  particle,  which  enters  near  the  edge,  tending  to  pass 
obliquely  across  to  the  opposite  side.  This  diminution  of  the  fluid 
Tein  is  called  the  veincU  contraction.  The  quantity  of  fluid  discharged 
must  depend  upon  the  degree  of  veinal  contraction,  and  the  velocity 
of  the  particles  at  the  section  of  greatest  diminution ;  and  any  cause 
that  will  diminish  the  viscosity  and  cohesion,  and  draw  the  parUdes 
in  the  direction  of  the  axis  of  the  vein  as  they  enter  the  aperture, 
will  increase  the  discharge. 

Experience  shows  that  the  greatest  contraction  takes  place  at  a 
distance  from  the  vessel  varying  from  a  half  to  once  the  greatest 
'dimension  of  the  aperture,  and  that  the  amount  of  contraction  d^ 
peiNls  s6^90^hatr^up#ii«  ike^*^B^^  of  the  vessel  about  the  orifice 
and  the  head  of  fluid.  It  is  further  found  by  experiment,  that  if  a 
tube  of  the  same  shape  and  size  as  the  vein,  from  the  side  of  the 
▼essel  to  the  place  of  greatest  contraction,  be  inserted  into  the 
aperture,  the  actual  disdiarge  of  fluid  may  be  accurately  o(»nputed 
by  Equation  (478),  provided  the  smaller  base  of  the  tube  be  sub- 
stituted for  the  area  of  the  aperture;  and  that,  generally,  without 
the  use  of  the  tube,  the  actual  may  be  deduced  from  the  theoretical 
discharge,  as  given  by  that  equation,  by  simply  multiplying  the 
theoretical  discharge  into  a  co-efficient  whose  numerical  value  depeodi 
upon  the  sixe  of  the  aperture  and  head  of  the  fluid.  Moreover, 
ail  other  circumstances  being  the  same,  it  is  ascertained  that  this 
oo-efficient  remains  constant,  whether  the  aperture  be  circular,  aquaroi 
or  oblong,  which  embrace  all  cases  of  practice,  provided  that  vi 
eomparing  rectangular  with  circular  orifices,  we  compare  the  smallisl 
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sna.Mi  of  the  former  vith  th«  diameter  of  the  latter,  llie  vahie 
Us  co-«flicient  depends,  ther^ore,  when  odier  circumstanoes  are 
aame,  upon  the  Bmallest  dimmeiou  of  the  rectangular  orifiM, 
npoo  the  diameter  of  the  cirde,  in  the  case  of  circular  orifiMa. 
should  other  circumstanceB,  such  as  the  head  of  fluid,  and  tb« 
a  of  the  orifice,  in  reaped  to  the  eidos 
bottom  of  the  vessel,  vary,  then  vill 
co-efficient  also  vary.  When  the  flow 
s  place  through  thin  platea,  or  through 
ces  whose  lips  are  bevelled  externally, 
co-efficient  corresponding  to  given  heads 
orifices,  may  be  found  in  Table  V, 
-ided  the  orifices  be  remote  from  the 
'al  faces  of  the  vessel.  Thin  table  ia 
iced  from  the  experiments  of  Captain 
)ros,  of  the  French  engiaeers,  and  agrees 

the  previous  experiments  of  Boaaut,  Michelotti,  and  othera. 
La  the  orifice  approaches  one  of  the 
■ti  faces  of  the  reservoir,  the  contrao- 
on  that  side  becomes  less  and  less, 
will  ultimately  become  nothing,  and  the 
ficient  will  be  greater  than  those  of  the 
I,  If  the  orifice  be  near  two  of  these 
<,  the  contraction  becomes  nothing  on 
aides,  and  the  co-efficient  will  be  still 
tcr. 

Indcr  these  circumstances,  we  have  the 
wing  rules : — Denote  by  C  the  tabular, 
by  C  the  true  co-efficient  corresponding 
1  given  aperture  and  head ;  then,  if  the 
raction  be   nothing  on   one   aide,  will 

C  =  1,03  C; 
Dthtng  on    two   sides, 

C  =  1,06  C; 
othing  on  three  sides, 

C  =  1120; 
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and  it  must  be  borne  in  mind,  that  these  results  and  those  of  the 
table  are  applicable  only  when  the  fluid  issues  through  holes  in 
thin  plates,  or  through  apertures  to  bevelled  extemalljr  that  the 
particles  may  not  be  drawn  aside  by  molecular  action  along  their 
tubular  contour. 

§301. — When  the  discharge  is  through  thick  plaUB  without  Jfevd^ 
or  through  cylindrical  tubes  whose  lengths  are  from  two  to  three 
times  the  smaller  dimension  of  the  orifice,  the  expense  is  increased, 
the  mean  coefficient,  in  such  cases,  augmenting,  according  to  experi- 
ment, to  about  0,815  for  orifices  of  which  the  smaller  dimension 
varies  from  0,83  to  0,66  of  a  foot,  under  heads  which  give  a  coeffi- 
cient 0,619  in  the  case  of  thin  plates.  The  cause  of  this  increase  is 
obvious.  It  is  within  the  observation  of  every  one,  that  water  will 
wet  most  surfaces  not  highly  polished  or  covered  with  an  unctuoiu 
coating — in  other  words,  that  there  exists  between  the  particles  of 
the  fluid  and  those  of  solids  an  affinity  which  will  cause  the  former 
to  spread  themselves  over  the  latter  and  adhere  with  considerable 
pertinacity.  This  affinity  becoming  eflective  between  the  inner  sur- 
face of  the  tube  and  those  particles  of  the  fluid  which  enter  the 
orifice  near  its  edge,  the  latter  will  not  only  be  drawn  aside  from 
their  converging  directions,  but  Mrill  take  with  them,  by  the  fbroe  of 
viscosity,  the  other  particles,  with  which  they  are  in  sensible  contact 
The  fluid  filaments  leading  through  the  tube  will,  therefore,  be  more 
nearly  parallel  than  in  the  case  of  orifices  through  thin  plates,  the  con- 
traction of  the  vein  will  be  less,  and  the  disdiarge  consequently 
greater. 


PART   III. 


MECHANICS  OF  MOLECULES. 


§  302. — ^Ths  more  general  circumstances  attending  the  action  of 
fcTces  upon  bodies  of  sensible  magnitudes  have  been  discussed.  They 
cons^itnte  the  subjects  of  Mechanics  of  Solids  and  of  Fluids.  Those 
which  result  from  the  action  of  forces  upon  the  elements  of  both  solids 
and  fluids  remain  to  be  considered.  They  form  the  subject  of  J/e- 
chanics  of  Molecules;  which  comprehends  the  whole  theory  oi  Electrics^ 
7*kermotics^  Acoustics^  and  Optics, 

It  has  been  seen,  that  all  bodies  are  built  up  of  elementary  mole- 
cules in  sensible,  though  not  in  actual,  contact;  that  the  relative  places 
of  equilibrium  of  these  molecules  are  determined  by  the  molecular  forces, 
and  that  the  intensities  of  these  forces  are  some  function  of  the  dis- 
tance between  the  acting  molecules.  A  displacement  of  a  single  mole- 
cule from  its  position  of  relative  rest,  will  break  up  the  equilibrium  of 
the  surrounding  forces,  and  give  rise  to  a  general  and  prc^essive  dis- 
turbance throughout  the  body.  It  is  proposed  to  investigate  the  nature 
of  this  disturbance,  the  circumstances  of  its  progress,  and  the  conduct 
of  the  molecules  as  they  become  involved  in  it 

FERIODIOITY   OF  MOLECULAR   CONDITION. 

• 

§  303. — Molecular  motions  cannot,  like  the  initial  disturbances  which 
produce  them,  be  arbitrary ;  but  must  fulfil  certain  conditions  imposed 
by  the   physical   connci^cns  which  unite  the  molecules  into  a  system. 


\ 
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These  motions  are,  so  to  speak,  constrained  by  this  connection.  Let 
the  conditions  of  constraint  be  expressed,  as  in  §  213,  Mech.  of 
Solids,  by 

Z  =  0;    Z'  =  0;    Z''  =  0;  Ac (506) 

X,  L\  L'\  k^^  being  functions  of  the  co-ordinates  of  the   molecules. 

Denote  by 

X,  r,  Z;  -T,  T,Z'\  Ac, 

the  accelerations  impressed  upon  the  molecules  whose  masses  are  n^  m\ 
^c^  in  the  directions  of  the  axes.  Equation  (313)  will  obtain  for  each 
molecule.  There  will  be  as  many  equations  as  molecules,  and  by  addi* 
tion,  we  find,  by  invertiog  the  terms, 

There  will  be  three  co-ordinates  for  each  molecule.  Denote  the 
number  of  molecules  by  t ;  the  number  of  Equations  (506)  of  condition 
by  m ;  then  will  3  »  —  m  =  n,  bo  the  number  of  co-ordinates  which, 
being  given,  will  reduce  the  number  of  unknown  co-ordinates  to  the 
number  of  equations.  These  unknown  co-ordinates  may,  hence,  be  found 
in  functions  of  the  known,  and  the  places  of  the  molecules  at  any  in- 
stant determined. 

Denote  the  m  co-ordinates  by  xyz^  ^' y' ^\  ^^  *nd  the  n  oo-ordi« 
nates  by  a/3y,  a'/3'y',  &c:  then  we  may  write, 

a?  =  (p. (a i3 y  a',  <kc.)  =jp,;' 
y  =  (Py(a/3ya',  «fec.)=py; 
«  =  9,(a0ya',  «fec.)=jp.; 
ar'=  9^(a)3ya',  <kc.)  =jp^; 
dec.  =  <lrc.  =  dec; 

also, 

Z  =  '^.(ai3ya',&c.)  =  P.; 

27  =  V»^.(a  /3  y  a',  &c.)  =  P.*; 

^c  =  &c.  =  &c, ; 

in  which  9^  9^  9^  &c^  %f>„  tp^  ^„  &c^  denote  any  functions  of  the  oo- 
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ordinatcs  a  /3  y,  a'  &c^  which  result  from  the  conditions  of  Equations 
(506)  and  the  process  of  elimination. 
At  any  time  tj  suppose 

a  j3  and  y  to  become  «  +  f,   /3  +  ^,   7  4-  f ; 
a'  /3'  and  y'  to  become  a'+  f,  j3'-f  t;',  y+  C; 


and  suppose  the  increments  ^  rj  (,  ('  fj'  Ci  <^c*9  to  continue  so  small 
daring  the  entire  motion  as  to  justify  the  omission  of  all  termr  into 
which  their  second  powers  and  products  enter;  then  will 


X  = 


y  = 


s  = 


«"  = 


p+iii 

'^^  da     '  'dp     •  '    dy 
^'^  da     *^  «/j3    ^^  dy 


f+4^-'?  +  ^-f+&c-.&c. 


f  +  &C.,  dec. 


dft 


''p.'  _/.  ^Pt 


^-+i?-^+if-'''+i7-^+*<^-*- 


jr=/',+     . 

From  Equations  (608)  we  hare 


da 


dp 


dy 


d..  =  ^.rf.f+^.d.,  +  i^.rf.f+Ae,Ac 
f^a;'=         dE&f  dec,  Jbc. 


(508) 


-.    .  (509) 


(510) 


3^8 
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also  from  the  same 


..     .     (611) 


The  Eqaation  (507)  contains  three  times  as  many  terms  as  there 
are  molecules,  each  term  consisting  of  a  variation  with  its  coefficient 
Eliminate  from  this  eqaation  X,  y,  Z,  X',  dcc^  rf"ar,  c?'y,  c?'^,  rf'a?',  &c^ 
and  dx^dy^dz^  dx\  ^c,  by  means  of  Equations  (509),  (510),  and  (511); 
collect  the  coefficients  of  d  ^,  dri,  d  (,  6  ^,  &c. ;  the  number  of  terms 
will  reduce  to  n,  this  being  the  number  of  the  co-ordinates  a,  /3,  y,  a\ 
&c  These  variations  are  independent  of  one  another,  since  the  co- 
ordinates ec,  j3,  y,  a\  &c^  are  so.  The  coefficients  of  these  variations 
must,  therefore,  be  separately  equal  to  zero.  Performing  the  operation, 
omitting  all  the  terms  containing  product  and  powers  of  ^  f/,  ^  f , 
dec,  higher  than  the  first,  there  will  result  n  equations  of  the  form, 

in  which  i>,  Uy  Fj  G,  If,  ^c,  are  functions  of  the  diflferential  co-efficienti 
in  Equations  (500),  (510),  and  (511);  and  A  consists  of  a. series  of  terms 
each  composed  of  two  factors,  one  of  which  is  either  /*.,  P^,  /*.,  or 
some  other  P  with  subscript  co-ordinate  accented. 

If  a  P  y,  a',  &c^  give  the  places  of  rest  of  the  molecules,  then  will 
P,  =  P^  =  P,  =  &c.  =  0,  and  Equations  (512)  become 


These  equations  are  satisfied  by  making 


»j  =  iZ .  iV  .  s 


n(<.'/p-r), 
ii{t.Vp-r), 
n(^^/p-r), 


(614) 
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in  which  B  and  r  are  arbitrary  conatants,  and  p,  i^T^  JV^  JV ,  Jbc^  are 
constants  to  be  determined.  For,  after  two  differentiations,  regarding 
f,  17,  ^  &c^  and  <  variable,  we  have 

^=-72.JV,.8in(<Vp-r)p, 

drc^  &c. 

which,  substitnted  in  Equations  (518),  give,  after  dividing  out  th^  c<Mii- 
mon  factor  M .  sin  {t  Vp  —  r), 

(i:i>.ivr^  +  5:^.^^  +  5:i^ivr^)p-2(?^>-5:-£rjv  -sjor^  =  o.  (6i6) 

Now,  there  being  n  of  these  equations ;  n  —  1  of  them  will  give  the 
valaes  of  JV^ ,  JV^ ,  N',  &c.,  in  terms  of  JV\ ;  and  these  being  substituted 

in  the  n^  equation,  must,  from  the  form  of  the  equations,  give  a  result- 
ing equation  having  J\r.  as  a  common  factor  and  of  the  n^  degree  in  p. 
The  common  factor  i\r  will  divide  out  The  quantity  p  will  have  n 
values.  The  values  of  i^T,  JV,  JV  ,  drc^  will  be  rational  fractions  of 
the  (n— 1)*^  degree  in  p,  having  a  common  denominator,  and  each  multiplied 
by  y^  which  is,  as  yet,  arbitrary.  Make  JV.  equal  to  the  common  de- 
nominator, and  JV  J  JV,  JV  ,  drc,  will  be  expressed  in  symmetrical  func- 
tions of  p,  of  the  (»—  1)*^  degree.  Each  of  the  quantities  J\r.  JV,  JV, 
drc,  will  have  as  many  values  as  p;  and  each  of  the  increments 
S*  Vf  ii  S\  ^^  ^^^^  ^^  ^A^G  ^  values,  each  set  of  which  will  satisfy 
Equations  (513). 

But  Equations  (513)  are  linear;  not  only,  therefore,  will  each  of 
the  values  of  f,  rj,  ^,  ^',  <bc.,  satisfy  them,  but  their  respective  sums  sub- 
stituted for  ^,  97,  ^j  ^,  &c^  will  also  satisfy  them. 

Denoting  the  roots  of  the  n^  equation  in  p  by  p,  pi,  pt,  &c^  and 
using  the  subscript  figures  to  designate  the  corresponding  values  for 
the  other  letters,  the  general  solution  of  Equations  (513)  will  be 
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5=i?.iV;  .8m(<V^-r)-|-^i.JV;  .Mn(<V?"-'-i)-|--S«.iV^  .Mn(<VS-r,)+&c 


(6ie) 


I  (617) 


i?,  i2„  <Src^  and  r,  r„  &c.,  are  arbitrary  constants,  in  these  complete  in- 
tej^als.  They  miist  be  fonnd  in  terras  of  the  initial  values  of  ^,  17,  (, 
«&c^  and  their  differential  coeiBcicnts.  They  are  small,  because  the  ori- 
ginal disturbance  is  supposed  small. 

§^804. — If  all  the  quantities  E,  i2„  i?„  Ac,  except  the  first,  vanish, 
Equations  (516)  lose  all  their  terms  in  the  second  members  except  the 
first,  and  Equations  (508)  become 

§  305. — If  the  roots  p,  p,,  p„  <S:c.,  be  real,  the  different  tenns  in  the 
values  of  ^,  rj,  ^  &e^  as  given  in  Equations  (516),  will  disappear  period- 
ically, and  the  precise  times  of  disappearance  of  each  will  be  found  by 
making 

<Vp— r  =  o7r;     < Vpi  —  r|  =:a7r;     iVpi  —  r,  =  aw;    Ac^ 

or, 

aTT  +  r,  a'TT  +  r,^  arr  +  r,^ 

Vp  Vpi  Vpt 

in  which  a  is  any  whole  number  whatever.  The  intervals  of  disappear* 
ance  will  be 

.  vp        vpi        vpi 
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When  these  intervals  are  commensurable,  then  will  ^,  i/,  ^,  dso^  resume 
the  values  they  had  at  some  previous  time,  the  molecules  will  return  to 
their  former  simultaneous  pUces,  the  movement  will  become  periodical, 
and  the  period  will  be  equal  to  the  least  common  multiple  of  the  above 
intervals.  This  phenomenon  of  periodical  returns  of  molecules  to  their 
initial  places,  is  called  the  periodicity  of  molecular  condition, 

§  306. — From  Equations  (516)  it  is  apparent  that  each  and  every 
individual  of  a  system  of  molecules  in  which  the  connection  is  such  as 
to  leave  n  of  their  co-ordinates  independent,  may,  when  slightly  dis- 
turbed from  rest  in  positions  of  stable  equilibrium,  assume  a  number  n 
of  oscillatory  movements,  and  that  all  or  any  number  of  these  may  take 
place  simultaneously.  And  conversely,  whatever  bo  the  initial  deran|re- 
ment  of  such  a  system,  the  resulting  motions  of  each  molecule  may  be 
resolved  into  n  or  less  than  n  simple  components  parallel  to  each  of 
any  three  rectangular  axes.  Here  we  have,  under  a  different  form,  the 
principle  of  the  coexistence  of  small  motions. 

§  307. — Again,  let  f„  iy„  f„  Ac,  be  the  values  of  f,  i],  f,  Ac,  when 
the  syf tem  is  in  motion  by  the  action  of  one  set  of  forces ;  f^  ^j,  f„ 
•fee,  when  under  the  action  of  another  set,  and 'so  on — the  initial  con- 
dition being  determined  for  each  set  of  movements — then.  Equation 
(616)  being  linear,  will  the  resultant  values  of  ^,  vj,  ^,  drc,  be  given  by 

V  =  Vi  +  li+Vf^  &C., 
f=f,  +  f,  +  f,+  &c.; 

and  here  we  also  have  again  the  superposition  of  sm>all  motions.  That 
is,  each  molecule  may  take  up  simultaneously  the  motions  due  to  each 
disturbing  cause  acting  separately  and  alone. 

§  308. — ^Equations  (513)  may  also  be  satisfied  by  making 

If 


352  ELEMENTS    OF    ANALYTICAL    MECHANICS, 

which  give 


d0 


z=: p,jR,y  ,e  I 


and  these  substituted*  in  Equations  (518),  give  Equations  (615),  with 
the  exceptions  of  the  signs  of  the  terms  which  are  independent  of  p. 
But  with  this  solution  there  would  be  no  limit  to  the  increase  of 
^1  ^9  Ci  ^9  &c^  which  is  contrary  to  the  conditions  that  the  distarbances 
arc  to  continue  small.  In  fact,  this  last  solution  supposes  the  molecules 
to  be  moved  from  positions  of  unstable  equilibrium;  the  other,  which 
is  the  case  of  nature,  from  etahle  equilibrium, 

WAVBS. 

§  800. — It  thus  appears  that  every  molecule,  subjected  to  certain 
conditions  of  aggregation,  may,  when  disturbed  from  its  place  of  rela- 
tive rest,  describe,  under  the  action  of  surrounding  molecules,  a  closed 
orbit  The  disturbed  molecule  being  acted  upon  by  its  neighbors,  will 
react  upon  the  latter,  and  cause  them,  in  turn,  to  take  up  their  appro- 
priate paths;  and  the  same  being  true  of  the  next  molecules  in  order 
of  distance,  the  disturbance  will  be  progressive  and  in  all  directions. 
That  is,  an  initial  disturbance  of  a  molecule  at  one  time  and  place, 
becomes  a  cause  of  disturbance  of  another  molecule  at  another  time 
and  place.  While,  therefore,  any  molecule  -4,  is  travelling  over  its 
orbit,  the  disturbance  is  being  propagated  on  all  sides,  and  at  the  in- 
stant the  former  completes  its  circuit,  the  latter  will  have  reached  a 
molecule  ud„  in  the  distance,  which  will  then,  for  the  first  time,  begin 
to  move;  and  the  molecules  Ai  and  Ai  will,  thereafter,  always  be  at 
the  same  relative  distance  from  their  respective  starting  points.  In  the 
same  way,  a  molecule  ud,,  still  further  in  the  distance,  will  begin  its 
first  circuit  when  A^  begins  its  second  and  A^  its  third,  and  ao  oa. 
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Between  the  molecnlee  Ai  and  A^  as  also  between  A^  and  A^,  &c,^ 
molecnlee  will  be  fonnd  at  all  distances  from  their  starting  points  and 
moving  in  all  directions,  consistently  with  the  dimensions  and  shapes  of 
their  respective  orbits.  The  term  phase  is  used  to  ei|press  the  condi- 
tion of  a  molecule  with  respect  to  its  displacement  and  the  direction 
of  its  motion. 

Molecules  are  said  to  be  in  similar  phases^  when  moving  in  pkimllel 
orbital  elements  and  in  the  same  direction;  and  in  opposite  phases^ 
when  moving  in  parallel  orbital  elements  and  in  opposite  directions. 

The  particular  form  of  aggr^ation  assumed  by  the  molecules  be- 
tween the  nearest  two  concentric  surfaces  in  which  the  same  phases 
simultaneously  exist  throughout,  is  called  a  wave. 

A  surface  which  contains  molecules  only  in  similar  phases,  is 
called  a  wave  front.  This  latter  term  is  generally,  though  not  al- 
ways, applied  to  the  sur&ce  upon  which  the  molecules  are  just  begin- 
ning to  move.  The  velocity  of  a  wave  front  will  always  be  that  of 
disturbance  propagation.  A  wave  length  is  the  interval,  measured  in 
the  direction  of  wave  propagation,  between  two  consecutive  surfaces 
open  which  the  molecules  have  similar  phases. 

WAYS  FUKOnOV.  ' 

§  810. — ^Denote  the  masses  of  the  molecules  by  m,  m\  &c, ;  the  co- 
ordinates of 

«»     hy    «,  y,  «, 

m'     **    a:  +  A«,     y  +  Ay,     «-f-A«, 

m"    «*    «  +  A«',    y  +  ^}/,    «  +  A«', 

&C.y  d^C,  d^C,  d^C, 

\ 

and  the  distance  between  any  two  molecules,  as  m  and  m',  by  r ;  then 
will 


r  =  VT?+Ay'-hA2* (618) 

Let  /(r)  be  the  intensity  of  the  reciprocal  action  between  m  and  m'; 
in  which  /  denotes  any  function  whatever.  This  reciprocal  action  will 
determine  the  elastic  force  of  the  body. 

23 
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Before  the  syBtem  is  distarbed,  there  will  be  no  inertia  doTeloped* 
the  inertia  terms  in  Equations  {A  )  will  disappear,  and  we  shall  have 
for  the  action  on  any  molecule  as  tm^ 


S/(r) . 

r 

=  0, 

s/W . 

Ay 

r 

=  0, 

s/W . 

» 

r 

=  0. 

(«"») 


Now  suppose  the  system  slightly  disturbed,  and  denote  the  displacemeDt 
at  the  time  t  in  the  direction  of  the  axes  as,  y,  z^  respectively,  of 


m     by  ^ 

m"     «    f+Af, 


ij  +  Aij,    f+A{; 

1J  +  A.J',    f+Ar, 


Then,  denoting  the  change  in  r  by  Ar,  Equation  (518)  becomes 


r4-Ar  =  -v/(A«  +  Af)«+(Ay  +  Af7)«  +  (A«  +  AO'  .   (fi20) 

and  by  the  principle  of  the  superposition  of  small  motions,  Equations 
{A)  give  for  the  action  on  m, 

^f      T^/  ^A  ^   Aa?+Ag    ^ 


^.^  =  2/(r  +  Ar).^y  +  f-5, 


>  • 


(621) 


Bnt 


^f         ^yi      ..xA2  +  Af 


1  1       Ar  .  Ar" 

r  +  Ar      r        r"  r* 


/(r  +  A  r)  =/(r)  +  ^^  A  r  +  Ac, 


whence,  neglecting  the  powers  of  A  r  higher  than  the  fini, 
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Squaring  Eqaation  (520),  neglecdng  the  squares  of  Ar,  Af,  Af}, 
and  A  ^,  and  subtracting  the  square  of  Equation  (518)  from  the  result, 
we  find 


AX.AI  +  Ay  ,Afi  +  As,A^ 

T  :^  ^ *  ■'■•  •      •      •      • 


(522) 


Substituting  this  above,  and  making 


^^'      t*.dr        t*    ♦. 
Eqnationa  (521)  become 
(Pi 

m.j^=2{9(r).Aiy  +  V^(r)(Aa:.A|  +  Ay.Ai7  +  A«.A^).4y} 
m.j^  =  2J9(r).Aj;  +  V^(r)(Aa:.Ag  +  Ay.Aiy  +  A«.A^.A2} 


(523) 


(524) 


Performing  the  multiplication  as  indicated  in  the  hist  term  of  the  seo- 
ond  members,  there  will  result  terms  of  the  form, 

£'^(r).Ai7.A«.Ay;  2^(r).  A^.  Ao;.  Aa;;  £V'(r)  .  A^.Ai;.  Ay; 
£  ^  (r)  .  A  ^7 .  A  y .  A  2 ;     2  ^  (r)  .  A  ^ .  A  «; .  A  y ;     £  V'  (r)  •  A  { .  A  a;  .  A  a  ; 

• 

and  it  may  be  shown  bj  the  process  of  §  164,  to  prove  the  existence 
ef  principal  axes,  that  the  co-ordinate  axes  may  be  so  taken  aa  to  canaa 
these  terms  to  vanish.  Assuming  the  axes  to  satisfy  these  conditional 
Equations  (524)  become 


m.^'=£{q)(r)  +  V^(r)A««}Aj, 
«»-^  =  2J9(r)  +  V^(r)Ay«JAi^ 


.....    (525) 


ssis 
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Mulring 


til. 


mp  = 


9(r)  +  lp(r).A«», 


(M6) 


BqaatioBS  (625)  take  the  form, 


«Pij 


<f^ 


=  2l)".Aij, 


^'=Sl."'.A?. 


(627) 


An  initial  and  arbitrary  displacement  of  a  molecole  at  on«  time 
and  place,  becomes,  through  a  series  of  actions  and  reactions  of 
the  molecular  forces  alone,  the  cause  of  displacement  of  another 
molecule^  at  another  time  and  place.  In  this  latter  displacementf 
which  results  alone  from  the  molecular  forces,  the  molecular  motionft 
must  take  place  in  the  direction  of  least  molecular  resistance.  This 
direction  is  at  right  angles  to  that  of  wave  propagation ;  for,  the  ibroe 
which  resists  the  approach  of  any  two  strata  of  molecules  will  be  much 
greater  than  that  which  opposes  their  sliding  the  one  by  the  other. 
Indeed,  this  view  is  abundantly  confirmed  by  many  of  the  phenomena 
that  result  from  wave  transmission;  and  it  will  be  taken  for  granted, 
without  further  remark,  that  the  molecular  orbits  are  in  planes  at  rigiht 
angles  to  the  direction  of  wave  propagation. 

§  811. — ^The  first  of  Equations  (527)  appertains,  therefore,  to  wave 
propagation  in  the  plane  y  s,  the  second  in  the  plane  x  s,  and  the  third 
in  the  plane  xy. 

The  integrations  of  Equations  (527)  are  given  by 

2Tr 


f  =a,,siny-  (r,.<  — r.), 


2Tr 


ij=ay.sin^(r^.<-r^), 


27r 


f  =a,.sm  j-(r,.<-.r,), 


(528) 
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in  which  T^,  F,,  and  T^  are  the  yelocities  with  which  the  distorbaoce 
is  propagated  in  directions  perpendicular  to  the  axes  x^  y,  and  «,  re- 
spectively;  A»,  A^,  and  X,  the  shortest  distancesi  in  the  same  directions, 
between  the  places  of  rest  of  any  twa  molecnles  that  may  have  at  the 
same  instant  the  same  phase ;  r^^  r^^  and  r.  the  distances  of  any  moifr- 
cnle*s  place  of  rest  from  that  of  primitive  distorbaoce,  estimated  in  the 
same  directions.    This  being  understood,  we  have  the  relations^ 


Make 


r.  =  >^y«  +  «';    r,  =  >/«>  +  ««;    r.  =  %^««  +  y«/ 


2w--  2n^  2n^ 

—  K,  =  fifc ;     -J-  K,^  =  fly ;     —  K,  =  n, ; 


27r 


•    • 


(629) 


and  the  above  become 


f  =ei..sin(ii^.<  — *..r.), 
1}  =  Oy .  sin  (n^ .  <  —  ib, .  r,),   >• 


•    •    • 


•    (580) 


§  812. — ^To  show  that  these  are  the  solutions  of  Equations  (527),  it 
will  be  sufficient  to  prove  that  they  will  satisfy  those  equations  with 
real  values  for  n«,  n^,  and  n^.  Differentiate  twice  with  respect  to  f, 
and  we  have 


tPtf 
d? 


=  -«.•.#, 


=  -«,'•»», 


=  -V.?. 


(881) 


Give  to  r«,  r„  and  r.  the  increments  ^r«,  Ar„  and  Ar„  respectively; 
the  corresponding  increments  of  |^,  fj,  and  ^  are  A^,  A 17,  and  Aji^  and 
Equations  (580)  become 


«» 
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ee« .  sin  (n. .  < 
a, .  sin  (n, .  i 
a.  •  fiin  ^s .  < 


Developing  the  second  members,  regarding  fi^  •  ^  —  ii^«  •  %>  ^'^  •  ^  ~~  ^y  •  *> 
and  n.  •  <  —  i;.  •  r.  as  single  arcs ;  subtracting  Equations  (530)  in  order 
replacing  1  —  cos  it.  A  r,,  1  —  cos  it^Ar,,  and  1  —  cos  i;,  A  r,  by  tbeii 
respective  values,  we  find 


Af=-2f.sin«^A^Vsin(it.Ar.).a.cos(n..<-.ifc..r.)/ 


A 17  =  —  2  If .  sm 


:.,(^A^) 


+  sin  (X;,  A  r,) .  a,  coe  (n^ .  <  —  h^ .  r^), 


Af=-2f.sin«^-^4^  +  sin(it.Ar.).a.cos(»i,.<-*..r.). 


(532) 


Substituting  these  in  the  second  members  of  Equations  (527),  we  have 


—  8f  .Ep'.8in« 


,  ....(^.^O 


2 


+    Xp' .  Bin  (*^  A  f  J . «,.  OOB  (». .  #  -  *.. O, 


^ 
<!<> 


.,..(*r^V 


=  -Sf .  i/>".8in«-^yi     +     Zjp" .  sin  (*yA  rp  .  -^ . oo« (ii^ . #  -  *^.  r^, 


J^=-2^^/r.am« 


,_.(*.  A  *•.) 


8 


+    2p'^.«in(t,Ar^.«,.00B(»,.«-*^.r,). 


(5tt) 


In  the  state  of  equilibrium  of  the  molecules,  we  maj  suppose 
their  masses  equal,  two  and  two,  and  symmetrically  disposed  on 
either  side  of  that  whose  mass  is  m.  Indeed,  this  is  the  most  general 
way  in  which  we  may  conceive  the  equilibrium  to  exist.  Then,  since 
for  every  positive  arc  it. .  A  r.  there  will  be  an  equal  negative  one,  we 
must  have 


2^'  ,  sin  (it, .  A  r,)  .  a, .  COS  (n, .  <  —  it, .  r,) 
S^"  .  sin  (*y .  A  r^)  .  Oy .  cos  (n^ .  <  —  A?y . r^) 
Sy ' .  sin  (*,  •  A  r.) .  a. .  cos  (n, .  <  —  it, .  r,) 


.     (534) 


and  therefore. 
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dfn 


rf7  =  -2'7.Si>".«n 


tt        •_!  .^IL*  _~JV 


-2?.S/".Mn«A^, 


(536) 


whence,  Equations  (531)  and  (535), 


fi»  =  2  S|>  .sin'  — ~ , 

V  =  22/'.8in«^„— % 
!!.•=:  2  Sp'".  sin*  —2^', 


(636) 


wbich  are,  Equations  (526)  and  (522),  real  values  (or  n^,  m,,  and  i^. 

§  313. — Substituting  the  values  of  9i«,  n,,  n.,  and  X;.,  ^,,  1;,  Equa- 
tions (520),  there  will  result,  after  multiplying  the  first,  second,  and 
third  by  1  =  Ar.'-r  Ar,»;  1  =  Ar/ -f- Ar/;  l=Ar,»-^Ar,^  re- 
spectively, 


.  ,  ff  Ar, 


sin 


r/  =  jS/)'  .Ar.«. 


r-^)" 


Bin 


,  TTAr, 


F/  =  |Ii)".Ar,'. 


r.»  =  jSj»"'.Ar.'. 


.  ,  7r  A  r, 
— 5 — 


•      • 


.    (687) 
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WAYS  sxonov. 

§  814. — ^Resmniiig  eitter  of  Equations  (628),  saj  the  first,  yis. : 

2  7r 
I  =  a,  sin  -^  (F, .  <  —  f,), 

it  is  apparent  that  if  <  be  made  constant  and  r«  variable,  so  as  to  reach 
in  snccession  all  the  molecules  in  its  direction  between  the  liqiita 

V^.i-K,  and  F..*, 

the  displacement  ^  will   also   vary,   and   from   zero   to   zero,   {wssing 
between   these  limits  through  the   maximum  talues  a,  and  minimum 
talue  —  a»;  thus  deter- 
mining the   curved   line 
C  Df    of    the     annexed 
figure,  to   be   the   locus 
of  the  corresponding  dis- 
placed molecules,  of  which  the  places  of  rest  are  on  the  straight  line 
AB,  coincident  in  direction  with  the   line  r.  in  the   plane  yz.     And 
it  is  also  apparent  that  if  the  above  value  of  t  receive  an  increment, 
making  the  time  equal  to  t\  and,  with  this  new  value  for  the  time^  r« 
he  made  to  vary  between  the  limits 

F. .  <'  -  A.,  and  F. .  <', 

the  locus  of  the  corresponding  displaced  molecules  will  be  found  to 
have  shifted  its  place  to  C  D\  in  the  direction  towards  which  the  dis- 
turbance is  propagated. 

This  peculiar  arrangement  of  ja  series  of  consecutive  molecules,  bj 
which  the  latter  are  made  to  occupy  the  various  positions,  arranged  in 
the  order  of  continuity  about  their  places  of  rest,  is,  as  we  have  seen, 
§  805,  called  a  toave^  and  the  functions,  Equations  (528),  from  which  s 
section  of  the  waves  may  be  constructed,  are  called  watm  /uncUcns. 

WAVB  VKLOcrrr.     . 

§  815. — From  either  of  Equations  (537),  say  the  first,  it  appears 
that  the  velocity  of  wave  propagation  depends  upon  the  ratio  between 
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the  arc  —^ — *  and  its  sine.    If  the  distance  Ar«,  between  the  mole- 

coles,  in  the  direction  of  r.,  have  any  appreciable  value  as  compared 
with  the  wave  length  A»,  this  ratio  will  be  less  than  nnitj ;  and  in 
proportion  as  the  wave  length  increases,  in  the  same  mediam,  will  the 
velocity  increase.  When  the  distance  Ar^  is  insignificant  in  Compari- 
son with  the  wave  length  A«,  the  ratio  of  the  sine  to  the  arc  will  be 
unity,  and  that  factor  will  cease  to  appear. 

§  316. — If  the  mediom  be  homogeneous,  then  will 

and,  therefore, 

•  ►^  =  Fy  =  r  a . 

That  is,  the  velocity  will  be  the  same  in  all  directions.  Denote  this 
velocity  by  F;  we  may  write 

sm'  — r — 
F«  =  J5r. -— (588) 

in  which  the  two  factors  that  compose  the  second  member  have  such 
average  values  as  to  give  a  product  equal  to  the  sum  of  the  products 
which  make  up  the  second  members  of  either  of  Equations  (537). 

Supposing,  in  addition  to  the  existence  of  homogeneity,  that  the  in- 
terval  between  the  molecules  is  insignificant  in  regard  to  the  wave 
length,  the  last  &ctor  of  Equations  (537)  reduces  to  unity,  and  taking 
the  axis  x  in  the  direction  of  the  velocity  to  be  estimated,  A  r  becomes 
A  X,  and,  first  of  Equations  (537), 

F«  =  j2y.(A«)«; 

replacing  p'  by  its  value.  Equations  (526)  and  (523), 

2m       Lr  \   dr      t^         r*/  J 

The  distances  between  the  molecules  being  very  small,  the  term  of 
which  A^  is  a  fiictor  may  be  neglected  in  comparison  with  that  con- 
taining Ax*,  and  the  above  may  be  written 
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V*=z—..l;f{r).—  .AX. 

Now,  /(r) .  —  ]g  the  component  of  the  elastic  force  exerted  betweec 
two  molecoles  whose  distance  is  r,  in  the  direction  of  the  axis  x ;  and 
/(r) . —  .Ax  is  the  quantity  of  work  of  this  component  acting 
through  a  distance  Ax,    Making 

I     we  may,  by  the  principle  of  parallel  forces,  write 

9 

in  which  e^  is  the  sum  of  the  component  molecular  forces  which  act  on 
one  side  of  the  molecule  m,  in  the  direction  of  the  axis  or,  or,  which 
is  the  same  thing,  the  elastic  force  limited  to  a  single  molecule ;  and 
x^  the  path  over  which  this  force  would  perform  an  amount  of  work 
equal  to  that  measured  by  the  first  member.    Substituting  this  above, 

F«  =  ?^'. 
m 

Denote  by  t  the  number  of  molecules  in  a  unit  of  length,  and  multiply 
both  numerator  and  denominator  by  t*;  we  have 

but  t'.tf^  is  the  elastic  force  extended  to  a  unit  of  surface,  and  is  the 
measure  of  the  elastic  force  of  the  medium;  call  this  e.  The  factor 
%x^  is  the  number  of  molecules  in  the  distance  x/^  call  this  k.  The 
denominator  ^m  is  the  quantity  of  matter  in  a  unit  of  volume,  which 
is  the  density;  call  this  A,  and  the  above  becomes 


=v/r 


*       (6»9) 


Denote  by  c  the  ratio  which  the  contraction  produced  in  a  givea  nrf- 
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lime  of  the  mediam  by  the  preasare  of  a  standard  atmosphere  A^  bean 
to  the  Tolome  wHhont  any  external  pressure;  then  will 


^^A^p.D^^.ZO 


(540) 


in  which  p  is  the  force  of  gravity  and  2>^^  the  density  of  mercury  at 
a  standard  temperature. 

In  the  case  of  gases,  c  is  sensibly  equal  to  imity ;  for  if  such  bodies 
were  relieved  from  their  atmospheric  pressures  they  would  expand  in- 
definitely, thus  making  their  increments  of  volumes  sensibly  equal  to 
the  volumes  they  would  ultimately  attain. 


RXLATION   OF  WAYS   YSLOCITT  TO   WAYS   LENGTH. 

g  317. — ^Denote  the  resultant  displacement,  of  which  |,  17,  and  (  are 
the  components,  by  ^;  and  the  angles  which  ^  makes  with  the  axea 
a;,  y,  and  z^  by  a,  j3,  and  y,  respectively;  then  will 

^=:^.cosa;    i7  =  ^.co6j3;    f=:tf.cosy; 
which,  substituted  in  the  second  members  of  Equations  (531),  give 


^^  =  —<r. 11/.  cos  a, 
— '  =  -  <r .  n/ .  cos  ft 
^  =  —  (f .  «,• .  cos  y. 


(541) 


■ 

Squaring,  adding,  taking  square  root,  and  denoting  the  resultant  by  «^, 
we  have 

The  first  member  is  the  square  of  the  resultant  acceleration  due  to  the 
molecular  action  developed  by  the  displacement  (f. 

Denote  by  a^,  ft,  and  y^  the   angles  which  the  direction  of  this 
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resultant  makes  with  the  axes  ^r,  y,  and  z,  respectively;  and   by  ^ 
the  inclination  of  this  direction  to  that  of  displacement     Then  will 

cos^  =  co8a.cosa^  +  cosj3.co8j9^  + cosy.oosy^  .     .  (543) 

The  components  of  the  acceleration,  in  the  directions  of  the  axes  x^  y, 
and  £,  are,  respectively, 

«^  cos  a, ;    «,  cos  ^, ;    e.  cos  y, ; 


and,  therefore,  Equations  (541), 

e.cos  a^  = 
e«  cos  /3^  r= 
«,cos%  = 
Whence, 


cos  a^  = 


cos  j3^  = 


cosy,  =  - 


—  d* .  n/ .  cos  a, 

—  tf.n/.oos  j3, 

—  tf .  n,* .  cos  y . 

^.n^'.cosa 
^ .  fly' .  cos  /9 
^ .  n,* ,  cos  y 


(644) 


These,  un  Equation  (543),  give.  Equations  (531), 

e..cosV^  =  —  tf  .n^*  =  —  ^.(n^'.cos'a  +  n^'.cos'/S  +  n/.cos'y); 
and  replacing  n,,  n.,  n„  and  n.,  by  their  values,  Equations  (529), 

F'      F*  F'  F' 

But,  because  the  number  of  waves,  in  a  i^nit  of  time,  arising  from  the 
components  of  a  common  initial  disturbance  must  be  the  same,  the 
coefficients  of  the  circular  functions  above  must  be  equal,  and  hence, 


F*      F*  F* 

^,=^(cos'a  +  cos»j3  +  cos«y)  =  I^ 


(545) 


Whence  the  wave  velocity  is  proportional  to  the  wave  length. 
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8UB7A0S   OF  BUUmOITT. 


§  318. — ^Beplacin^^  in  Equations  (541)|  n^,  n^,  »«,  by  their  values 
m  Eqnalions  (529),  multiplying  the  first  by  c.n X* , nt,  the  seoond 
by  c. TT ^' . m,  and  the  third  by  e.irX^ .m^  we  have 


e.n.X/.m.  -^  =  —  tf  .e.  4  7r*.f»ii  F/.co6i3, 
c. TT .  V •  *» .  ^  =  —  tf .  c.  4 tt" . m  F," .  cos y. 


•    (546) 


Now,  TT .  A/,  TT .  ^',  and  rr .  A/  are  the  projections  of  the  waves  arising 
from  the  component  displacements  f,  17,  and  {T,  on  the  planes  ys,  d;^, 
and  xy^  respectively;  and  if  every  molecule  in  each  of  these  waves  had 
the  same  acceleration,  the  first  members  would  measure  the  elastic  forces 
exerted  over  these  projections  by  making  c  equal  to  unity.  These  are, 
however,'  not  equal ;  but  if  c  denote  a  proper  fractional  coefficient,  and 
e«,  e,,  and  e.  the  actual  elastic  forces  in  the  three  waves,  we  may  write, 


e,  =  —  <r .  f .  F,* .  cos  a, 
e,  =  —  <r .  f .  F/ .  cos  /3,    i- 


(647) 


«,  =  —  (f .  r .  F," .  cos  y.  J 

m  which  ^  =  4  ^ .  tt*  .  m.  Squaring,  adding,  taking  squ^  root  of  sum, 
and  denoting  the  resultant  by  e^, 

e^  =  Ve."  +  c/  +  6,"  =  <r.f.VF,\cos"a+F/.cos«j3+F/.cos"y; 

from  which,  it  is  apparent  that  if  the  displacement  be  made  in  the 
direction  of  either  axis,  the  elastic  force  will  be  wholly  in  the  direction 
of  that  axis — a  property  possessed  by  these  particular  axes  in  conse- 
quence of  the  fru^t  that  they  were  assumed  in  directions  to  satisfy  the 
conditions  of  symmetry  in  molecular  arrangement,  which  caused  Equa- 
tions  (524)   to  reduce  to  Equations   (525).      The  directions  of  these 
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special  axes  are  called  axes  of  elasticity.     The  resaltant   elastic  force 
will  not,  in  general,  act  in  tho  direction  of  the  displacement 

Denote  the  angles  which  e    makes  with  the  axes  of  elasticity  by  a,, 
0^,  and  y^,  and  the  angle  which*  it  makes  with  the  displacement  by  iff 
«    then  will 

co8^  =  cosa.cosa^  +  cosi3.cosi3^  +  coBy«coB7^y 
c^ .  cos  a^  =  €.  =  —  tf .  5  •  F.V  cos  a, 
e^ .  cos  /3^  =  Cy  =  —  tf .  f .  Fy"  •  cos  ft 
c^ ,  cos  y^  =  €;  =  —  <r .  f .  F/ .  COS  A, 


Whence 


cos  a^  = 


cosi3,=  - 


cosy,  =  - 


tf .  C  •  F,* .  cos  a 


(f .  f .  F^* .  cos  i3 


tf  .f .  F/.  oosy^ 


•    •    • 


(648) 


which  substituted  aboYC,  ^ve,  * 

e^.co8V»  =  -<^.?.F^"=  —  (r.f(F.".co8»a  +  F/.cos*/3+F.*.cos"y); 

in  which  F    is  the  velocity  perpendicular  to  the  displacement     Making 


^,  =  ^;    ^.  =  «;    ^r  =  *;    ^.  =  ^; 


we  have 


F=  Va* .  co8*a  -f  6* .  cos*j3  +  c* .  cos'y    .     .     .     (549) 


The  quantities  a,  b^  and  c  are  called  definite  axes  cf  elasticity^  in  con- 
tradistinction to  axes  of  elasticity  which  merely  give  direction.  The 
surface  of  which  the  above  is  the  equation,  is  called  the  surface  of 
elasticity.  The  value  of  F  will  measure  the  velocity  of  any  point  on 
the  wave  surface  in  a  direction  normal  to  the  displacement,  and  being 
squared  and  multiplied  by  <r.^  will  give  the  elasticity  developed  in 
the  direction  of  the  displacement  itself. 
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xThe  definite  axes  6f  elasticity  are  the  geometrical  axes  of  fi^re  of 
the  snrface  of  elasticity;  the  general  axes  of  elasticity  are  directions 
parallel  to  these,  and  drawn  from  any  point  iti  the  medium  taken  at 
pleasure. 


WAVE  SUBFACE.  « 

§  819. — This  is  the  locos  of  those  molecules  which  haye,  simulta- 
neously, the  same  phase,  §  309 ;  and  whatever  tliis  phase  may  be, 
the  particular  surface  characterized  by  it  will  be  concentric  with  that 
which  marks,  at  any  epoch,  the  exterior  limits  of  the  disturbance,  or 
upon  which  the  molecules  are  beginning  to  participate  in  the  disturb* 
ance  propagation. 

It  is  now  the  question  to  determine  the  equation  of  this  latter 
surface ;  for  this  purpose,  assume  the  origin  of  co-ordinates  at  the 
point  of  primitiye  disturbance,  and  let 

« 

Ix  +  piy  +  m  =  V fc    (660) 

be  the  equation  of  a  plane  tangent  to  the  wave  front  at  any  point, 
and  at  the  end  of  a  unit  of  time.  The  coefficients  Ij  m^  and  n,  will 
be  the  cosines  of  the  angles  which  the  normal  to  this  plane-  makes 
with  the  axes  xyz,  respectively,  and  its  length  wiU^  measure  the 
velocity  F,  of  wave  propagation  m  its  own  direction.  This  plane  must 
be  parallel  to  the  displacement  and  its  normal  perpendicuhur  thereto; 
hence 

/co6a-f-iitcosj3  +  nco6'y==0     .    .    •    .    (661) ; 

also 

cos*  a  -f-  cos*  P  -f-  cos*  7=1....     (662). 

Equations  (649),  (660),  (661),  and  (662)  must  exist  simultaneously 
for  real  values  of  the  cosines  of  cc,  )3,  and  y.  To  find  an  equation 
which  shall  express  this  condition,  square  £q.  (649),  and  divide  it  by 
F*  •  cos*  a,  it  becomes 


\ 
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^ ^^  =  -}- (MS) 


divide  £q.  (551)  by  cob  a,  we  have 


,    ,  C06/9     ,  COS  y  fmKM\ 

co««  cor* 


and  divide  £q.  (552)  by  cob*  a,  the  result  is 


co^       co^^_l_ 

COS* «         OOt*  m  C08>  c 


Equations  (553)  and  (555)  give 


-     ,    COS*  fi    ,    COB*  y  CO««  a  COi«  u 

^  coa^  «  ^  co»«  *  r« 


whence 


r.-.«.  +  (F»-.6«).5^  +  (r«-c«).?^  =  0       ....    (6MV 

coe*  c     .  coi««  ^ 

From  Equation  (554)  we  have 

cosy  eosa 

COS  «  M  * 

which  in  Equation  (556)  gives 

r(r»-6«)n«+(F^-««)m»].^^4-2(r«-c«)-Z.m.?^=-(r«-flt)ii»-(7*-^)^ 
*•  ''    cos"  a  cos  a 

or 

cos«/g  (F>  — c«)./.m  cos^_       ( V*  —  g«)fi«  +  (r»  — 'i^)/*  _ 

iSiTi  ■*■  ^  (F"  -  6«)  «»  +  (r«-c')iii»  '  cos.  ""      (F*  -6«)«»  -I-  (r«  -  ««)m«' 

and  solving  with  respect  to ,  tliere  will  result, 


cos/}         (F«-c«).^l^JTll^/-[(r*«a^)(<^«tV«-KF^-a*)(r*>ci)m*4•(*^-o*KF*-M3^1 

CDBT); 


» 


MKCHANIG8    OF    MOLEGUIiSS.  869 

and  this  in  Equation  (554)  gives 

eo^     _(7»~ft«).nJ±m^-[(r»-a«>(r'-fe«)»*-KP-a«)(F»-c«)m«-Kr«-c«)(r»-fc«)P] 
^5J^~  (F»-&»)««+(F'-o«)m« 

For  any  assumed  displacement,  the  value  of  F,  Eq.  (549),  becomes 
known,  aud  the  values  of  the  first  members  of  £qs.  (557)  and  (558) 
nmst  bo  real;  whence  /,  m,  and  n,  must,  in  addition  to  Eq.  (549), 
also  satisfy  the  condition 

l>iv]ding  by  ^ 

(r«-a«)  (r«-6«)  (r«-c'), 

and  inverting  the  order  of  the  terms, 

From  this  equation,  together  with  Equation  (550),  and  the  relation 

P  +  m*'+  n«  =  1, (560) 

we  have  all  the  conditions  necessary  to  find  the  equation  of  the  wave 
surface ;  this  is  done  by  eliminating  F,  m,  /,  and  n. 

For  this  purpose,  differentiate   each   of  these  equations  with  respect 
to  the  quantities  to  be  eliminated.     We  have,  from  Equation  (550), 

(1) xdl  +  ydm  +  zdn=zdV] 

from  Equation  (560), 

(2) Idl  +  mdm  +  ndn=:0; 

and  from  Equation  (559), 


(8) 


Idl      ,    fmdm     ,      ndn    ^  y^y /       P         ,         m^       V        ft*      \ 


Mul^ply  the  first  by  A,  the  second  by  —  X\  the  third  by  —  1,  and 
add  members  to  members,  i(nd  collect  the  coefScients  of  like  differ- 
entials; there  will  result^ 

24 
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=  a 


Taking  A.  and  X'  of  such  valacs  as  to  make  the  coefScients  of  (f  F  and 
dn  each  zero,  the  equation  will  reduce  to  the  first  two  terms;  and  as 
dm  and  dl  are  wholly  arbitrary.  Equation  (560),  as  long  sa  dn  k 
undetermined,  we  may,  from  the  principle  of  indeterminate  coefficientii 

write. 


(4) 


(6) 


Xx-\'l    - 


/ 


V-ci 


i  =  0, 


m 


Xy-X'm-yj--^=0, 


(fi) A«—  A'»—  -=| — -J-  ^  0, 

(7)     .    >*'-  ^|jrpTrc?Tt+(F*-6M«"^(F--.c«)M  ""^^ 


Multiply  (4)  by  /,  (5)  by  iti,  (6)  by  n,  add  and  reduce  by  Egnatioi 
(660),  (660),  and  (550);   we  have 


(8) 


AF-A'=0; 


Multiply  (4)  by  ar,  (5)  by  y,  and  (6)  by  z;  add  and  reduce  by  Eqoar 
tion  (550)  and  the  relation  ar*  +  y*  +  2*  =  ^' ;  we  have  ^ 

Hiibstitnting  for  X'  its  value,  (8),  and  transposing, 

(9)   .   .   M'-'-n  =  -pi^^.  +  -p?*^.  +  yi^; 
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transpofiing  in  (4),  (5),  and  (6),  squaring  and  adding,  we  have 

X^^  -  A'«  I        ^       + !!^—  +       ^'       . 

snbstitnting  for  A"  its  value,  (8),  and  reducing  by  (7),  we  bare 

A'(r'-F')  =  A; 
and,  therefore^ 

(10)    ••../,=  yi^^  yiK  1     ^  =  ^TZTpi* 

Substituting  these  in  (4),  we  find 

whence 


similarly, 


g Fn 

multiply  the  first  by  ^  the  second  by  y,  the  third  by  «,  add  and 
duce  by  (9)  and  (10);  we  have 


r« 


:r^  +  73^  +  7nr7  =  ^ <^^^> 


From  this,  which  is  one  form  of  the  equation  of  the  wave  surface,  sub- 
tract 


^  +  y'  +  g'_. 


and  we  have 


a««*  6V  «*«•  ^      V 


which  is  a  second  form  of  the  equation  of  the  wave  surface. 

Clearing  the  fractions,  it  becomesi  after  subrtituting  for  r*  its  Taloe 

«•  +  y*  +  «•» 
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-  a«  (6«  +  c*)  «• 


•    (MS) 


DOUBLE  WAYS  YSLOOITT. 

§  320. — ^The  radios  vector  r  measares  the  velocity  of  the  point  oi 
the  wave  to  which  it  beloDgs;  and  denoting  by  l^f  m,,  and  n^  the 
cosines  of  the  angles  which  r  makes  with  x^  y^  and  «,  respectirelj, 
we  have 

and  writing  F,  for  r,  we  have,  by  snbstitnting  in  Equation  (563),  and 
dividing  by  F/ .  a*  •  6* .  c', 

a  trinomial  equation,  of  which  the  second  powers  of  the  equal  roots  are 

and  in  which, 


A'^l,. 


+  n,. 


.     .     (566) 


-4"=/,. 


.    .    (567) 


If  a  >  5  >  c,  the  values  of  A  and  A"  will  be  real,  and  there  will,  in 
getieral,  be  two  real  values  for  -^^'^  and  with  thy  condition,  Equation 
(565)  will  give  two  pairs  of  real  and  equal  roots  with  contrary  signs. 
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The  posidve  roots  give  two  yelocities  in  any  one  direction,  ^nd  the 
negative  in  a  direction  contrary  to  this. 

Through  the  origin,  conceive  two  lines  to  be  drawn,  making  with 
the  axis  a,  angles  whose  cosines  are  a^  and  a^^;  with  the  axis  5,  an- 
gles whose  cosines  are  P^  and  fi^/y  with  the  axis  c,  angles  whose  co- 
sines are  y^  and  y^^;  and  snch  that 


«.  =  «//=    /  ^s T»   ft  =  ^//  =  0;    7/ =  7//=    /  -z — =•;  (fi«8) 


and  denote  the  angle  which  r  makes  with  the  first  of  these  lines  by 
u^  and  that  which  it  makes  with  the  second  by  «^^;  then  will 

-^'  =  ^/  */  +  ^/ .  T/  =  co«  «y» 

Vl  -  ^'*  =  sin  «/,     Vl-^"«=sintt,,. 
These,  in  Equation  (565),  give  for  the  two  values  of  -—, 

•^•  =  i(p  +  ^)  +  i(-t-^)-(««»,-C08««  +  «J»«,-«J»M,/)-  .(669) 


^ 


and  by  subtraction, 

^,-^,  =  (p--,J,sina,.8intt,,  .    .    .    .  (57l]L 

Now, 


^ 


-pF    and  -^ 


are  the  retardations  of  wave  velocity.  As  long  as  a  and  e  differ,  the 
second  member  can  only  reduce  to  zero,  when  u^  or  u^^  is  zero ;  whetice 
it  appears  that,  as  a  general  rule,  every  direction  except  two  is  distin- 
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gaished  by  transmitting  t^o  waves,  one  in  advance  of  the  other.  Tlie 
two  directions  which  form  the  exceptions  are  in  the  plane  of  the  axes 
of  greatest  and  least  elasticity,  and  make  with  these  axes  the  angles 
of  which  the  cosines  are  a^  and  y^,  a^^  and  y^^,  Equations  (568).  In 
these  directions,  the  waves  will  travel  with  equal  velocities. 
.  Any  direction  along  which  the  component  waves  travel  with  eqiuJ 
velocities  is  called  an  axis  of  equal  wave  velocity.  All  bodies  in 
which  the  elasticities  in  three  rectangular  directions  differ,  possess, 
Equation  (571),  two  of  these  axes,  and  are  called  biaxial  bodies.  The 
retardation  of  one  component  wave  over  that  of  the  other,  will  varj 
with  the  inclination  of  the  direction  of  its  motion  to  the  axis  of  equal 
Wttvo  velocity;  and  Equation  (571)  shows  that  the  loci  of  equal  retards- 
tions  will  be  arranged  in  the  form  of  spherical  lemniscates  about  the 
poles  of  the  axes. 

• 

§  321. — The  form  of  the  wave  sur&ce  and  its    properties    become 
tetter  known  from  its  principal  sections  and  singular  points. 
Its  sections  by  the  planes  yZj  xz,  and  xy  give,  respectively, 


«  =  0;    (y*-h«'-a')(6«y«+c««"-.6V)  =  0, 


>  =  0 ;     («"  +  «•-  6'>  ((:««"  +a*a^  -  <*a^)  =  0, 


1  =  0;     (a^  +  y*  -  c')  (aV  +6V  -«'^*)  =  0, 


■   (572) 


If  a  be  greater,  and  c  less  than  &,  then  will  the  first  give  a  circle 
and  an  ellipse,  the  latter  lying  wholly  within  the  former;  the  third 
will  give  the  same  kind  of  curves,  but  the  ellipse  will  wholly  envelop 
the  circle;  the  second  will  give  the  same  kind  of  curves,  intersecting 
one  another  in  four  points.  This  last  is  the  most  important.  It  is  the 
section  parallel  to  the  axes  of  greatest  and  least  elasticities. 

§  322.— If  6  =  (^  then.  Equations  (568), 

^    «,  =  i;    r,  =  0; 
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the  uw  will  coincide  with  one  another  and  with  the  axis  a,  that  is, 
with  x\  u,  will  equal  «,,,  and,  Equation  (571), 


1  1        /I         1\      .  , 


(578) 


Also,  Eqaation  (563), 

(««  +  y'  +  2*-c»)[a«a:«-f  c*(y'  +  2*)-a«c»]  =  0  .    .     (674) 

and  the  wave  surface  will  be  resolved  into  the  surface  of  a  sphere^  and 
that  of  an  ellipsoid  of  revolation.  Making  u^  =  0,  it  will  be  seen 
from  Eqnation  (571)  that  these  waves  travel  with  eqnal  velocities  in 
the  direction  of  the  axis  a.  For  any  other  valae  for  u,  since  u^  =  ti^^, 
cos  u^  cos  u^j  +  sin  ^i  BIB  ^u  =  ^9  Equations  (569)  and  (570)  become 

and  it  hence  appears,  that  the  velocity  of  one  of  the  component  waves 
will  be  constant  throughout  its  entire  extent,  while  that  of  the  other 
will  be  variable  from  one  point  to  another.  The  first  is  called  the  or- 
dinary^ the  second  the  extra-ordinary  wave. 

If  e  be  goeater  than  a,  then  will  the  ellipsoid  be  prolate;  if  less 
than  a,  it  will  be  Ablate.  There  is  but  one  direction  which  will  make 
F. '  =  v.  \  and  that  is  coincident  with  the  axis  a.  Bodies  in  which 
this  i^  true  have  but  one  axis  of  equal  wave  velocity,  and  are  called 
Uniaxial  bodies. 

From  Equation  (571)  it  appears  that  the  loci  of  eqnal  retardations 
are  concentric  surfaces,  of  which  the  common  axis  is  on  the  axis  ot 
equal  wave  velocity,  and  common  vertex  at  the  origin. 

UMBIUO   POINTS. 

§  323. — Let  i/  =  0  represent  Equation  (563),  and  take 

^     dL  .       1     dL  ^       I     dL         .  .    , 

COB^=  — •-T-;      C08jB= •j— 1      C08C7=  — •-7—1         (576) 

w     dz  w    dy  w    dx  ^      ' 

in  which  A^  By  and  C  are  the  iLnglea  which  a  tangent  plane  to  the  sur 
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&ce  makes  with  the  co-ordinate  planes  xy,  xs^  and  yt^  respecUvelj, 

1  1 


"  m^uw 


.    .    .    .    (677) 


Performing  the  operation  here  indicated  on  Equation  (563),  we  haTe 


=  2«  (a««*  +  6«y«  +  c*2^  +  2c*«(««  H- y* +  «•  —  a*  —  ft'), 


dL 
dz 

^  =  2y(a*«*  +  6«y«+c«2»)  +  2Vy(a«  +  y*  +  ««-a«  — c»); 


dx 


=  2a?(a*«*  +  6"y«  +  c*«*)  +  2a«a?(««  +  y*  +  «*  —  ft"  —  «^. 


Making  y  =  0,  brings  the  tangential  point  in  the  plane  ac,  and  the 
above  become 


dL 
dz 

dL 

dy 

dL 
dx 


=  2«(a« «»  +  c*«')  +  2c«2  («•  +  «•  —  a*  —  y), 


=  0, 


=  2«  (a«a:« +  c«2»)  +  2o«a:(«»  +  ««  -  i»  -  c"). 


*•    • 


(678) 


the  second  of  which  shows  the  tangent  plane  to  be  normal  to  the 
plane  a  c. 

Bat  y  =  0  gives,  Equations  (572), 

fl:«  +  g«  —  6«  =  0  ;     a}a^  +  c*z*^a^<^  z=Ot 


whence  we  have 


«  =  =fc 


•i^^ 


a?  =  3t  c 


/I 


-6« 


(67») 


for  the  co-ordinates  of  the  points  in  which  the  circle  and  ellipae  inter- 
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Mct,  and  which  are  red  as  long  as  a  >  b  >  e.  SubetitntiDg  these  in 
Equations  (576),  (677),  aod  (578),  vre  have 

hence  the  points  of  iDtetsection  of  the  ellipse  and  circle  in  the  plane 
of  the  axis  n  c,  are  the  vertices  of  conoidal  cusps,  each  having  a  tan- 
gent cone.  If  a  line  be  drawn  tangent  both  to  the  ellipse  and  the 
circle  in  the  plane  ar,  the  tangential  poiots  will  belong  to  the  cir^ 
camfereoce  of  a  circle  aloog  which  a  plane  throngb  this  line  may  be 
drawn  tangent  to  the  wave  surface.  This  circumference  ia  in  twA  the 
mai^n  of  the  conoidal  or  nmbilic  cnq>,  determined  by  the  enHace  of 
the  tangent  cone  reaching  its  limit  by  becoming  a  plane  in  the  grad- 
nal  increase  of  the  inclination  of  its  elements,  as  the  tangential  cir- 
camfcrence  recedes  from  the  cusp  point.  A  narrow  annnlar  plane 
wave,  stardng  from  this  circle,  will  contract  to  a  point  in  one  direc- 
tion; and,  conversely,  an  element  of  a  plane  wave  starting  in  the  op- 
posite direction  will  eicpand  into  a  ring. 

It  thus  appears  that  the  general  wave  snrface,  and  of  which  (563) 
is  the  equation,  consists  of  two  nappes,  the  one  wholly  within  the 
other,  except  at  fonr  points,  where  they 
nnite,  and  at  each  of  which  they  fonn 
a  donble  nmbilic,  somewhat  after  the 
manner  of  the  opposite  nappes  of  a  very 
obtnse  cone.  .  The  figure  represents  a 
model  of  the  wave  aur&ce,  so  cat,  by 
three  rectangular  planes,  as  to  show  two 
of  the  nmbilic  points,  as  well  as  the 
general  course  of  the  nappes,  by  the  re- 
moval of  a  pair  of  the  resulting  dicdnd 
qoadrantal  fragments. 


g  324.— Multiply  the  first  of  Eqnations  (531)  by  Srff,  the  second 
by  2dri,  the  third  by  2  if  C>  Mid  integrate ;  there  will  result,  recollect- 
ing that  the  molecule  is  moved  from  its  place  of  rest^ 
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'in*        ,    . 

.    *.  «—  .mm.  m'    n* 
—  z=z  — «!    ^ 


(580) 


ivhence  it  appears  that  the  velocity  of  a  molecule  in  the  direction  of 
either  axis  is  proportional  to  its  displacement  in  that  direction,  from 
its  place  of  rest.  The  place  of  rest  is  only  relative.  When  a  mole- 
cule is  in  a  position  such  that  its  neighbors  are  symmetrically  disposed 
around  it,  it  is  in  its  place  of  rest,  and  its  displacement  therefrom  will 
be  directly  proportional  to  the  excess  of  condensation  on  one  side  over 
that  on  the  other.  This  excess  and  the  molecule's  motion  will  reduce 
to  zero  simultaneously,  and  a  single  displacement,  not  repeated,  can 
only  give  rise  to  what  is  called  a  pulse. 

These   equations  also  show   that  the   living  force  of  the  molecule  i$ 
proportional  to  the  square  of  the  displatement, 

MOLKCULAR   ORBITS. 

.  §  325. — ^The  molecular  orbits  are  on  the  wave  front  Suppose  the 
wave  due  to  the  displacement  g  to  be  superposed  upon  that  due  to  17, 
and  take  a  molecule  of  which  the  place  of  rest  is  on  the  axis  z. 
The  first  and  second  of  Equations  (528),  will  be  sufficient  to  find  the 
orbit  of  this  molecule  under  the  simultaneous  action  of  both  waves. 
From  these  two  equations  we  find,  after  writing  z  for  r.  and  r,, 

(1).     .    .    .    i^.(F..<-«)=8in-i 
(2).    .    .    .    ?i^.(F,.<-«)=8m~'-5L, 

A.  CI. 


(3).    .    .    .    ^.(V..t-z)=  coT'i^l  - i^, 

A,  a, 

(4).    .    .    .    ^.(r,.t-z)  =  coe-i/l--^.. 
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Subtracting  (2)  from  (1), 

in  which  V^.t  —  z,  is  the  distance  of  the  wave  front  doe  to  |  from 
the  molecaIe*s  place  of  rest,  and  F, .  <  —  «,  that  of  the  wave  front  dae 
to  fi  from  the  same  point    Make 

ig  =  time  required  'for  the  wave  front  due  to  f  to  travel  over  V^.t  —  z 

«  *»  A, 


T.=     . 

u 

(( 

tt 

'r- 

tt 

tt 

tt 

• 

It 

tt 

tf 

tt 


then  will 


which  substituted  above  gives,  after  taking  cosine  of  both  members, 


cos2^-i=i/rr^.i/7r?+i.^. 

Clearing  the  radical  and  reducing, 

^  +  -H-2cos27r— -^*.— .-i--8in'27r— ^  =  0.    .    (682) 
«.        V  "^z    «•    «r  "^z 

which  is  the  equation  of  an  ellipse  referred  to  its  centre. 

§  326. — To  find  the  position  of  the  transverse  axis,  take  the  usual 
formulas  for  the  transformation  of  co-ordinates  from  one  set,  which  are 
rectangular,  to  another,  also  rectangular.    They  are, 

f  =  f'  cos  9  —  jy'  sin  9, 
iy  =  f  sin  9  +  jy'  cos  9 ; 

in  which  9  is  the  angle  which  the  axis  ^  makes  with  that  of  f. 
Substituting  these   values  of  ^  and  17  in  Cquaticl  (582),  collecting 


380  ELEMENTS    OF    ANALYTICAL    MECHANICS. 

the  coeflScients,  and  placing  that  of  the  rectangle  ^  ri\  equal  to  xero^ 
we  have 

2  sin  9.  COS  9  (a.*  —  a/)  —  2  (sin*  9  —  cos*  9)  .  a. .  o^ .  cos  2  tt -^  =  0; 


*»•. 


and  because 

sin'  9  —  cos*  9  =  cos  2  a^ 

2  sin  9  .  cos  9  =  sin  2  9, 
the  above  becomes,  ^ 

tan  2  9  =  2  .    ^^'^^  , .  cos  2  tt  .  -^    ,    .    .    .     (688) 

§  327. — ^Now,  if  the  saccessive  pairs  of  component  waves  which  dis- 
turb  the   molecule,  reach  it  with  a  variable   difference   of  phase,  then 

will  cos  2  TT  -^  be  variable,  and  the  transverse  axis  of  the  elliptical  or- 
bit be  continually  shifting  its  place.  A  wave  in  which  the  molecular 
motions  fulfil  this  condition  is  called  a  common  wave;  being  far  the 
most  frequent  in  nature.  When  the  successive  pairs  of  component 
waves  are  such  as  to  make  the  second  member  of  Equation  (583)  con- 
stant, the  transverse  axes  of  the  molecular  orbits  will  retain  the  same 
direction,  and  the  wave  is  said  to  be  elliptically  polarized.    -^ 

§  328. — If  —  equal  },  or  any  odd  multiple  of  J,  and  a»  =:  a^  then 
will,  Equation  (582), 

|«  +  ^*-a.«  =  0, (684) 

■ 

and  the  orbit  becomes  a  circle.  When  this  happens,  the  wave  is  said 
to  be  circularly  polarized, 

t 
g  329. — If  -^  be  equal  to  any  even  multiple  of  ^  then  will 

cos  2  TT .  —  =  1 ;     sin'  2  tt  •  —  =  0 ; 
T.  r,         ' 


and,  Equation  (582), 


T-T  =  0 («M) 


a,       o. 
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and  the  orbit  \&  a  straight  line  through  the  molecule's  place  of  rest 
The  motion  of  the  molecule  will  take  place  in  a  plane  normal  to  the 
wave  front,  and  the  wave  is  said  to  be  plane  polarized ;  and  a  plane 
normal  to  the  wave  front  and  in  the  molecular  paths,  is  called  the 
plane  of  polarization. 

§  330. — Referring    the    curve   to   the   new   axes,  and   omitting  the 
accents  from  ^  and  fi\  Equation  (582)  may  be  written, 

£.;}- J.-«n'2'^-^  =  0, (586) 

in  which  a.  and  a,  will  take  new  values. 


RB7LSZI0N   AND   REFRACTION    OF   WAVES. 

§  331. — The  elastic  force  which  the  molecules  in  the  sur&ce  of  one 
body  exert  upon  those  in  the  surface  of  another,  in  sensible  contact, 
must,  when  the  molecules  are  at  relative  rest,  bo  equal  to  that  exerted 
by  the  molecules  in  the  interior  of  either  body;  else  these  surface 
molecules  would  be  urged  in  opposite  directions  by  unequal  forces,  and 
relative  repose  would  be  impossible.  But,  for  equal  displacements,  the 
elastic  forces  developed  in  different  bodies  are  in  general  unequal,  and 
this  is  one  of  the  most  common  of  the  causes  that  produce  a  resolu- 
tion of  primitive  into  secondary  or  component  waves. 

The  velocity  of  a  wave  molecule  varies,  Equations  (580),  directly  as 
the  molecule's  distance  from  its  place  of  rest.  If,  therefore,  a  wave,  in 
its  progress  through  any  medium,  meet  with  a  constitutional  change  of 
elasticity  or  density,  the  elastic  force  developed  at  the  place  of  change 
will  either  be  greater  or  loss  than  that  which  determined  the  places  of 
rest  in  the  interior  of  either  body.  In  the  first  case,  the  condensation 
in  front  cannot,  by  the  forward  movement,  reduce  to  an  equality  with 
that  behind ;  the  surface  molecules  will  first  be  checked,  and  then  partly 
driven  back  upon  those  behind,  and  a  return  and  an  onward  pulse  will 
proceed  in  opposite  directions  from  the  surface  which  marks  the  change 
of  structure,  as  from  a  primitive  disturbance.  In  the  second  case,  the 
molecules,  meeting  with  less  opposition,  will   go  beyond   their  neutral 
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limita  with  reference  to  those  behind,  the  latter  will  dose  up  in  snc 
cession,  and  thus  a  return  and  transmitted  pulse  will  arise  as  before, 
but  with  this  difference,  viz.:  in  the  latter  case,  the  molecular  motions 
in  the  return  pulse  will  continue  in  the  same  direction  as  before, 
whereas,  in  the  former  case,  those  motions  will  be  reversed.  The  return 
pulse  is  said  to  be  reJUcied ;  that  transmitted,  refrocted.  The  primitive 
pulse,  and  of  Which  these  are  the  components,  is  called  the  incident 
pulse.  A  change  of  density  or  of  elasticity  will.  Equation  (537),  pro- 
duce a  change  in  the  velocity  of  wave  propagation.  A  sur&ce  which 
is  the  locus  of  a  change  of  density  or  of  elasticity,  is  called  a  deviating 
surface.  Two  planes  which  are  tangent,  the  one  to  the  deviating  sur- 
face, the  other  to  the  wave  front,  at  a  point  common  to  both,  will 
intersect  in  a  line  parallel  to  that  of  the  nodes  of  the  molecular  orbits, 
which  are  in  the  deviating  surface  and  near  the  common  tangential 
point.  This  line  of  intersection  is  called  the  line  of  nodes,  A  plane 
through  the  tangential  point  and  perpendicular  to  the  line  of  nodes,  is 
called  the  plane  of  incidence.  The  medium  through  which  the  wave 
moves  before  it  meets  the  deviating  sur&ce,  is  called  the  medium  of 
incidence;  that  into  which  it  enters  oi^  passing  this  surfJEice,  the  medium 
of  intromittance, 

§  332. — Let  -4  be  a  point 
common  both  to  the  wave  and 
deviating  surface.  A  C  &  lin- 
ear element  of  the  former,  and 
AB  &  like  element  of  the  lat- 
ter, both  lying  in  the  plane 
of  incidence.  Denote  by  V 
and  A  the  velocity  and  length 

of  the  wave  in  the  medium  of  incidence ;  by  V^  and  X^  the  same  in  that 
of  intromittance ;  and  by  t  the  time.  Now,  supposing  the  wave  to  proceed 
in  the  direction  CB,  and  taking  AB=zds,  we  have  CB^=V,dt, 

But  while  the  point  C,  in  the  incident  wave  front,  is  moving  from 
(7  to  B,  the  reflected  pulse,  proceeding  from  ^  as  a  centre  of  disturb- 
ance, will  move  over  a  distance  equal  to  V  dt  in  the  medium  of  inci- 
dence ;  the  refracted  pulse  over  a  distance  equal  to  V^.dt  in   that  of 
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intromittanco.    With  >1  as  a  centre,  and  radias  V.dt^  describe  the  arc 

ae^  and  with  the  radius  V^dt^  the  arc  a'c';  and  from  B  draw  the  tangents 

B  D  and  B  D' ;  the  first  will  be  the  front  of  the  new  wave  clement  in  the 

medium  of  incidence,  the  second  in  that  of  intromittance. 

§  838.— Denote  the  angle  C AB'=iABD\yj  (^\  the  angle  ABD*\yj 

9' ;  then  will 

di  .m.^^=-Vd%\     ds  .sin  (p' =^  V^di  .    .     .     .     (587) 

and  by  division,  denoting  the  ratio  of  the  velocities  by  m, 

-*^— /=-iF=^ (588) 

sm9'       V,  ^       ' 

whence  sin  9  =  m  sin  9' (589) 

The  angle  9  measures  the  inclination  of  the  incident,  and  ®'  that  of  the 
refracted  wave  to  the  deviating  surface.  These  are  equal,  respectively,  to 
the  angles  which  the  normals  to  the  incident  and  refracted  waves  make 
with  tlie  normal  to  the  deviating  surface,  at  the  point  of  incidence.  The 
first  is  called  the  angle  of  incidence^  the  second  the  angU  of  refratticn. 
The  inclination  of  the  reflected  wave  to  the  deviating  surface,  is  called  the 
angle  of  reflexion.  Tlie  normals  to  the  incident  and  reflected  waves  &11  on 
opposite  sides  of  the  normal  to  the  deviating  surface ;  and  because  thq  ve^ 
locity  of  the  reflected  wave  is  equal  to  that  of  the  incident,  with  conti'ary 
sign.  Equation  (589)  becomes  applicable  to  the  reflected  wave,  by  making 
m  =  -—  1. 

LIVUNO   FORCE    AND    QUANTITY    OF    MOTION    IN    A    PLANE    POLARIZED    WAVE. 

§  334. — Take  cither  of  Equations  (528),  say  the  first,  and  which  relates 
to  a  wave  plane  polarized,  the  plane  of  polarization  being  perpendicular  to 
the  co-ordinate  plane  ysr,  differentiate  with  respect  to  g  and  /,  dropping 
the  subscripts — we  get 

dl^  2«'  2  «* 

Denote  the  density  of  the  medium  by  ^,  and  the  area  of  any  portion 
of  the  wave-front  by  a,  then  will  the  mass  between  two  consecutive  posi- 
tions of  this  area  be  a,A,dr^  and  the  living  force  within  a  quarter  of  a 
wave-length  be 

^  *  (690) 

\ 
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V 
Dividing  by  the  volame  a .  F,  and  recalling  that  «*  and  •--  are  constant, 

we  shall  find  that  the  quantity  of  living  force  in  a  unit  of  volume  of  the 
medium  will  vary  directly  as  the  product  of  the  density  and  square  of  the 
greatest  displacement ;  and  the  relation  of  these  products,  in  the  case  of 
any  two  waves,  will  determine  the  relation  of  the  effects  of  these  wares 
upon  the  organs  of  sense  upon  which  they  act. 

Again,  the  quantity  of  motion  in  this  quarter  of  wave-length  will  be 

a.ar. 

y 


A  .a.dr,-p^=:/         a  .«.«.  T.  cos— -(F<- r)—-rfr=  ^  .a.  «.  F   .    (591) 

r+jy  at    J  Kf-r—lX  ^  ^ 


RESOLUTION    OF   LIVING    FORCE   AND   OF  MOTION,  BY  DEVIATINO   8URFA0SS. 

§  335. — Take  the  co-ordinate  plane  xz\Tk  the  plane  of  incidence,  and 
the  axis  z  in  the  direction  of  the  normal  to  the  incident  wave,  the  axis  y 
will  be  parallel  to  the  line  of  the  nodes  of  the  molecular  orbit  in  the  devi- 
ating surface,  at  the  place  of  incidence.  Then,  preserving  the  notation  of 
§  332,  will  the  element  of  the  deviating  surfieuse  at  the  place  of  incidence 
be  ds  .dj/y  and  its  projections  upon  the  incident,  reflected  and  refracted 
wave-fronts,  respectively, he  ds.dy. cos ^,  ds.dy  cos 9,  and  ds.dy , cos 9'. 
These  will  take  the  place  of  a  in  Equations  (590)  and  (591),  in  computing 
the  living  force  and  quantity  of  motion  in  the  incident,  reflected  and  re- 
fracted waves.  The  living  force  in  the  incident  must  be  equal  to  the  sum 
of  the  living  forces  of  its  reflected  and  refracted  components.  First  take 
the  wave  in  which  the  molecular  motions  arc  parallel  to  the  axis  x^  and 
employ  the  subscripts  t,  r  and  i  to  denote  the  incident,  reflected  and  re- 
fracted or  transmitted  waves,  respectively.  The  living  force  in  a  quarter 
of  each  of  these  waves  will,  omitting  the  common  fieuitors.  Equations  (529), 
(545)  and  (590),  give 

A .  cos  9 .  F.  a',,  +  A^ .  cos  9' .  F^ .  «•,,  —  A .  cos  9 .  F.  a'.i  =  0 ; 
or.  Equations  (588)  and  (589), 

,     ,  ^.   cos©'  sin©'     ,         ,        ^  ,  ^  . 

A    cos  9    sm  9  ^      ' 

in  which  A  and  A^  are  the  densities  of  the  medium  of  incidence  and  of 
intromittance. 

The  molecular  motions  arc  all  parallehto  the  plane  of  incidence,  and  at 
the  same  time  normal  to  the  directions  of  their  respective  wave  motions; 
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• 


theji  therefore,  make  with  one  Another  angles  eqnal  to  those  made  by  the 
directions  of  these  latter  motions,  and  we  obtain  two  more  equations  firom 
the  relations  of  Equations  (69)  for  the  resolution  and  composition  of  ob- 
lique forces.  The  angles  made  by  the  direction  of  the  motion  in  the  inci- 
dent with  the  directions  of  the  motions  in  the  reflected  and  refracted 
waves,  are  180**  —  2(p  and  360®  —  (9  —  f'),  respectively;  and  the  angles 
under  which  the  directions  of  the  motions  in  the  latter  wavea  are  inclined 

to  one  another,  is  180®  —  (9+9').    Whence 

_-  __         sin  (9  —  ©') 

A,cos9.F.a„=-A.cos9.F.a,<.       ;  (; 

ain  (9  -f-  9  ^ 

sin  2  9 

sin  (9  +  9') 

or,  __  sin  (9  —  9') 


A^.cos9'.F^.a«|  =  ^.cos9  .F. «,<.  —  ^^  ,  ^,^9 


a..  =  —  a. 


(699) 


Bin  (9  -f  9  ) 

_         A    C0S9    sin^        m2p  ,      . 

•'"    •'•A/co89'*Bin9''8inl9+9') ^    ^ 

Substituting  these  in  Equation  (692),  we  readily  find, 

A  _^  4  cos*  9' .  sin' 9'  __  cos'  9' .  sin'  9'  ^ 

A^ ""        sin'  29        ""  cos'  9  .  sin'  9  * 
whence, 

/—        /—         siifS  9        _    /-    cos  9 .  sin  9  /.^^^ 

VX^  =  VA'- j-^, — 7  =  VA- — .    ■      /    .    •     (W6) 

'  2  cos  9  .sm  9  C0S9  .  sm9  ^ 

Substituting  the  above  ratio  of  the  densities  in  the  equation  just  preced- 

™gf  we  get 

2  cos  9\  sin  9'  /,-vi.\ 

multiplying  this  by  Equation  (696),  member  by  member,  and  the  equa- 
tion giving  the  value  of  a.,  by  V^j  and  taking 


we  find 


^^_«n(^ (597) 

Sin  (9  +  9')  ^      ' 

„=^2, 

sin  (9  -f  9') 


To  which  may  be  added  the  relations,  Equation  (689), 

sin9,     ^^^,^a/]      mp'^ 
am  9  = ;     cos  9  =  y  1  —  - — ^ 


m  '  mr 
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Transposing  tho  term  of  which  (x.|  is  a  factor  to  the  second  member  a 
Eqaation  (592),  sabtracting  Equation  (503)  from  a^  =:  a^,  dividing  the 
first  result  by  the  second,  and  multiplying  the  quotient  by  Equation  (593)', 
we  readily  find 

•    '^Jh.'=j^ (m 

cos  9         cos  9 

That  is,  thp  projection  in  the  direction  of  wave  propagation  and  on  the 
deviating  surface,  of  the  greatest  displacement  in  the  incident,  increased 
by  that  in  the  reflected  wave,  is  equal  to  like  projection  of  the  greatest 
displacement  in  the  refracted  wave. 

Next,  take  the  wave  in  which  the  molecular  motions  are  parallel  to  the 
axisy;  these  arc  parallel  to  the  deviating  surface.  The  motions  in  the 
incident,  reflected  and  refracted  waves  are  parallel  to  one  another,  and,  bf 
the  principles  of  parallel  forces,  the  sum  of  the  motions  in  the  reflected 
and  refracted  waves  must  be  equal  to  that  in  the  incident.  The  equation 
for  the  living  force  will  be  the  same  as  before.  Whence  Equations  (529), 
(545)  and  (590),  omitting  the  Common  factors, 

A .  cos  9 .  F.  a\^  +  ^/  •  cos  9'.  V^ .  a'^,  —  A .  Cos  9  .F.  a\t  =  0 ; 

A .  cos  9 .  F".  tty,  +  A^ .  cos  9'.  F^ .  a^i  —  A .  cos  9 .  F.  ttyi  =  0  .    (600) 

In  which  A  and  A^  are,  as  before,  the  densities  of  the  medium  of  incidence 
and  of  intromittance,  respectively ;  or.  Equations  (588)  and  (589), 

A,  sin  9'  CO89'  «f    __ft 

'      ,A    sm9    cos  9       '  ' 

,  A'  Mn9'  cos  9'  ^  ,    ^, 

^       A    8in9    cos  9      "•        "  \      ' 

Transposing  the  terms  containing  o,^  and  a^<  to  the  second  membera,  and 
dividing  the  first  by  the  second,  we  find 

That  is,  the  greatest  displacement  in  the  refracted  is  equal  to  the  sum  of 
the  greatest  displacements  in  the  incident  and  reflected  waves. 

Substituting  the  value  of  — ,  as  given  by  Equation  (597),  in  Eqoatioo 

(001),  we  have 

sin 9. cos 9  ^  .  ^. 

^^     ain9'.cos9'     '      ^^  ^ 


■»•=■»*•««  2  «4-'«n-W (®°*) 
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JDg  in  this,  first  the  valae  of  <i^t^  and  theo  of  a,,,  deduced  from 

(602 ))  we  readily  get 

tan  (9  —  9')  ,_ _ .. 

4  cos  9' .  sin  9' 
sin  2  9  +  sin  2  9' 

ng  the  first  of  these  by  ^^^,  and  the  second  by  Equation  (595)| 
ing       _  _  _^  • 

1  result,  . 

„'=_^^ (606) 

tan  (9  +  9')  ^      ^ 

»  sin  2  9  /^^«< 

tt'=-^-T— --— — ^. yr   ....     (607) 

sm  (9  +  9  ) .  cos  (9  —  9  )  ' 

•—Divide  Equation  (508)  by  Equation  (507),  and  Equation  (607) 

ion  (606),  replace  v,  i/,  v'  and  u'  by  their  values,  and  substitiito  fof 

of  the  square  roots  of  the  densities  its  value  as  given  in  Equation 

3  find 

a., .  cos  9'  _      cos  9'       sin  2  9' 

«,, .  cos  9  ""       cos  9    sin  (9  —  9')* 

Oy,  sin  (9  — 9').  cos  (9 +  9')     •    •    •    ^       ' 

cos  9'  and  a.^  •  cos  9,  arc  the  components  parallel  to  the  deviating 
r  the  displacements  which  are  in  the  plane  of  incidence ;  a,,  and* 
Iready  parallel  to  the  deviating  surface;  whence,  as  long  as  9>9', 
s  long  as  the  velocity  of  wave-motion  in  the  medium  of  incidenca 
that  in  the  medium  of  intromittance,  the  molecular  phases  in  tbe 

and  reflected  waves  will  be  opposite,  and  conversely. 
. — Denote  the  living  force  in  the  original  incident  wave,  sup- 
mmon,  by  unity ;   that  in  each  of  its  two  original  components 
lenotod  by  one  half  of  unity,  and  the  total  living  force  of  the 

wave  will.  Equations  (597),  (606),  bo 

,.+„.=^.«?;it^)+i.j!^t^;)  .  .  (609) 

*   sm*  (9  +  9  )      ^   tan'  (9  +  9  ) 
of  the  refracted. 


8^9  ELEMBNtB    OF    ANALTT   CAL    MBCHANIC8. 


POLABIZATION   BT   REFLSXION   AHD   BBnUOnOV. 

§  888. — ^The  first  term  in  the  second  member  of  Equation  (609), 
measures  the  living  force  in  that  portion  of  the  reflected  wave  which 
is  due  to  vlbrati6n8' patallel  to  the  plane  of  incidence;  the  second,  that 
doe  to  yibrations  perpendicular  to  this  plane.  The  former  exceeds  ths 
latter.  These  living  forces  being  proportional  to  the  squares  of  thi 
greatest  displacements,  the  former  may  be  represented  bjr  a/,  and  the 

latter  by  a,*,  in  Equation  (582).      The   factor  — ,  in  this  equation,  d^ 

termincs  the  difference  of 'phase  simultaneously  impressed  by  both 
waves  upon  the  same  molecule,  and  when  the  waves  have  passed  from 
one  medium  to  another,  its  value  will  depend  not  only  upon  the  na- 
ture of  both  media,  but  also  upon  *the  action  to  which  the  waves  maj 
have  «been  subjected  while  crossing  the  spaca  wherein  the  phyaoil 
changes  occur  that  constitute  the  transition  from  one  medium  to  aa* 
other.  The  amount  of  this  action,  in  any  particular  case,  can  only  ha 
known  from  experience.  The  resultant  waves,  both  in  the  medium  of 
incidence  and  of  intromittance,  will  be  elliptically  polarized. 

When  94-9'  =  00%  then,  Equation  (589),  will  sin  9'  =  cos  9,  and 

* 

m  = ?  =  tan  9 ; (611) 

%  cos  9  ^     ' 

the  second  term  of  Equation  (609)  will  disappear,  and  the  reflected 
wave  will  be  wholly  polarized  in  the  plane  of  incidence.  This  angle, 
of  which  the  tangent  is  equal  to  the  index  of  refraction,  is  called  the 
polarizing  angle. 

The  index  of  r^frtu^tion  varies  with  the  wave  length,  Eqs.  (588),  (545), 
and  it  will,  therefore,  be  impossible  wholly  to  polarize,  by  a  single  re- 
flexion, a  wave  compounded  of  several  components,  having  different 
wave  lengths. 

Of  the  terms  of  the  second  member  of  Equation  (610),  the  last  ii 
the  greater,  because 

sin*  (9  -  p')  __  tan*  (9  —  9')    cos*  (9  —  9^)  ^ 
Bin*  (9  +  9')  ""  tan*  (9  +  9^")  *  cos*  (9  +  9')  * 
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sod  ihe  ezceas  will  measure  the  preponderance  of  that  part  of  the  t^ 
iracted  wave  due  to  vibrations  perpendicular  over  that  due  to  Tihnt* 
tions  parallel  to  the  plane  of  incidence.  This  excess  is  exactly  eqail 
to  the  excess  in  the  reflected  wave  which  arises  fix>in  vibrations  par- 
allel over  those  perpendicular  to  the  plane  of  incidence.  I 

• 
§  398^— If  the   wave  velocity  in  the  medium  of  incidence  be  less 

than  in  that  of  intrbmittancc,  then  will  m  be  less  than  unity,  and  the 

valnes  of  v  and  v'  become  imaginary  for  all  angles  of  incidence  greater 

(han   that  whose   sine   is   equal  to  m,  and  at  this   limit  the  problem 

changes  its  nature.     In  fact,  this   is  the  limit  of  refraction,  according: 

fo  the  law  of  the  sines,  Equation  (589),  and   for   any  increase  of  th^ 

togle  of  incidence  beyond  this,  the  wave  will  be  wholly  reflected. 

§  389. — If  the  wave  be  plane  polarized,  and  its  plane  of  polarizatioii^ 
inelined  to  that  of  incidence,  under  any  angle  denoted  by  a,  then  wiU 
Ibe  reflected  component  displacements  parallel  and  perpendicular  to  the 
plane  of  incidence  be,  respectively,  Equations  (597)  and  (606), 

sin  (y  -  <p^)  tan  (y  -  yQ 

: — 7 — ; — TT.coso,  ana— ;^ — 7 — J — TT.sma. 

sm  (9  +  9')         ^  tan  (9  +  9') 

Hie  component  waves  due  to  these  displacements  will  proceed  onwards^ 

and  may  satisfy  the   condition  of  -^  being  an   even   multiple   of  \ ; 

in  which  case  the  resultant  will,  Equation  (585),  be  a  plane  polarized 
Wave.  Denote  the  inclination  of  its  plane  of  pohirization  to  that  of 
reflexion  by  of,  then  will 

tan  (9  —  9^)     , 

una' =.'- =^^^j:i— =^^^^.t^a  .    (612) 
V       Bin  (y  -  (pQ  cos  (9 -9') 

-;     7 — : — TT  •  COS  a 

sm  (9  +  9') 

If  9  +  9''  =  90%  then  will   of  =  0**,  whatever  be  a ;   also  if  a  =  0% 
then  will  a'  =  0^ ;   finally,  if  9  =  0%  then  will  9'  =  0,   and  a'  =  «.  . 
Thai  is,  when  a  plane  polarized  wave  is  incident  under  the  polarizing 
angle,  it  is  reflected  polarized  in  the  plane  of  reflexion.    Where  an  in- 
cident wave  is  polarized  in  the  plane  of  incidence,  the  reflected  wave 
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pveserres  its  plane  of  polarization  unchanged  nnder  all  angles  of  ind- 
donce.  Finalij,  under  a  perpendicular  incidence,  the  plane  of  polaria- 
tion  of  the  incident  and  that  of  the  leflected  ware  coincide. 
.  Equation  (612)  shows  that  a'  is  ahrays  less  than  a,  and  that  the 
plane  of  polarization  approaches  that  of  incidence  at  each  reflexion,  and 
may  be  made,  by  a  sufficient  number  of  reflexions,  ultimately  to  cm- 
cide  with  it. 

§  340. — Stillf  supposing  the  velocity  of  the  wave  less  in  the  medioai 
of  incidence  than  in  that  of  intromittance,  or  9^  >  9  •  let  the  wave  be 
plane  polarized,  and  its  plane  of  polarization  inclined  to  that  of  inci< 
deuce.  The  vibrations  will  be  resolved  into  their  components,  respec- 
tively parallel  and  perpendicular  to  this  latter  plane;    and  as   long  ai 

dn  9  <  m,  two  components  will  be  reflected  and  two  refracted.     If  -^ 

be  any  even  multiple  of  ^,  in  both  sets  of  components,  the  reflected 
and  intromitted  resultant  waves  will  be  plane  polarized. 

The  inclinations,  denoted  by  a'  and  a^,  of  the  planes  of  polarisih 
tion  of  the  reflected  and  refracted  waves,  respectively,  to  the  plane  of 
•ncidence,  will  be  given  by 

tan  a  =  -  •  tan  a ;    tan  a .  =  —  •  tan  a ; 
V  '      u  ' 

in  which  v,  v\  u  and  u\  are   to  be   found  by  Equations  (597),  (606), 
(^98),  and  (60Y). 

If  a  =  45^  and  sin  9  =  m,  then  will 

tan  a'  =  —  1,  and  tan  a.  =s  — . 

*  171 

At  this  limit,  the  refracted  wave   takes  the   direction   of  the  deviating 
surface.     An  infinitesimal  increment  to  9  will   cause  this  wave   to  be 
reflected   and  make  m  =  —  1,  tan  a^  =  —  1,  and  give  to   tan  a*  the. 
form  of  indetermi nation.    But,  retaining  the  limiting  ▼alue  of  this  fhDO> 
tibh  above,  we  have, 

1  +tana'.tana^=:l  —  1  =  0; 


( 
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and  nnce  the  planes  of  polarization  pass  throogh  the  samo  linei  Ym^ 
a  normal  to  the  wave  front,  they  will  make  with  one  another  an  angto 
of  90*^,  and  the  whole  reflected  wave  will  be  compoonded  of  two  equal 
components  polarized  in  planes  at  right  angles  to  each  other.  J£  these 
waves  reach  the  molecules  in  their  common  path,  so  as  to  satisfy  the 

condition  that  -^  shall  be  an   even  multiple  of  ^,  the  resultant  wave 

will  be  plane  polarized ;  if  an  odd  multiple,  then  circularly  polarized ; 
and  if  between  these  limits,  then  ellipticallj  polarized. 

§  341. — J£  thfi  polarization  be  circular,  then  will  a«  =  a,  =  a^,  be 
equal  to  the  radius  vector  of  the  circular  orbit  Denote  the  angle 
which  this  radius  makes  with  the  axis  x^  at  any  instant,  by  6;  thea 
wiU 

a^ .  cos  0  =  ^  =  a. .  sm  2  TT r ^ 

V'  ,t z 

a^ . sin  0  =  97  =a^ .  sin  2  ?r  ■  ^'  . 

Denote  the  time  required  for  the  first  wave  to  describe  F« .  <  —  z,  by  i^^ 
that  for  the  second  to  describe  V^.t^z  by  /,,  and  the  periodic  time 
of  a  molecule  in  both  waves  by  r ;  then,  because  the  wave  velocity 
is  constant,  and  the  wave  length  and  orbit  are  described  in  the  same 
tame, 


••♦ 


r. .  <  —  z 


'.. 

V,.t-t       t. 

t' 

K       ~r' 

which,  in  the  above,  give, 


cos  9  =  sin  2  TT .  -^, 

T 


sin  0  =  sin  2  TT  •  ~ : 

T 


and  making 

<,=  t±<', •.    .         (618) 

in  which  f  denotes  the  time  the  wave  doe  to  vibratioDs  paimllol  tas 


t 


s. 
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eM  azk  it  in  advanoe  of  that  dae  to  thdse  parallel  to  the  dhor;  «• 
kaivc^ 

0  =  nn2ir  -^; (014) 

T 


«in^  =  8m27r  (-^A         .     .    .     («W) 


Differentiating,  regarding  —  as  conBtanti  we  find, 


d  <,  ""  T  .  COS  ^ 

imif  dereloping  the  last  factor, 


.ca82Tr(^±i); 


\ 


^^  2Tr        r       ^        t  «        ''         .    «        t      .    «     *'l 

T—  = 7, '  lcoe27r«  —  •cos27r*  —  qpsin2Tr*  —  •8in2;r  —  1; 

a/«r.co60L  t  t^^  t  tJ 


.-^,^1. 


coe^.^- =  T  — •ttn27r.— (616) 

DUEerentiating  (614),  we  find, 

^ne.'^:=-—.cos2n^ (617) 

Squaring,  adding  to  the  sqaare  of  Equation  (616),  and  taking  aqnars 
root, 

whence  the  velocity  is  constant. 

The  first  member  of  Equation  (616)  is  the  velocity  in  the  diroction 
of  the  axis  y,  and  Equation  (617)  in  the  direction  of  the  axis  as,  and 
these  equations  show  that  the  upper  sign  must  be  taken  in  Equation 
(618)  when  f  is  positive  in  Equation  (613),  and  the  lower  when  /'is 
n^^tive.  Whence  it  appears,  that  two  waves  plane  polarised  will,  hf 
their  simultaneous  action  upon  a  molecule,  cause  it  to  move  uniformly 
in  a  circle,  provided  they  be  of  the  same  length,  and  one  wave  lag, 
•i  h  were,  behind  the  oUier,  by   a  distance  equal  to  |-  of  a  wave 
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langdi ;  and  the  motioii  will  be  from  right  to  left,  or  the  eonyerae,  ao* 
cording  to  wave  precedence. 

Two  waves  distinguished  bj  these  peculiarities  are  said  to  be  iippfh 
wiidy  polarized.  The  plane  perpendicular  to  the  wave  front,  and 
through  that  diameter  of  the  orbit  into  which  the  molecule  would  be 
brought  at  the  same  instant  by  the  separate  action  of  the  two  waveir 
is  called  the  plane  of  crossing. 

§  842.— Let    * 
(1) a^co6  0  =s  ^=  a^sin2  7r-^y 

(2) a^8inl9  =  iy  =  tt^sin  i2  7r.  — -4 j, 

(3) a^coe^=  f  =  a^sin  l2  7r. -^H L 

(4) a^  sin  0  =  f;  =  a,  sin  2  7r  -^y 

be  the  displacements  in  two  oppositely  circularly  polarized  waves.  The 
union  of  (1)  and  (4)  gives  a  resultant  wave  plane  polarised;  that  of 
(2)  and  (3)  also  a  wave  plane  polarized,  the  equation  of  the  path 
being 

in  the  plane  of  crossing.  It  thus  appears  that  the  union  of  two  circu- 
larly polarized  waves,  polarized  in  opposite  directions,  gives  a  plane 
polarized  wave,  of  which  the  intensity  is  double  of  either.  Conversely, 
a  wave  plane  polarized  may  be  resolved  into  two  components  of  equal 
intensity,  circularly  polarized  in  opposite  directions. 

§  343. — Because  the  time  of  describing  the  wave  length  is  equal  to 
the  molecular  periodic  time,  we  have,  denoting  the  velocity  of  wave 
propagation  by  F, 

A.=Ft, 

whence 

X 
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which,  in  Equation  (618),  givc8|  after  multipying  hy  1^  and  dindinit 
by  2  7r, 

dO 

^I'^K (619) 

The  first  member  is  the  arc,  expressed  in  circamfereDcea,  described  by 
the  molecule  ivhile  the  wave  is  moving  through  a  thickness  V .  t,  of 
the  medium.  So  that  a  wave,  compounded  of  many  components  hav- 
ing different  wave  lengths,  but  all  polarized,  on  entering  a  medium, 
may  emerge  with  the  planes  of  polarization  of  its  several  components 
so  twisted  through  different  angles  as  to  diverge  from  a  common  line 
perpendicular  to  the  wave  front  The  department  of  optics  furnishes 
some  fine  examples  of  this.  A  piece  of  quartz,  of  a  peculiar  kind,  is 
known  to  twist  the  extreme  red  wave  through  an  angle  of  17^  29'  4V\ 
and  the  extreme  violet,  44^  04'  68'^,  for  each  millimetre  of  thickness 

DIFFUSION  AVD   DXOAT   OF  LITXire  FOROK. 

§  344. — The  living  force  of  any  molecule  whose  mass  is  m  and  ve- 
lOcity  v^i  is 

and  denoting  by  n  the  number  of  molecules  on  a  superficial  unit  of 
the  wave  front,  the  living  force  on  this  unit  will  be 

and  on  the  surface  of  a  sphere  of  which  the  radius  is  r^, 

4  TF .  r/ .  n .  m  v/ ;        ^ 
and  for  another  sphere,  of  which  the  radius  is  r^^,  and  molecular  velo* 

city  v,„ 

4  n .  r^/ .  n  m  v^/. 

If  these  spherical  surfaces  occupy  the  same  relative  positions  in  a  di- 
verging wave,  in  any  two  of  its  positions,  their  molecular  living  foi^ces 
must  be  equal;  whence,  suppressing  the  common  factors, 

r/.mv/=3r^/mv^/ (620) 
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The  molecules  describe  elliptical  crbits,  and  under  tlio  action  of  molec- 
ular forces  directed  to  the  centres  of  these  curves.  The  periodic  time 
will;  therefore,  §  207,  Equation  (286),  be  constant,  however  the  dimen- 
sions of  these  orbits  maj  vary ;  and  the  averrge  velocities  of  the  mole- 
cules will  be  proportional  to  the. lengths  of  their  respective  orbits,  or, 
in  similar  orbits,  to  any  homologous  dimensions  of  the  same — as  their 
transverse  axes  or  greatest  molecular  displacements.  Denoting  the  latter 
by  c'  and  c"  in  the  two  waves,  then  will 

which,  with  Equation  (620),  gives 

e'r^,:=^  c'r, (621) 

TVhence  it  itppears,  that  the  living  force  of  the  molecules  of  any  wave 
wariee  inversely  as  the  second,  and  the  greatest  displacement  inversely  ae 
the  first  power  of  the  distance  to  which  the  wave  has  been  propagated 
from  its  place  of  primitive  disturbance. 


nmRFBRXKCSA 

§  345. — ^Resuming  Equation  (686),  viz., 

V       rf  t 

5--}-X,-8in«2  7r-  =0; 

denote  the  radius  vector  of  the  molecular  orbit  by  p\  and  the  angle  H 
makes  with  the  axis  of  I  by  0\  then  will 

f  =  p'.  cos  d' ;    17  =  p'.  sin  B'\ 

which,  in  the  above,  give 

=  — .  •  sin  z  Tr  •  — ; 

-/a^/cos^e^  +  a/sin'a'  i" 


and  making 

«. .  a., 

=  e 


«/  •  «//  _  ^9 


\/a,/.cos«e^-}-a/.«in«d'  * 
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we  have 

p'  =  c',Mn27r.- (622) 

In  this  equation,  p'  is  the  actaal  displacement  of  the  molecule  fix>m  its 

t 
place  of  rest,  and  becomes  a  maximum  when  -  is  any  odd  multiple  of 

t 

^.    If,  however,  there  be  added  to  the  arc  2  tt  -,  an  arbitrary  arc  a\ 

this  latter  may  be  so  taken  as  to  make  the  maximum  or  any  other 
displacement  occur  at  such  time  and  place  as  we  please,  and,  there- 
fore, to  give  to  the  molecule  any  particular  phase  at  pleasure,  at  the 
time  t    We  may  write,  then,  generally. 


*  •         *  ■  • 

p'  =  c'.  sin^2Tr.-  +  o');     ...        .    (628) 
and  for  a  second  resultant  wave, 

p"  =  c". sin(27r.^  +  a"); (624) 

and  if  these  waves  act  siniultaneously  upon  the  same  molecules,  the  re- 
sultant displacement,  denoted  by  p,  will,  g  306,  be  given  by 

p  =  p'  +  p"  =  c'. sin  (2 TT . ;^  +  a')  +  c".  sin  ^2  7r.  -  +  a"). 

Developing  the   circular  flinctions  atd  collecting  the  coefficients  of 
like  factors, 

p  =  (c' cos  a' +  c"  cos  o") .  sin  2  7r-  + (c'sina'  +  «"sino")  .  cos27r-; 

"r  T 


and  making 

e  cos  a  = 
c  sin 

we  (lave 


M  a  =  c' .  cos  a'  4  c"  cos  o",)  * 

f (m) 

m  o  =  c'  sm  a'  -f  c"  sin  a' ,   ) 


p  =  c.coBa.8in2fr.~  +  c8ina.coe2fr.-; 
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or. 


p  =  c  sin  1 2  TT .  -  +  aV 


(626) 


Sqaaring  Equations  (625),  and  adding, 

y  =  c"  +  (?"•  +  2  c'  c"  cos  (a'  -  a"), 

and  dividing  the  second  bj  the  first, 


(627) 


tan  a  = 


c' .  sin  a'  +  c" .  sin  a" 
c'  cos  o'  +  c"  cos  o"  ■ 


(628) 


From  Equation  (626)  we  see  that  the  resultant  wave  is  of  the  same 
length  as  that  of  the  component  waves  to  which  Equations  (623)  and 
(624)  appertain ;  the  length  being  determined  by  the  molecular  periodic 
time  r;  but  the  value  of  a  in  that  equation  differing  from  a!  and  o!' 
in  Equations  (623)  and  (624),  shows  that  the  maximum  displacement  of 
a  given  molecule  does  not  take  place  in  the  resultant  wave  at  the  same 
time  as  in  either  of  its  components. 

§  346.-^The  maximum  displacement  in  the  resultant  wave  is  given  bj 


e  =  Vc'«  +  c"*  +  2c'c".  cos  (a'  -  a")  ;    .     .    .    (629) 

which  will  be  the  greatest  possible  when  a!  —  a"  =  0,  and  least  pos- 
sible when  a!  —  a"  =  180^ ;  the  maximum  in  the  former  case  being 
given  by 


c  =  c'  +  c" 


and  the  minimum,  by 


In  the  first  case,  Equation  (628), 


{e  +  c'*)  .  sin  a'      ^       , 

%  tan  a  =  f-j-- — :^ -r  =  tana'. 

(c  +  c  ')  .  cos  or 

Whence  a  =  a'  =  a",  and  the  maximum   displacement  will   occur  at 
the  same  place  and  time  in  the  resultant  and  component  waves. 
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In  the  second  case,  Eqaation  (628),  if  we  make  a'  =  ISO®  +  a*\ 

tana  =  )i ~f^^  =  tana"  =<an  (a'  -  ISO**)  =  tana'; 

(c  —  c  )  .  cos  a  '  ^  ' 

that  is,  a  will  be  equal  to  one  at  least  of  the  arcs  a'  and  a",  and  the 
greatest  displacement  will   occur  at  the  same  time  *and  place  in  the 
resultant  wave  as  in  one  of  its  components. 
K  c'  =  c",  then,  £quati<fn  (629), 

€  =  €* ^^2[1  +  COS  (a' -a")]  ; 
and  becanse 


1  +  (BOB  (a'  -  a")  =  2  cos" 


2      • 


a'  -  a" 


c  =  2  c' .  coe  — - — J (630) 

and.  Equation  (628), 

sin  a'  +  sin  a"    '         a'  +  a"  ,^     , 

tan  a  = p- yz  =  tan  — ....     (631) 

cos  a  +  cos  a  2  ^      ' 

lif  while  c'  and  c"  continue  equal,  we  also  have  a'  —  a"  =  1S0%  then, 

Equation  (630), 

c  =  0. 

Thus  it  appears  that  two  equal  waves  may  reach  the  same   molocnlet 

in  such  relative   condition  as  to  keep  them  in  their  places  of  rest;    in 

.» 

other  words,  two  equal  waves  maj  destroy  one  another.  • 

I 

§  347. — To  ascertain  the  precise  relation  of  two  waves  which  will 
cause  this  mutual  destruction,  make,  in  Equation  (023)| 

2t  ' 
and  that  equation  becomes, 

p'  =  e'.Bin(2rri+«"=fc^T), 

p' =  c' .  sin  (2  rr  ^^-^  +  a") ;     ....    (682) 
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which  becomet  idoDtical  with  Equation  (624)^  by  making 


e  =  c". 


and 

iz=,i±\r.     .    »         .     •    .    .         (633) 

Now,  the  same  value  for  (,  in  Equations  (623)  and  (624),  will,  for 
equal  valnas  >pf  the  arbitrary  arcs  a'  and  a!\  determine  the  ccmponent 
waves  to  give  to  a  molecule  subjected  tb  their  simultaneous  action, 
similar  phtues  ;  and  a  value  for  t^  in  the  one,  which  differs  from  that 
in  the  other,  by  one-hal(  or  any  odd  multiple  of  one-hal(  of  the 
molecular  periodic  time,  opposite  phases.  And,  because  the  waves  pro- 
gress by  a  wave  length  during  each  molecular  revolution,  the  above 
result  shows  that,  when  two  waves  meet^  after  having  travelled  cvsr 
routes^  estimated  from  points  at  which  their  molecular  phases  are  simi- 
lar^ and  which  routes  differ  by  half  or  any  odd  multiple  of  half  a 
toave  lengthy  they  will  destroy  onf  another^  provided  the  waves  have  the 
same  length  and  equal  mcunmum  molecular  displacements.  This  act,  by 
which  one  wave  destroys  another,  is  called  wave  interference. 

The   same   process   of  combination  will   equally  apply  to  three  or 
more  wave  functions  in  which  r  is  the  same  in  all ;  that  is,  wherein  the 

wave  lengths  are  the  same ;  for,  in  that  case,  sin  2  tt  .  -   and   cos  2  tt  .  - 

being  common  factors,  after  developing  each  function  in  the  sum,  the 
resultant  displacement  p  becomes, 

p  =  sin  2  TT .  -  •  2  c'  cos  a'  +  cos  2  TT .  - .  2  c'  sin  a^ 
r  T 

mnd  assuming 

c .  cos  a  =  2  c'  cos  a', 
e .  sin  «  =3  S  c'  sin  a' ; 

p  =  e.8in(2w-  +  a)f   .     .    (634) 

thus  making  the  resultant  wave  of  the  same  length  as  that  of  either 
of  its  oomponenta. 
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Bat,  if  the  component  waves  be  not  of  equal  lengths,  the  acmi  of 
the  corresponding  functions  cannot  reduce  to  the  form  of  Eqnatioii 
(634),  because  of  the 
absence  of  common 
Actors,  arising  from  a 
change  in  the  value 
of  r  from  one  com- 
ponent  to  another.    Such  componentB  can  never  destroy  one  another. 


IN7LXXI0N. 

§  348.— Make,  in  Equation  (621),  r"  =2  1,  and  that  eqnatioa   be- 
eomea 

c'  =  — ; 
and  this  value  being  substituted  for  c\  in  Equation  (622j|  givei| 


and  making 


e"  t 

p'  =  — .  sin  2  TT  .  - ; 
r  T 


t    yt—r^ 


\ 


T  A      ♦ 

we  have,  omitting  all  the  accents, 

p  =  - .  sin  2  7r  — r — ,    .    .    •    .    .     (635) 

which  is  of  the  same  form  as  Equations  (528),  and  in  which  V  u 
the  velocity  of  wave  propagation ;  (,  the  time  of  its  motion  fym 
primitive  disturbance;  A,  the  wave  length;  -,  the  maximum  displace- 
ment of  a  molecule  of  which  the  distance  of  the  place  of  rest  from 
the  point  of  primitive  disturbance  is  r;  and  p  the  actual  displacement, 
at  the  time  t,  of  this  same  molecule.  And  from  which  it  is  apparent 
that  the  displacements  will  always  be  the  same  for  equal  distances^ 
Fi  — r,  behind  the  wave  front. 

Every  disturbance  of  a  molecule,  at  one  time,  becomes  a  eauaa  of 
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disturbance  to  another  molecule  at  some  subseqaent  time.  All  the 
molecules  in  a  wave  front,  when  they  first  begin  pto  move,  become, 
therefore,  centres  of  disturbance  for  every  molecule  mu  advance ;  and 
if  the  primitive  disturbance  be  kept  up,  secondary  waves  proceeding 
from  these  centres  will  reach  a  molecule  in  advance  simultaneously, 
and  determine,  §  307,  at  any  instant  t,  its  displacement  2/0. 

Suppose  a  wave,  whose 
centre  of  disturbance  is  C,  to 
have  reached  the  position  A  By 
so  remote  from  C  that  a  small 
portion,  A  B,  may  be  regarded 
as  sensibly  plane:     What   is 

the  displacement  of  a  molecule  at  0,  produced  by  the  simultaneous 
action  of  the  secondary  waves  proceeding  from  the  molecules  in  any 
portion,  sb  AB,  of  a  section  of  this  wave  front  ?  Draw  the  nomud 
CDN^  through  the  middle  of  P  Q ;  denote  the  variable  distance  DQ 
by  t^  and  Q  0  hj  r.  The  displacement  of  the  molecule  0,  by  the 
secondary  waves  from  the  arc  ^j?  =  2  6,  will,  Eq.  (635),  be  given  by 


(686) 


Here  r  and  z  are  variable.  To  eliminate  the  former,  join  0  with  the 
middle  of  AB  by  the  line  2)  0,  and  denote  its  length  by  /,  and  the 
angle  Q  D  0,  which  it  makes  with  the  wave  front,  by  6.     Then  wi\l 

r  =  V/'  +  a*— 2/«cos(?; 
and  by  Maclaurin*s  formula, 

r  =  /  — cos(?.2 +  — y- .«•  — <fec (637) 


If  the  greatest  value  of  j;  be  small  as  compared  to  /,  we  may  take 


r  =:  /  —  cos  0  •  iff. 


(638) 


and  regard  the  displacements  of  the  molecule  0,  by  the  partial  waves 

26 
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from  2  to  be  eqaal.     Whence,  subBtituting  the  valae  of  r,  with  tha      , 
restriction,  in  Equation  (636),  we  have, 

2p  = /*     p.rf«  =  -  .j      'sin  -r-  (F<  — /  +  C09^.«)if«, 

and^  performing  the  integration  without  regard  to  limits, 

and  between  the  limits  —  h  and  +  6, 

or, 

so  that  the  function  whose  vahie  gives  the  resultant  displacement,  is  of 
the  same  form  as  that  of  the  function  which  determines  either  of  the 
partial  displacements. 

The  maximum  value  of  the  resultant  displacement  is  given  by 

_               eX           .    2  7r.6.co8  0  ,_--^ 

2p  =  — -i 5- 8m . ;       .    .    .     (640) 

'^  TT .  /  .  cos  0  X  ^         ' 

and  this  will  become  zero  for  such  values  of  0  as  make  h  .  cos  0  equal 
to  cither  of  the  following  values,  viz., 

W    W    f^     JA,&c. 

Conceiving  the  figure  to  be  revolved  about  the  normal  CN^  and  all 
the  wave  except  the  circular  portion  whose  diameter  is  2  6  =  A  ^,  to 
be  intercepted,  the  space  in  advance  of  the  wave  will,  when  the  above 
values  obtain,  find  itself  divided  by  the  secondary  waves  into  a  series 
of  concentric  cone-like  zones  around  the  normal  C N^  as  an  axis,  and 
of  which  the  alternate  ones,  beginning  with  that  immediately  about  the 
axis,  will  be  filled  with  molecules  in  motion,  wLile  the  molecules  in  the 
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others  will  be  at  rest  A  section  in  a^lvance  of  the  primitive  wave 
will  cut  from  these  zones  a  scries  of  concentric  circular  rings  distin- 
gnished  by  the  same  peculiarities. 

But  if  A  be  very  great  as  compared  with  6,  then  will  the  arc 

27r.6.co80 
X 

be  so  small  as  io  justify  the  substitution  of  the  arc  for  its  sine  and  for 
the  maximum  value  of  resultant  displacement, 

,^  .  cX  27r.&.co80      2eb 

^^^^'  =  ¥717^^0 X =  — '•   •   •   <«"> 

and  this  result  being  independent  of  0,  the  conic  zones  cannot  exist, 
and  the  effect  of  the  secondar}*'  waves  will  be  diffused  in  all  directions 
to  the  front.  '  This  lateral  action  of  secondary  waves  proceeding  from 
a  small  portion  of  a  primitive  wave,,  is  called  wave  inflection. 

When  6  approaches  nearly  to  90%  cos  0  will  be  exceedingly  small, 
and  the  arc 

27r.5.co80 
X 

may  again  be  substituted   for  its  sine ;   again  Equation  (641)  suits  the 

case,  and  determines  the  maximum  displacement  immediately  about  thjB 

normal. 

The   maximum   of  the   maxima  displacements  will   occur  when,  in 

Equation  (640), 

27r.5.cos0        ,   , 
sm  . r =  =t  1 ; 

and  which  would  reduce  that  equation  to 

and  as  the  living  forces  are  proportional  to  the  squares  of  the  groatosi 
displacements,  we  have 
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Whence 

m.>,,'  =  m.>/.^^y    ^.^ (642) 

in  which  v^  is  the  velocity  of  the  molecule  on  the  nonnal,  and  v^, 
that  at  the  angular  distance  Q  from  it  When  the  waves  are  very 
shorti  as  compared  with  6,  it  is  obvious  that  the  living  force  of  the 
molecules  would  be  sensibly  nothing,  except  immediately  about  the 
nonnal.  When  the  waves  are  long,  .as  compared  with  hy  the  living 
force  .will  be  appreciable  fDr  every  value  of  0,  and,  therefore,  in  every 
direction  in  front  of  the  primitive  wave.  The  importance  of  this 
discussior  will  to  apparent  in  the  subjects  of  sound  and  light. 


PART   IV. 


APPLICATION   OF*THE   PREOEDINO   PBIN0IPLE8   TO 
SIMPLE  MACHINES,  PUMPS,  ETC. 

§  349. — Any  device  by  which  the  action  of  a  force  may  be  received 
at  one  place  and  transmitted  to  another  is  called  a  Machine. 

There  are  usually  seven  elementary  machines  discussed  in  Mt- 
clumics ;  viz.,  the  Cord^  Lever ^  Inclined  Plane,  Pulley^  ScreWj  Wheel  and 
AxUj  and  Wedge.  The  Cord,  Lever,  and  Inclined  Plane  are  called 
Simple  Machines;  the  others,  being  combinations  of  these,  are  called 
Compound  Machines. 

§  350. — In  Machines,  as  in  all  other  bodies,  every  action  is  ao- 
oompanied  by  an-  equal  and  contrary  reaction.  A  force  which  acts 
upon  a  Machine  to  impress  or  preserve  motion  is  called  a  Power. 
A  force  which  reacts  to  prevent  or  destroy  motion,  is  called  a 
Resistance.  The  Agent  which  is  the  source  of  power,  is,  g  38,  called 
a  Motor. 

§  351. — Resuming  Equation  (30),  and  supposing  the  displacement, 
wluch  in  that  equation  was  wholly  arbitrary,  to  conform  in  every 
respect  to  that  caused  by  the  powers  and  resistances,  we  shall  have 
J  t  z=  <£ «,  9  being  the  path  described  by  the  elementary  mass  m ; 
and  hence, 


but 


2  PSp  —  2m.  -r^  .  rft  =  0 ; 

a  r 


d^s    ,         di     d»8  J  1  ^/ jx 


whence, 


2  P^;?  -  1  2 m  .  rf(t^  =  0.  .     •*    •     •     •     (643) 
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Denoting  by  Q,  Q'j  &c.  the  resistances,  by  jP,  P\  6sc   the  pow 

ers,  8q,  6ic  and   Spy  6co.  the  projections  of  their  respective    virtual 

*   velocities ;    the   first   term,   which    embraces    all    the    forces    except 

Inertia  in  action  on  the  machine,  may  be  replaced  by  SPSp  —  2  Q  J^, 

and  we  have 

iFSp  --  SQSq  ^z^lm.dv*.    ....     (644) 
Integrating, 

f^PSp  -A  QSq  =  J2mra  +  (7; 

and  denoting  by  v,  the  initial  velocity,  and  taking  the  integral  st 
as  to  vanish  when   <  =  0, 

f^PSp  —  f^  QSq  =  J2mr»  -  J2mr,».    •  .  •  (645) 

The  products  P5p  and  Q^^  are  the  elementary  quantities  of 
,  work  performed  by  \  power  and  a  resistance  respectively,  iD 
the  clement  of  time  dt;  the  product  ^mdv*  is  the  elementary 
quantity  of  work  performed  by  the  inertia,  or  one  half  the  incre 
mcnt  of  living  force  of  the  mass  m  in  this  time.  And  Equation 
(645)  shows  that  in  any  machine,  in  motion,  the  increment  of  the 
half  sum  of  the  living  forces  of  all  its  parts  is  always  equal  to 
the  excess  of  the  work  of  the  powers  or  motors  over  that  of  the 
resistances. 

§  352. — If  the  machine  start  from  rest,  Equation  (645)  becomes 

fl  PSp  --  flQSq  =ziS  m  r»,  ....     (646) 

and  as  the  second  member  is  essentially  positive,  the  work  of  the 
motors   must  exceed   that  of   the  resistances  embraced  in  the  term 

J 1  QSq;  in   other   words,  the  inertia  will   oppose  the    motor  and 

act  as  a  resistance.  When  the  motion  becomes  uniform,  the  seoond 
member  will  be  constant ;  from  that  instant  inertia  will  cease  to 
act,  and  the  subsequent  work  of  the  motor  will  be  equal  to  that 
of  the  resistances  as  long  as  this  motion  continues.  If  the  motion 
bo  now  retarded,  the  second  member  will  decrease,  the  inertia  will 
act  with  the  po>¥er,  and   this   will  continue  till   the  machine  conif« 
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to  rest,  and  the  excess  (f  work  of  the  Be9i$tanc$  during  retardation 
will  be  exactly  equal  to  that  of  the  Power  during  acceleration. 
Generally,  then,  when  a  machine  is  at  rest  or  is  moving  uniformly, 
inertia  does  not  act;  when  the  motion  is  variable,  it  does,  and 
opposes  or  aids  the  motor  according  as  the  motion  is  accelerated 
or  retarded. 

§353. — The  essential  parts  of  every  machine  are  those  which 
receive  dxectly  the  action  of  the  motor,  thpse  which  act  directly 
upon  the  body  to  be  moved  or  transformed,  and  those  which  serve 
to  transmit  the  action.  The  arrangement  of  the  latter  is  often  a 
source  of  resistance,  arising  from  Friction^  Adhesion j  Stiffness  of 
Cordage^    <S2c.,    whose    work    enters    largely    into    the    general    term 

f^QSq. 


m   t 
1 


FBicnov.  /         -        «>^  ' 


§854. — When  two  bodies  are  pressed  together,  experience  shows 
that  a  certain  effort  is  always  required  to  cause  one  to  roll  or  slide 
along  the  other.  This  arises  almost  entirely  from  the  inequalities  in 
the  surfaces  of  contact  interlocking  with  each  other,  thus  rendering 
it  necessary,  when  motion  takes  place,  either  to  break  them  oflf^  com- 
press them,  or  force  the  bodies  to  separate  far  enough  to  allow  them 
to  pass  each  other.  This  cause  of  resistance  to  motion  is  called  /He- 
tioTiy  of  which  we  distinguish  two  kinds,  according  as  it  accompanies 
a  sliding  or  rolling  motion.  The  first  is  denominated  sliding,  and 
the  second  rolling  friction.  They  are  governed  by  the  same  laws ; 
the  former  is  much  greater  in  amount  than  the  latter  under  given 
drcumstances,  and  being  of  more  importance  in  machines,  will  prin- 
cipally occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured  by  the 
fbrce  exerted  in-  the  direction  of  the  surface  of  contact,  which  will 
place  the  bodies  in  a  condition  to  resist,  during  a  change  of  state, 
in  respect  to  motion  or  rest,  only  by  their  inertia. 

§355. — ^The  friction  between  two  bodies  may  be  measured  directly 
bj  means  of  the  spring  balance.      For  this  purpose,  let  the  surface 
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CD  of  one  of  the  bodies  M  be  made  perfecdj  ievel,  wo  thai  the 

other  body  M\  when  laid 

upon  it,  may  press  with 

its  entire  weight  To  some 

point,  as  E^  of  the  body 

iT,  attach  a  cord  with  a 

spring     balance     in     the 

manner  indicated  in  the  figure,  and  apply  to  the  latter  a  force  i^of 

such  intensity  as  to  produce  in  the  body  If  a  uniform  moUon.     The 

motion   being   uniform,  the  accelerating  and* retarding  forces  must  be 

equal   and   contrary;   that  is  to  say,  ^e  friction   must  be  equal  and 

contrary  to  the  force  F^  of ^  which   the   intensity  is  indicated  by  the 

balance. 

The  experiments  on  friction  which  seem  most  entitled  to  conC 
dence  .are  those  performed  at  Metz  by  M.  Morin,  under  the  order 
of  the  French  government,  in  the  years  1831,  1832,  and  1833.  lliey 
were  made  by  the  aid  of  a  contrivance,  first  suggested  by  M,  Pen- 
celet,  which  is  ono  of  the  most  beautiful  and  valuable  contributions 
that  theory  has  ever  made  to  practical  mechanics.  Its  details  are 
given  in  a  work  by  M«  Morin,  entitled  "Nouvelles  JSxpMeneei  tur  h 
FrottemenC    Paris,  1833. 

The  following  conclusions  have  been  drawn  from  these  experi- 
ments,  viz.: 

The  friction  of  two  surfaces  which  have  been  for  a  considerable 
time  in  contact  and  at  rest  is  not  only  different  in  amount,  but  also 
in  nature,  from  the  friction  of  surfaces  in  continuous  motion;  espe- 
cially in  this,  that  the  friction  of  quiescence  is  subjected  to  causes  of 
variation  and  uncertainty  from  which  the  friction  during  motion  if 
exempt.  This  variation  does  not  appear  to  depend  upon  the  exitnt 
of  the  surface  of  contact ;  for,  with  different  pressures,  the  ratio  of 
the  friction  to  the  pressure  varied  greatly,  although  the  surfaces  of 
contact  were  the  same. 

The  slightest  jar  or  shock,  producing  the  most  imperceptible 
movement  of  the  surfaces  of  contact,  causes  the  friction  of  quies- 
cence to  pass  to  that  which  accompanies  motion.  As  every  machine 
may  be  regarded  as  being  subject  to  slight  shocks,  producing  imper 


APPLICATIONS.  409 

wptfble  motions  in  the  surfaces  of  contact,  the  kind  of  friction  to  be 
employed  in  all  questions  of  equilibrium,  as  well  as  of  motions  of 
machines,  should  obviously  be  this  last  mentioned,  or  that  which 
aocoinpanies  continuous  motion. 

The  LAWS  of  friction  which  aQcompanies  continuous  motion  are 
remarkably  uniform  and  definite.    These  laws  are: 

1st.  Friction  accompanying  continuous  motion  of  two  surfaoek, 
between  which  no  unguent  is  interposed,  ^ bears  a  constant  proportion 
to  the  force  by  which  those  sur&ces  are  pressed  together,  whatever 
be  the  intensity  of  the  force. 

9d.  Friction  is  wholly  independent  of  the  extent  of  the  surfaces  in 
contact 

Sd.  Where  unguents  are  interposed,  a  distinction  is  to  be  made 
between  the  case  in  which  the  surfaces  are  simply  unctuous  and  in 
intimate  contact  with  each  other,  and  that  in  which  the  surfaces  are 
wholly  separated  from  one  anotlier  by  an  interposed  stratum  of  the 
unguent.  The  friction  in  these  two  cases  is  not  the  same  in  amount 
under  the  same  pressure,  although  the  law  of  the  independence  of 
extent  of  surface  obtains  in  each.  When  the  pressure  is  increased 
sufficiently  to  press  out  the  unguent  so  as  to  bring  the  unctuous  sur- 
&ces  in  contact,  the  latter  of  these  cases  passes  into  the  first;  and 
•  this  fiict  may  give  rise  to  an  apparent  exception  to  the  law  of  the 
independence  of  the  extent  of  surface,  since  a  diminution  of  the  8ur> 
&ce  of  contact  may  so  concentrate  a  given  pressure  as  to  remove  the 
unguent  from  between  the  surfaces.  The  exception  is,  however,  b\^t 
apparent,  and  occurs  at  the  passage  from  one  of  the  coses  above- 
named  to  the  other.  To  this  extent,  the  law  of  independence  of  tb^ 
extent  of  surface  is,  therefore,  to  be  received  with  restriction. 

There  are,  then,  three  conditions  in  respect  to  friction,  under 
which  the  surfaces  of  bodies  in  contact  may  be  considered  to  exist, 
viz.:  1st,  that  in  which  no  unguent  is  present;  2d,  that  in  which 
the  surfaces  are  simply  unctuous;  3d,  that  in  which  there  is  an 
interposed  stratum  of  the  unguent.  Throughout  each  of  these  states 
the  friction  which  accompanies  motion  is  always  proportional  to  the 
pressure,  but  for  the  same  pressure  in  each,  very  different  in 
amount. 
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4th.  The  friction  which  aocompanies  motion  ii  Always  ii^epeod 
ent  of  the  velocity  with  which  the  bodies  move;  and  this,  whether 
the  surfiices  be  without  unguents  or  lubricated  with  water,  oili^ 
grease,  glutinous  liquids,  syrups,  pitch,  ^(c,  ^cc 

The  variety  of  the  circumstances  under  which  these  laws  obtain, 
and  the  accuracy  with  which  the  phenomena  of  motion  accord  with 
them,  may  be  inferred  from  a  single  example  taken  from  the  first 
set  of  Morin's  experiments  upon  the  friction  of  surfaces  of  oik, 
whose  fibres  were  parallel  to  the  direction  of  the  motion.  The  sur- 
faces of  contact  were  made  to  vary  in  extent  from  1  to  84;  the 
(brcos  which  pressed  them  together  from  88  to  2205  pounds;  and 
the  velocities  from  the  slowest  perceptible  motion  to  9,8  feet  ft 
■econd,  causing  them  to  be  at  one  time  accelerated,  at  another 
uniform,  and  at  another  retarded ;  yet,  throughout  all  this  wide 
range  of  variation,  in  no  instance  did  the  ratio  Of  tho  friction  to 
the  pressure  differ  from  its  mean  value  of  0,478  by  more  than  ^ 
of  this  same  fraction. 

Denote  the  constant  ratio  of  the  entire  friction  jP,  to  the  norau) 
pressure  P,  by  /;  then  will  the  first  law  of  friction  be  expressed  bj 
the  following  equation. 


=/; 


(647, 


whence, 

F  =  f.P. 

*  This  constant  ratio  /  is  called  tho  co-ejffichni  of  friction^  because, 
when  multiplied  by  the  total  normal  pressure,  the  product  gives 
the  entire  friction. 

Assuming  the  first  law  of  fric- 
tion, the  co-efficient  of  friction  may 
easily  be  obtained  by  means  of  the 
inclined  plane.  Let  W  denote  tho 
weight  of  any  body  placed  upon 
the  inclined  plane  AB.  Resolve 
this  weight  O  O'  into  two  compo- 
nents, one  GM  perpendicular  to 
the  plane,  and  the  other  O  N  par- 
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«Dd  to  it      Because  tjw  angles  (?'  QM  and  BA  C  are  equal,  tlie 
first  of  these  comporents  will  be 

QM ziz  IF.cos^, 
mud  the  second, 

GN^  IT.sin^, 

in  which  A  denotes  the  angle  BA  (7. 

The  first  of  these  components  determines  the  total  pressure  upon 
the  plane,  and  the  friction  due  to  this  pressure  will  be 

F  =  f.Weo%A. 

Tlie  second  component  urges  the  body  to  move  down  the  plane. 
If  the  inclination  of  the  plane  be  gradually  increased  till  the  body 
move  with  uniform  motion,  the  total  friction  and  this  component 
must  be  equal  and  opposed;  hence, 

/.  W.  cos  ui  =  W.  faxkA\ 

iriieiioe, 

^      wci  A  . 

f  =  3  =  tan  ^. 

*  COSui 

We,  therefore,  conclude,  that  the  unit  or  eo-^fficient  of  frictioh 
between  any  two  surfaces,  is  equal  to  the  tangent  of  the  angle 
which  one  of  Che  surfaces  must  make  with  the  horiEon  In  order 
that  the  other  may  slide  over  it  with  a  uniform  motion,  the  body 
to  which  the  moving  surface  belongs  being  acted  upon  by  its  own 
weight  alone.  This  angle  is  called  the  angle  of  fricti(n%  or  limiting 
9ngle  of  resistance. 

The  values  of  the  unit  of  friction  and  of  the  limiting  angles  for 
many  of  the  various  substances  employed  in  the  art  of  construction, 
are  given  in  Tables  VI,  VII   and  VIII. 

The  distinction  between  the  friction  of  surfaces  to  whidi  no  nn- 
guent  is  applied,  those  which  are  merely  unctuous,  and  those  between 
which  a  uniform  stratum  of  the  unguent  is  interposed,  appears  first 
to  have  been  remarked  by  M.  Morin ;  it  has  su^ested  to  him 
what  appears  to  be  the  true  explanation  of  the  difference  between 
his  results  and  those  of  Coulomb.     He  conceives,  that  in  the 
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periments  of  this  celebrated  Engineer,  the  requisite  precautions  kd 
not  been  taken  to  exclude  unguents  from  the  surlkoes  of  oontaot 
The  slightest  unctuositj,  such  as  might  present  itself  aocidentalij, 
unless  expressly  guarded  against — such,  for  instance,  as  might  haye 
been  lefb  by  the  hands  of  the  workman  who  had  given  the  last 
polish  to  the  sur&ces  of  contact — is  sufficient  materially  to  affect 
the  co-efficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  with  hard 
dry  soap,  and  then  thoroughly  wiped,  so  as  to  show  no  traces 
whatever  of  the  unguent,  were  found  by  its  presence  to  have  lost 
^*  of  their  friction,  the  co-efficient  having  passed  from  0,478 
U>  0,164. 

This  effect  of  the  unguent  upon  the  friction  of  the  surfaces  may 
be  traced  to  the  fact,  that  their  motion  upon  one  another  without 
unguents  was  always  found  to  be  attended  by  a  wearing  of  both  the 
surfaces ;  small  particles  of  a  dark  color  continually  separated  from 
them,  which  it  was  found  from  time  to  time  necessary  to  remove, 
ind  which  manifestly  influenced  the  friction :  now,  with  the  presenoe 
of  art  unguent  the  formation  of  these  particles,  and  the  consequent 
wear  of  the  surfaces,  completely  ceased.  Instead  of  a  new  surfiuse 
of  contact  being  continually  presented  by  the  wear,  the  same  sur&oe 
remained,  receiving   by  the  motion  continually  a  more  perfect  polish. 

'  A  comparison  of  the  results  enumerated  in  Table  VIII,  leads  to 
the  following  remarkable  conclusion,  easily  fixing  itself  in  the  memory, 
tfiai  with  the  unguents,  hoffs*  lard  and  olive  oil  interposed  in  a  am- 
tinuous  stratum  between  them,  surfaces  of  wood  on  metal,  wood  <m 
wood,  metal  on  wood,  and  metal  on  metal,  when  in  motion,  have  aB 
of  them  very  nearly  the  same  coefficient  of  friction,  the  value  of  that 
co-efficient  being  in  all  cases  included  between  0,07  and  0,08,  and  the 
limiting  angle  of  resistance  therefore  between  4*  and  4*35'. 

For  the  unguent  tallow  the  coefficient  is  the  same  as  the  above  in 
every  case,  except  in  that  of  metals  upon  metals;  this  unguent  seems 
less  suited  to  metallic  surfaces  than  the  others,  and  gives  for  the 
mean  value  of  its  co-efficient  0,10,  and  for  its  limiting  angle  of  re- 
mtance  U^  43'. 
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356. — Betides  friction,  there  is  another  cause  of  resistance  to  tb? 
motion  of  bodies  when  moving  over  one  another.  The  same  foroep 
which  hold  the  elements  of  bodies  together,  also  tend  to  keep  the 
VK>dies  themselves  together,  when  brought  into  sensible  contact  The 
efibrt  by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhesiofi, 

Familiar  illustrations  of  the  existence  of  this  force  are  furnished 
by  the  pertinacity  with  which  sealing-wax,  wafers,  ink,  chalk  and 
black-lead  cleave  to  paper,  dust  to  articles  of  dress,  paint  to  the 
surface  of  wood,  whitewash  to  the  walls  of  buildings,  and  the  lika 

The  intensity  of  this  force,  arising  as  it  does  from  the  affinity 
of  the  elements  of  matter  for  each  other,  must  vary  with  the  nuim 
ber  of  attracting  elements,  and  therefore  with  the  extent  of  the  $w^ 
face  of  contact.  • 

This  law  is  best  verified,  and  the  actual  amount  of  adhesion  h^ 
tween  different  substances  determined,  by  means 
of  a  delicate  spring-balance.  For  this  purpose, 
the  surfaces  of  solids  are  reduced  to  polished 
planes,  and  pressed  together  to  exclude  the  air, 
and  the  efforts  necessary  to  separate  them  noted 
by  means  of  this  instrument.  The  experiment 
being  often  repeated  with  the  same  substances, 
uaving  different  extent  of  surfaces  in  contact,  it 
is  found  that  the  effort  necessary  to  produce 
the  separation  divided  by  the  area  of  the  surface 
gives  a  constant  ratio.  Thus,  let  S  denote  the 
area  of  the  surfaces  of  contact  expressed  in  square 
feet|  square  inches,  or  any  other  superficial  unit; 
A  the  effort  required  to  separate  them,  and  a 
the  constant  ratio  in  question,  then  will 


5  ="» 


or, 


Az=a.S. 
The  constant  a  is  called  the  unit  or  coefficient  of  adheeion^  and  oli^ 
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▼touslj  expreax^s  the  ralue  of  adhesion  on  each  unit  of  surikoe^  fir 
making 

we  have 

A  =  €U 

To  find  the  adhesion  between  solids  and  liquids,  suspend  the  solid 
icom  the  balance,  with  its  polished  surfiioe  downward  and  in  a  hoiii 
aontal  position  ;  note  the  weight  of  the  solid, 
then  bring  it  in    contact  with   the    horizontal 
aorlace  of  the  fluid  and  note  the  indication  of 
Ihe  balance  when  the    separation  takes  place, 
on  drawing  the  balance  up;  the  diflference  be- 
tween this  indication  and  that  of  the  weight 
will  give  the   adhesion;    and   this  divided  bj 
the  extent  of  surface,  will  give,  as  before,  the 
co-efficfcnt  a.     But    in    this    experiment    two 
opposite    conditions    must    be   carefully   noted, 
else  the  cohesion  of  the  elemcLts  of  the  liquid 
for  each  other  may  be  mistaken  for  the  adhe- 
sion of  the  solid  for  the  fluid.     If  the  solid 
on  being  removed  take  with  it  a  layer  of  the 
fluid;    in  other   words,   if  the  solid   has  been 
wet  by   the   fluid,  then  the  attraction  of  the  elements  of  the  solid 
for   those  of  the  liquid  is  stronger  than  that  of  the  elements  of  ths 
liquid  for  each  other,  and   a  will  be  the  unit  of  adhesion   of  two 
surfiu^es  of  the  fluid.    I^  on   the  contrary,  the  solid  on  leaving  ths 
fluid  be  perfectly   dry,  the  elements  of  the  fluid   will  attract  esdi 
other  more  powerfully  than  they  will  those  of  the  solid,  and  a  will 
denote  the  unit  of  adhesion  of  the  solid  for  the  liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the  action  of 
solids  and  fluids  upon  each  other.  A  drop  of  water  or  spirits  of 
wine,  placed  upon  a  wooden  table  or  piece  of  glass,  loses  its  globu- 
lar form  and  spreads  itself  over  the  surface  of  the  solid ;  a  drop  of 
mercury  will  not  do  so.  Immerse  the  flnger  in  water,  it  becomes 
wet ;  in  quicksilver,  it  remains  dry.    A  tallow  candle,  or  m  feather 
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ftom  any  spedes  of  water-fowl,  remaina  dry  tho  igh  dipped  in  watar. 
Gold,  silver,  tin,  lead,  dec.,  become  moist  on  being  immersed  ia 
quicksilver,  but  iron  and  platinum  do  not.  Quicksilver  when  poured 
into  a  gauze  bag  will  not  run  through;  water  will:  place  the  gauie 
containing  the  quicksilver  in  contact  with  water,  and  the  metal  will 
also  flow  through. 

It  is  difficult  to  ascertain  the  precise  value  of  the  force  of  adhe 
ston  between  the  rubbing  sur&ces  of  machinery,  apart  from  that  of 
friction.  But  this  is  attended  with  little  practical  inconvenichoe,  as 
long  as  a  machine  is  in  motion.  The  experiments  of  which  the 
results  are  given  in  Tables  VI,  VII  and  VIII,  and  which  are  applicabla 
to  machinery,  were  made  under  considerable  pressures,  such  as  those 
with  which  the  parts  of  the  larger  machines  are  accustomed  to  move 
upon  one  another.  Under  such  pressures,  the  adhesion  of  unguents 
to  the  surfaces  of  contact,  and  the  opposition  to  motion  presented 
by  their  viscosity,  are  causes  whose  influence  may  be  sately  disra 
garded  as  compared  with  that  of  friction.  In  the  cases  of  lighter 
machinery,  however,  such  as  watches,  clocks,  and  tho  like,  these 
CQihsiderations  rise  into  importance,  and  cannot  be  neglected. 
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§  357. — Conceive     a    wheel     turning 
freely  about  an    axle   or   trunnion,  and 
having  in  its  circumference  a  groove  to 
receive  a  cord  or  rope.    A  weight  TF, 
being  suspended  from  one  end  of  the 
rope,  while  a  force  F^  is  applied  to  the 
other    extremity   to    draw    it    up,    the 
latter  will    experience    a    resistance  in 
consequence  of  the  rigidity  of  the  rope, 
which  opposes  every  efibrt  to   bend  it 
around  the  wheel.    This  resistance  must, 
of  necessity,  consume  a  portion  of  the 
work  of  the  force  F.     The  measure  of 
the  resistance  due  to  the  rigidity  of  cordage    has    been 
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miVject  of  experiment  by  Coulomb ;  and,  According  to  him,  ,k 
YtBults  that  for  the  same  cord  and  same  wheel,  this  measure  is 
Composed  of  two  parts,  of  which  one  remains  constant,  while  the 
Mher  varies  with  the  weight  IT,  and  is  directly  proportional  to  it; 
fo  that,  designating  the  constant  part  by  JT,  and  the  ratio  of  the 
▼ariable  part  to  the  weight  W  by  /,  the  measut'e  will  be  given  hj 
the  expression 

in  which  IT  represents  the  stifiness-  arising  from  the  natural  torsion 
or  tension  of  the  threads,  and  /  the  stiffness  of  the  same  cord  due  to 
a  tension  resulting  from  one  unit  of  weight ;  for,  making  TF  =  1,  the 
above  becomes 

£:+ 1. 

Coulomb  also  found  that  on  changing  the  wheel,  the  stiffiieas  vifried 
ill  the  inverse  ratio  of  its  diameter ;  so  that  if 

be  the  measure  of  the  stifihess  for  a  wheel  of  one  foot  diameter,  then 

will 

K+  I.  W 

be  the  measure  when  the  wheel  has  a  diameter  o£  2  B.  A  table 
giving  the  values  of  JC  and  /  for  all  ropes  and  cords  employed  in 
practice,  when  wound  around  a  wheel  of  one  foot  diameter,  and  sub- 
jected to  a  tension  arising  from  a  unit  of  weight,  would,  therefore, 
enable  us  to  find  the  stiffness  answering  to  any  other  wheel  and 
weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  different  sized 
of  ropes  used  under  the  various  circumstances  of  practice,  Coulomb 
also  ascertained  the  law  which  connects  the  stiffness  with  the  diame- 
ter of  the  cross-section  of  the  rope.  To  express  this  law  in  all  cases, 
he  found  it  necessary  to  distinguish,  1st,  new  white  rope^  either  dry 
or  moist ;  2d,  white  ropes  partly  worn,  either  dry  or  moist ;  3d,  tarred 
ropes ;  4th,  packthread.  The  stiffness  of  the  first  class  he  found  nearly 
proportional  to  the  square  of  the  diameter  of  the  croas-secticm ;   that 
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of  the  seoondf  to  the  square  root  of  the  cube  of  this  diameter,  nearly; 
that  of  the  third,  to  the  number  of  yams  in  the  rope;  and  that  of 
the  fourth,  to  the  diameter  of  the  cross-section  So  that,  if  S  denote 
the  resistance  due  to  the  stifiness  of  any  given  rope;  d  the  ratio  of 
its  diameter  to  that  of  the  table ;  and  n  the  ratio  of  the  number  of 
yams  in  any  tarred  rope  to  that  of  the  table,^we  shall  have  for 

A^w  whit*  rope^  drjf  or  moitt, 

g  =  d«  .  ^  +  §•  ^. (648) 


Haff  tBom  wkiU  ropt,  drjf  or  iiiw'rtfc 

S=d\.^\^^^    ■ (649) 

Tarred  ropo, 
Padttkromd, 

5  =  i.^^±^.    ......    (651) 

For  packthread,  it  will  always  be  sufficient  to  use  the  tabular 
values  given,  corresponding  to  the  least  tabular  diameters,  and  substi- 
tute them  in  Equation  (651).  An  example  or  two  will  be  sufficient 
to  illustrate  the  use  of  these  tables. 

Example  Ist,  Required  the  resistance  due  to  the  stiffiiess  of  a  new 
dry  white  rope,  whose  diameter  is  1,18  inches,  when  loaded  with 
a  weight  of  882  pounds,  and  wound  about  a  wheel  1,64  feet  in 
diameter. 

Seek  in  No.  1,  Table  X,  the  diameter  nearest  that  of  the  (^vea 
rope;    it  is  0,79;   hence, 

and  from  the  table  at  the  side, 

€P  =  2,25. 
From  No.  1,  opposite  0,79,  we  find 

K=  1,6097, 

/  =  0,03195 ; 
27 
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A 
which,  together    with    the    weight .  TT  =  882  lbs.,   wod  2  B  =  1,0^ 

substituted  m  Equation  (048),  give 

5  =  2.25 .  M22I±_fo^»L2L«^  =  40>. 

1,04 

which  is  the  true  resistance  due  to  the  stiffness  of  the  rope  in 
question. 

Example  2d,  What  is  the  resistance  due  to /the  stifiness  of  a 
white  rope,  half  worn  and  moistened  with  water,  having  a  diam- 
eter equal  to  1.97  inches,  wound  about  a  wheel  0,82  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  2205  pounds? 

The   tabular  diameter    in  No.  4,  Table    X,  next  less  than  1,97, 

is  1,57,  and  hence, 

1  97 
rf=  j^  =  1,3  nearly; 

the  square  root  of  the  cube  of  which  is,  by  the  table  at  the  side, 

d^  =r  1,482. 

In  No.  4  we  find,  opposite  1,57, 

K  =  6,4324, 

/   =  0,0G387 ; 

which  values,  together  with  W  =  2205  lbs.,  and  2  22  =  0,82^  in 
Equation  (649),  give 

S  =  1,482  X  6.4324 +  0  06387  X  2205  ^  ^^^^^ 

which  is  the  required  resistance. 

Example  8c/.  What  is  the  resistance  due  to  the  stiffness  of  « 
tarred  rope  of  22  yams,  when  subjected  to  the  action  of  a  weight 
equal  to  -4212  pounds,  and  wound  about  a  wheel  1,3  feet  diameter, 
the  weight  of  one  ruimirg  foot  of  the  rope  being  about  0,6  of  a 
pound  ? 

I3y  referring  to  No.  5,  Table  X,  we  find  the  tabular  number  of 
yarns  next  less  than  22  to  be  15,  and  hence, 

22 

n  =  —  =  1,4G6  nearly, 
lo 
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In  the  s:ime  tabic,  opposite  15,  wo  find 

K  =  0,7064, 
/  =  0,019879; 


I 

4 


ft- 


^yliich,  together  with  ir=  4212,  and  2  i2  =  1,3,  in  Equation  (660), 
give 

8  =  1.466  "'"^^  +  ^-^/f  "^  ^  ^"^"  ^  OSV 

EzampU  4th,  Required  the  resistance  due  to  the  stiflhess  of  m 
new  white  packthread,  whose  diameter  is  0,196  inches,  when  moist- 
ened or  wet  with  water,  wound  about  a  wheel  0,5  of  a  foot  in 
diameter,  and  loaded  with  a  weight  of  275  pounds. 

The  lowest  tabular  diameter  is  0,39  of  an   inch,  and  hence 

^  =  o;39o  =  ^'^  "^^^y- 

In   No.  2,  Table    X,  we  find,  opposite  0,39, 

K  =  0,8048, 
/  =  0,00798 ; 

which,  with  W  =  275,  and  2  i2  =  0,5,  we  find,  afler  substituting  in 
Equation  (651), 


iSf  =  0,5 


0,8048  +  0,00798  X  275         »'; 


0,5 


=  2,999. 


§  358. — llie  resistance  just  found 
h  expressed  in  pounds,  and  is  the 
amount  of  weight  which  would  be 
necessary  to  bend  any  given  rope 
around  a.  vertical  wheel,  so  that 
the  portion  A£,  between  the  first 
point  of  contact  A,  and  the  point 
^,  wlicre  the  rope  is  attached  to 
the  weight,  shall  be  perfectly  straight. 
The  entire  process  of  bending  takes 
place  at  this  first  or  tangential 
point   A ;   for,  if  motion   be  oom- 
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municated  to  the  wheel  in  the  direction  indicated  bj  tho  airoir* 
head,  the  rope,  supposed  not  to  slide,  will,  at  this  point,  take  and 
retain  the  constant  curvature  of  the  wheel,  till  it  passes  from  the 
latter  on  the  side  of  the  power  F»  When,  therefore,  by  the  motion 
of  the  wheel,  the  point  m  of  the  rope,  now  at  the  tangential  point, 
passes  to  m',  the  working  point  of  the  force  S  will  have  described 
in  its  own  direction  the  distance  AD.  Denoting  the  arc  described 
bj  a  point  at  the  unites  distance  from  the  centre  of  the  wheel 
by  «^,  and  the  radius  of  the  wheel   by  22,  we  shall  have 

AD  =  -B*,; 

and  representing  the  quantity  of  work  of  the  force  ^S^  by  L^  we  gel 

L  =  S.Rt,\ 

replacing  B  by  its  value  in  Equations  (648)  to  (651), 

K  A-  T    W 
L^BB^dr      Y^"" (652) 

8 

in  which  d^  represents  the  quantity  d^,  d',  n,  or  rf,  in  Equations  (648) 
to  (651),  according  to  the  nature  of  the  rope. 

Example, — ^Taking  the  2d  example  of  §357,  and  supposing  a  por- 
tion of  the  rope,  equal  to  20  feet  in  length,  to  have  been  brought 
in  contact  with  the  wheel,  afler  the  motion  begins,  we  shall  have 

X  =  20  X  266,109  =  5322,18   units  of  work; 

that  is,  the  quantity  of  work  consumed  by  the  resistance  due  to 
the  stiffness  of  the  rope,  while  the  latter  is  moving  over  a  distance 
of  20  feet,  would  be  sufficient  to  raise  a  weight  of  5322,18  pounds 
through  a  vertical  height  of  one  foot 

*^       y  ^  •     * 

FEIOTION  ON  PIVOTS,  AND  TRUNNIONS. 

§  359. — All  rotating  pieces,  such  as  wheels  supported  upon  other 

***  

pieces,  give  rise  by  their  motion  to  friction.    This  is  an  important 

element  in  all  computations  relating  to  the  performance  of  machinery. 

It  seems  to   be  different  according  as  the  rotating  pieces  are  kept 
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in  place  bj  trunnions  or  by 
pivoU.  Bj  trunnitma  are  meant 
cylindrical  projections  a  a  from 
the  ends  of  the  arbor  ^  ^  of  a 
wheel.  The  trunnions  rest  on  the 
concave  surfaces  of  cylindrical 
boxes  (7i>,  with  which  they  usu- 
ally have  a  small  surface  of 
contact  m,  the  linear  elements 
of  both  being  parallel.  Pivots 
are  shaped  like  the  trunnions, 
but  support  the  weight  of  the 
wheel  and  its  arbor  upon  their 
circular  end,  which  rests  against 
the  bottom  of  cylindrical  sock- 
ete  FGHI. 


^ 


PIVOTS. 

Let  N  denote  the  force,  in  the  direction  of  the  axis,  by  which 
the  pivot  is  pressed  against  the 
bottom  of  the  socket  This  force 
may  be  regarded  as  passing 
through  the  centre  of  the  cir- 
cular end  of  the  pivot,  and  as 
the  resultant  of  the  partial  pres- 
sures exerted  upon  all  the  ele- 
mentary surfaces  of  which  this 
drcle  is  composed.  Denote  by 
A  the  area  of  the  entire  circle, 
then  will  the  pressure   sustained 

by  each  unit  of  sur&ce  be 

N 
A  ' 

and   the  pressure  on  anj  small  portion  of  the  surfiu»  denoted  by  a, 

will  obvioualr  be 

a.ir 
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and  the  friction  on  the  same  will  be 

f.a.N 


This  friction  may  bo  regarded  as  applied  to  the  centre  of  the  ele- 
mentary surface  a ;  it  is  opposed  to  the  motion,  and  the  direction  of 
its  action  is  tangent  to  the  circle  described  bj  the  centre  of  the 
element.  Denote  the  radius  of  this  circle  by  x^  then  vill  the  mo- 
ment of  the  friction  be 

^   a.N 

•^       A 

Now,  if  $  denote  the  length  of  any  variable  portion  of  the  circumfe^ 
ence  at  the  unit's  distance  from  the  centre  C,  then  will 

a  =  X , ds . dxi 
also, 

which  substituted  above  give 


/.ivr 


x^  ,  dx  .  ds 


and  by  integration. 


/•iv 


f^'d.r 


x^  dx   I       ds 

0  -=/.i^.Ji?; 


<fJi^ 


whence  we  conclude,  that,  in  the  fric- 
tion of  a  pivot,  we  may  regard  the 
whole  friction  due  to  the  pressure  as 
acting  in  a  single  pointy  and  at  a  dis- 
tance from  the  centre  of  motion  equal 
to  two-thirds  of  the  radius  of  Vie  base 
of  the  pivot.  This  distance  is  called 
the  mean  lever  of  friction. 

§  360. — If  the  extremity  of  the  pivot, 
instead  of  rubbing  upon  an  entire  circle, 
is  only  in  contact  with  a  ring  or  sur- 
face comprised   between  two  concentric 


(653) 
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circles,  as  ^hen   the    arbor   of  a  wheel   is  urged  In   the  diroction  of 
its  length  by  the  force  iV  against  a  shoulder  deb  a-,    then  will 

and  the  integration  will  give 


/     x^  dx  J       ds 


/•  ^  •  -^hTf>i — -Bi^  =  if'  N 


R^  -  R'^ 


in    which  R  denotes   the    radius    of   the    larger,  and  R'  that   of  th6 
smaller  circle. 

Finally,   denote   by   I  the   breadth   of   the   ring,   that  is,   the  diik    . 
tance  A'  A\    by  r,  it3   mean   radius  or  distance  from   C   to  a^  point 
half  way  between  A*  and  A^  and  we  shall  have      «   't    j     .  '•       > '     '   / 

R   =r +  ^/,    X  ^'    r':   ///^   ;    ,.'  -       ^" 
substituting  these  values  above  and  reducing,  we  have  , 


:  i-' 


72-1   w*.'^*^^*'^     r  ( 


and  makins 


12r 


*•  +  T^  =  ^ , 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f.JSr.r^ .     (665) 

The  quantity  r^  is  called  the  mean  lever  of  friction  for  a  ring.  Since 
the   whole   friction   fN  may   be    considered   as    applied    at  a    point 

whose  distance  from  the  centre  is  §  i?,  or  r^  =  r  +  T^'  accord in|y 
as  the  friction  is  exerted  over  an  entire  circle  or  over  a  ring, 
and  since  the  path  described  by  this  point  lies  always  in  the  di- 
rection in  which  the  friction  acts,  the  quantity  of  work  consumed 
by  it  will  be  equal  tD  the  product  of  its  intensity  fN  into  this 
path.  Designating  the  length  of  the  arc  described  at  the  unit*! 
distance  from  C7  by  «^ ,  the  path  in   question  will  be   either 

\Rs^,     or     r,*,; 
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and  the  quantity  of  work  either 

for  an  entire  circle,  or 


•  * 


^•^('•  +  127)'' 


.  I- 


"r  •  » 


for  a  ring.  Let  Q  denote  the*  quantity  of  ^ork  consumed  by  fri^ 
tion  in  the  unit  of  time,  and  n  the  number  of  revolutions  performed 
by  the  pivot  in  the  same  time;  then  will 

«^  =  2*  X  n;       '  -'  ' 
and  we  shall  have 

Q  =  \9e.R.f.N.n    ......    (666) 

for  the  circle,  and 


C  =  2r./.i^r.(r  +  — ).n 


(657) 


for   a  ring ;  in  which  «*  =  8,1416. 

The  co-efficient  of  friction  /,  when  employed  in  either  of  the  fore- 
going  cases,  must  be   taken  from  Table  VI,  VII,  or  Vm. 

Example, — Required  the  moment  of  the  friction  on  a  pivot  of 
cast  iron,  working  into  a  socket  of  brass,  and  which  supports  a 
weight  of  1784  pounds,  the  diameter  of  the  circular  end  of  the 
pivot  being  6  inches.     Here 


m. 


A 


i2  =  f  =  3  =  0,25, 

N  =  1784, 
/  =  0,147 ; 
which,  substituted   in  Equation  (653),  gives 

Iht.  fU 

0,147  X  1784  X  f  X  0,25  =  43,708. 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time,  say  a 
minute,  there  being  20  revolutions  in  this  unit,  we  make  n  =  20^ 
and  *  =  3,1416  in  Equation  (656),  and  find 

Q  =  i  X  3,1416  X  0,25  X  0,147  x  1784  X  20  =  5492,80; 
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that  is  to  say,  during  each  unit  of  tiine^  there  is  a  quantity  of 
work  lost  which  would  be  sufficient  to  raise  a  weight  of  5492,80 
pounds  through  a  vertical   distance  of  one  foot 

Example, — Required  the  moment  of  friction,  when  the  pivot  sup* 
ports  a  weight  of  2046  pounds,  and  works  upon  a  shoulder  whose 
exterior  and  interior  diameters  are  respectively  6  and  4  inches;  the 
pivot  and  socket  being  of  cast  iron,  with  water  interposed. 

«  =  — jr —  =  1  mch. 


r  =  2  +  0,5  =  2,5  iAches,        y^.    ^''    -' 


nr 


(1)2  in,  fU 

""*  =  ^'^  +  12  X  2,5  =  ^'^^^  =  ^'^^"' 
N  —  2046  pounds, 
/  =  0,314 ; 
^hich,  substituted  in  Expression  (655),  gives  for  the  moment  of  friction, 

0,314  X  2046  X  0,2111  =  135,62. 

The  quantity  of  work  consumed  in  one  minute,  there  being  sup- 
posed 10  revolutions  in  that  unit,  will  be  found  by  making  in 
Equation  (657),  r  =  3,1416  and  n  =  10, 

C  =  2  X  3,1416  X  0,314  X  2046  X  0,211  X  10  =  8517,24; 

that  is  to  say,  friction  will,  in  one  unit  of  time,  consume  a  quantity 
of  work  which  would  raise  8517,24  pounds  through  a  vertical  dis- 
tance of  one  foot.  The  quantity  of  work  consumed  in  any  given 
time  would  result  from  multiplying  the  work  above  found,  by  the 
time  reduced  to  minutes. 

TBUNNIONS. 

§361. — ^The  friction  on  trunnions  and  axles,  which  we  now  pro- 
ceed to  consider,  gives  a  considerably  less  co-efficient  than  that  which 
accompanies  the  kinds  of  motion  referred  to  in  §355.  This  will 
appear  from  Table  IX,  which  is  the  result  of  careful   experiment. 

The  contact  of  the  trunnion  with  its  box  is  along  a  linear  ele- 
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ment,  common  to  the  surfaces  of  both.  A  section  perpendicular  to 
its  length  would  cut  from  the  trunnion  and  its  box,^two  circles  tao. 
gent  to  each  other  internally.  The  trunnion  being  acted  on  onlj  bj 
its  weight,  would,  when  at  rest,  giye  this  tangential  point  at  o,  the 
lowest  point  of  the  section  poq  of  the  box.  If  tlie  trunnion  be  put 
in  motion  by  the  application  of  a  force,  it  would  turn  around  the 
point  of  contact  and  roll 
indefinitely  along  the  sur- 
face of  the  box,  if  the 
latter  were  level ;  but  this 
not  being  the  case,  it  will 
ascend  along  the  inclined 
surface  op  to  some  point 
as  m,  where  the  inclina- 
tion of  the  tangent  umv 
is  such,  that  the  friction 
is  just  sufficient  to  pre- 
vent the  trunnion  from  sliding.  Here  let  the  "trunnion  be  in  equili- 
brio.  But  the  equilibrium  requires  that  the  resultant  of  all  the 
forces  which  act,  friction  included,  shall  pass  through  the  point  m 
and  be  normal  to  the  surface  of  the  trunnion  at  that  point.  The 
friction  is  applied  at  the  point  m;  hence  the  resultant  li  of  all  the 
other  forces  must  pass  through  m  in  some  direction*  as  mdi  the 
friction  acts  in  the  direction  of  the  tangent;  and  hence,  in  order 
that  the  resultant  of  the  friction  and  the  force  N  shall  be  normal  to 
the  surface,  the  tangential  component  of  the  latter  must^  when  the 
other  component  is  normal,  be  equal  and  directly  opposed  to  the 
friction. 

Take  upon  the  direction  of  the  force  iV  the  distance  md  to 
represent  its  intensity,  and  form  the  rectangle  adbm^  of  which 
the  side  m  h  shall  coincide  with  the  tangent,  then,  denoting  the 
angle  d  m  a  by  9,  will  the  component  of  N  perpendicular  to  the  tan- 
gent bo 

N .  cos  (p ; 

and  the  friction  due  to  this  pressure  will  be 

/.  iV.  COS9. 
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■  

The  component  of  JT,  in  the  direction  of  the  tangent,  will  be 

•  i\r .  sin  (p  ; 

and  as  this  must  be  equal  to  the  friction,  we  have 

/ .  iV" .  cos  9  =  iV .  sin  9  ; (658) 

whence, 

/=  tan  9; 

that  is  to  say,  the  ratio  of  the  friction   to   the  pressure  on   the  trun- 
nion  is  equal  to   the   tangent  of  the   angle   which   the  direction  of  the 
resultant  iV,  of  all  the  forces  except   the  friction^  'makes  with   the  nor^ 
mal   to   the  surface   of   the   trunnion    at 
the  point  of  contact.     This  gives  an  easy 
method  of   finding    the    point    of  con- 
tact.     For  this  purpose,   we  have  but 

to  draw  through  the  centre  A  a  line 
A  Zy  parallel  to  the  direction  of  iV, 
and  through  A  the  line  Am^  making 
with  ^  Z  an  angle  of  which  the  tan- 
gent is  /;  the  point  m,  in  which  this 
line  'cuts  the  circular  section  of  the 
trunnion,  will  be  the  point  of  contact. 

Because  madb,  last  figure,  is  a  rectangle,  we  have 

iV^  =  iV^C032  9  +  iV2sin29; 

and,  substituting  for  N^  sin'  9  its  equal  f^  iV^  cos'  9,  we  have 


iV  =  iV'2cos29  +/2i\^cos29  =  iV^cos29  (1  +P); 


whence. 


JVcos  9  =  JV  X 


1 


lAT?' 


and  multiplying  both  members  by  /, 

/ .  iV .  cos  9  =  iV 


/ 


but  the   first  member   is   the    total   friction  ;   whence   we    conclude 
that  to  find  the  friction  upon  a  trunnion^  we  have  but  to  multiply  the 
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resultant  of  the  forces  which  act  upon  it  by  the  unit  of  friction^  founi 
in  Table  IXy  and  divide  this  product  by  the  square  root  of  the  square 
of  this  same  unit  increased  by  unity. 

This  friction  acting  at  the  extremity  of  the  radius  R  of  the  trun- 
nion and  in  the  direction  of  the  tangent,  its  moment  will  be 

N'        .-^         X  R (660) 

And  the  path  described  by  the  point  of  .application  of  the  friction 
being  denoted  by  Rs^^  the  quantity  of  work  of  the  friction  will  be 

N.R.s.x     ,   ^        ; (661) 

in  which  s^  denotes  the  path  described  by  a  point  at  the  wiit's  dis- 
tance from  the  centre  of  the  trunnion.  Denoting,  as  in  the  case  of 
the  pivot,  the  number  of  revolutions  performed  by  the  trunnion  in 
a  unit  of  time,  say  a  minute,  by  n ;  the  quantity  of  work  performed 
by  friction  in  this  time  by  Q^ ;   and  making  r  =  8,1416,  we  have 

«^  =  2  * . » ; 
and 

q^z:z^nt.R.n.N.—=L= (662) 

When   the   trunnion  remains  fixed  and  does   not  form   part  of   the 
rotating  body,  tlie  latter  will    turn   about  the  trunnion,    which  now 
becomes    an    axle,   having    the  centre   of 
motion  at  A^  the   centre   of   the   eye  of 
the  wheel ;  in  this  case,  the  lever  of  fric- 
tion  becomes   the  radius   of   the   eye  of 
the    wheel.      As    the    quantity   of   work 
consumed    by    friction     is     the     greater. 
Equation    (662),   in    proportion    as    this 
radius  is  greater,   and  as   the   radius   of 
the   eye   of   the  wheel   must    be    greater 

than  that  of  the  axle,  the  trunnion  has  the  advantage,  in  this  respect 
over  the  axle. 
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_  i 

The  value  of  the  quantity  of  work  consumed  by  friction  is  wholly 
independent  of  the  length  of  the  trunnion  or  axle,  and  no  advantage 
b  therefore  gained  by  making  it  shorter  or  longer. 


THE   COKD. 


/  / 


§  862. — ^The  cord  and  its  properties  have  been  considered  in  part 
at  §58.  It  is  now  proposed  to  discuss  its  action  under  the  opera- 
tion of  forces  applied  to  it  in  any  manner  whatever. 

Let  the  points  A'^  A'\  A"\  be  connected  with  each  other  by 
means  of  two  perfectly  flex- 
ible and  inextensible  cords 
A'A'\  ^"^'",  the  first 
point  being  acted  upon  by 
the  forces  P\  P",  dec. ;  the 
aeoond  by  the  forces  §',  Q'% 
dec;  and  the  third  by  the 
forces  S\  S'\  &c. ;  and  sup- 
pose these  forces  to  be  in 
equillbrio.  Denote  the  co- 
ordinates of  A'  by  x'y'z'j 
A"  by  «"  y"  i",  and  ^'"  by 
x"'  y'"  «'".  Also,  the  alge- 
braic sum  of  the  components  of  the  forces  acting  at  A'  hn  the  direc- 
tion of  xyt,  by  X'  T  Z\  at  A''  by  X!'  T'  Z'\  and  at  A'"  by 
JT"  F'"  Z'".     Then  will,  §  101, 


X'   ^x'    +  P'    ^y'    +  Z'   ^^^ 
+  X!'  Sx"  +  T'  Sy"  +  Z"  8z"    J^=  0. 
+  X"'8x'"  +  Y'"8y"'  +  Z'"8z'" 

Denote  the  length  A'  A"  by  /,  and  A"  A'"  by  g ;   then  will 


(663) 


L  =/--/p"-a:')3  +  (y"  -  y' )2  +  (z"  -,')«  = 

iT  =  y  -  VP'  -  it")2  +  (y'"  -  y"?  +  (^ 


(664) 


The   displacement   by  which  we  obtain  the   virtual   velocities  whose 
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projections  are   Sx',  6y\  S  z\  &c.,  is  not  wholly  arbitrorj;  but  must 
be  made  so  as  to  satisfy  the  condition  • 

6f=:0    and    Jy  =  0.   * (605) 

Differentiating    Equations   (CG4),   and  writing    for   dx'j   dy\   dz\ 
6  x\  oy\  6z\  Aic,  we  fmd 

(x^^  ^  x'){6x''  >-  6x^)  +  {y"  -  yO( V^  ~  8y')  +  (z"  ~  z'){h''  -  6z')      , 


/ 


=  0: 


(r^ar'0(^^'''-^^'0+(y'''-y'0(^y'''-V0+(^'''--«'')(^2'''-^2'') 


=  0. 


These  being  multiplied  respectively  by  X'  and  X"',  and  added  to 
Equation  (663),  wo  obtain  by  reduction,  and  by  the  principle  of 
indetergiinate  co-efllcients,  exactly  as  in  §213, 


X'  -X'. 


x"  -  x' 


f 


=  0; 


r -,  v.y''  .^'  =  0; 


/ 


►      .     .     ,      •     • 


Z'  —  >J' 


2"   -  2' 


=  0; 


JT'  -f  X' . 


a:"  -  ar' 


/ 


Y"  f  X' .  - 


y"  -  y' 


f 


Z"  +  X' 


«"  -  z' 


/ 


X'"  +  X 


nt 


r"  +  X 


//r 


Z"'  +  >. 


/// 


-X'" 

ar'" 

-a:" 

i7 

X'" 

y'" 

-y" 

^ 

-X'" 

«'" 

-  /' 

y 

a;'"  — 

x" 

:0; 

^ 

y'"- 

y" 

:0;    ► 

^ 

s'"  — 

z" 

:0; 

^■m 

=  0; 


=  0; 


=  0; 


(666) 


(667) 


(608) . 


Taking  from   each  group  its  first   equation  and  adding,  and   doing 
the  same  for   the  second   and   third,  we   have 


Z'  +  Z"  +  Z'" 


•       •       • 


(669) 


AFPIICATIONS. 
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That  is,   the   conditions   of   equilibrium  of   the  forces  are,   §80,   the 
same  as  though  they  had  been   applied  to   a  single  point. 

To  find  the  position  of  the  points,  eliminate  the  factors  V  and 
X'",  and  for  this  purpose  add  the  first,  second  and  third  equations 
of  group  (CC7)  to  the  corresponding  equations  of  group  (CC8),  and 
there  will   result  ^ 

X"  +  ^"  +  ^  (x"  -  «')  =  0 ;  • 

y  +  r'",  +  ~  iff"  -  y')  =  0 ; 

Z"    +    2'"  +  X  (2"  -  2')   =  0. 

£x)m  which  we  find  by  elimination, 


ytf    1    yyrr 


J2"  +  Z'^f  — 


y"  -  y' 


X      —  X 


-,  (Z"  +  X"')  =  0  ; 


Z      •—'  z 


>   •  • 


x"  -  X 


-  (Z"  +  JT")  =  0. 


(670) 


From  group  (066),  by  eliminating  X', 


y- 


Z'  - 


y" 

— 

y' 

*" 

— 

x' 

z" 

— 

z' 

x" 

^^ 

«' 

X'  =  0; 


,  JT  =  0  ; 


r   •  • 


(071) 


and   finally  from   group  (668)  we  obtain,  by   eliminating  X'", 


r"'  - 


y"'  -  y" 

a;'"  -  x" 


.X'"=  0; 


r//  «^/ 


Z'"  — 


x"'  -  a:" 


.  A"'"  =  0. 


K    •     •     •     • 


(672) 


•  Equations  (609),  (070),  (G7l)  and  072),  involve  all  the  conditions 
necessary  to  the  equilibrium,  and  iho  last  three  groups,  in  connection 
with  group  (064),  determine  the  positions  of  the  points  A\  A" 
and  A"\  in  space. 


§363. — ^The   reactions  in  the   system   which  impose  conditions  on 
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the  displacement  will    be    made   known  by  Equation  (331),  wbid^ 
because 

[rf(x"-:r')J  "^^(y"-y')]  ■*'L^F^"^]  "^' 

U(:c'"-«")J     L^(y'"-y")J     U(«'"-^")J  ■"    • 

•becomes  for  the  cord  A'  A'\ 
and  for  the  cord  A'*  A'\ 

from  which  we  conclude,  that  X'  and  X"'  are  respectively  the  ten- 
sions of  the  cords  A' A"  and  A"  A**\ 

This  is  also   manifest  from  Equations  (666)   and  (668) ;   for,  by 
transposing,  squaring,  adding  and  reducing  by  the  relations, 

^2  —  *» 

we  have 


9" 


x;  =  v^^'2  +  r'2  +  2'*  =  R\  \ 
X'"  =  y^jr^'a  +  y'"2  ^  ^^'''^  =  r'*\  ) 


(678) 


in  which  R'  and  jR'"  are  the  resultants  of  the  forces  acting  upoA 
the  points  A'  and  -4'"  respectively. 

Substituting  these  values  in  Equations  (666)  and  (668),  we  have 

ie'  ""        /        '     i^'  ""        f       '    R'  "       f      * 
X"'  ar'"  —  x"      T"  y'"  —  y"      Z"'  _        «'"  — «" 

whence  the  resultants  of  the  forces  applied  at  the  points  A'  and  A"\ 
act  in  the  directions  of  the  cords  connecting  these  points  with  the 
point  A'\  and  will  be  equal  to,  indeed  determine  the  tensions  of 
these  cords. 


^  APPLI0ATI0N8. 

§  864d— "-From  Equations  (669),  we  have  hj  transposition. 


488 


;r'  =  -  (X'"  +  JT) ;    F"  =  -  {r"  +  r) ;    Z"  =  -  (Z'"  +  z^. 

Squaring,   adding  and  denoting  the  resultant  of   the  forces  applied 
at  A"  hj  B'\  we  have 

B"  =  v^(27"  +  X'y  +  ( Z'"  +  r')a  +  (Z'"  +  Z')a  . .  (674) 
and   dividing  each  of  the  above  equations  by  this  one 


R' 

II 

zr_ 

R" 


;   - 


B" 

Y>"  + 

T 

R" 

Z'"  + 

Z' 

R 


ft 


(675) 


whence,  Equation  (674),  the  resultant  of  the  forces  applied  at  A"  is 
equal  and  immediately  opposed  to  the  resultant  of  all  the  forces 
applied  both  at  A'  and  A'" 

If,  therefore,  from  the  point 
A",  distances  A'' m  and  A"n 
be  taken  proportional  to  R'  and 
R"*  respectively,  and  a  paral- 
lelogram A" mCnhe  constructed, 
A'  C  will  represent  the  value  of 
/?".  If  A' A"  A'''  be  a  contin- 
uous cord,  and  the  point  A" 
capable  of  sliding'  thereon,  the 
tension  of  the  cord  would  be  ^ 
the  same  throughout,  in  which 
case  R'  would  be  equal  to  R"\ 
and  the  direction  of  B"  would 
bisect  the  angle  A'  A"  A"\ 

The  same  result  is  shown  i^' 

instead  of  making  ^/  =  0  and 

S  p  z=:  0    aeparately,    we    make 

28 
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^  if  +  g)  =  Of    xnultipl/   bj  a    single    indetenniiuite    quaotitj  \ 
and  proceed   as   before. 

§  365. — Had  there  been  four 
points,  A\  A'\  A'"  and  ^*% 
oonnected  hj  the  same  means, 
the  general  equation  of  equili- 
brium would  become,  by  call- 
ing k  the  distance  between  the 
points,  A"'  and  -4*% 

X'Sz'  +  X"S  X*'  +  JT"  ^  X*"  +  JT*^  5  x^^  \ 
+  Z'  hz'  f  Z"  ^  «"  +  Z'"  ^  «'"  +  Zi^  ^  ««^ 


=  0; 


and   from  which,  by  substituting   the  values  of  ^  f^  ^  g   and  ^  A,  the 
following  equations  will  result,  yiz. : 


jr  -V. 


X*'  —  X? 

f 


y  "X 


r  -X' 


/ 


=  0, 


=  0, 


=  0, 


(676) 


-T'.  +  V 


«"  -  ar' 


/ 


—  X 


If 


T*  -\-  X 


Z"  -f  X'  . 


JT"'  -I-  V 


jrr./  ^  ^., 


Z'"   -f  X'' 


,  y"-y' 


ti 


f 

t"  - 

«' 

f 

a'"  _ 

a" 

9 

y'"  _ 

y" 

9 

«"'  - 

«" 

—  X 


-  X". 


ar'"  -  a;" 


y^^^  -  y^^ 


=  0, 


=  0, 


=  0, 


►   •     • 


-  X'" . 


-  X''' . 


—  X 


nf 


h 

y*^  -  y''' 
h 


=  0, 


=  0, 


=  0, 


(677) 


(678) 
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JP^  +  X'^' 


xi^  -  x'" 


Z«^  +  V" 


A 


IT    -  -"' 


=  0, 


=  0, 


=  0, 


•       • 


(679) 


Eliminating  the  indeterminAte  quantities  X(  X''  and  X"',we  obtain 
eight  equations,  from  vhich,  and  the  three  equations  of  conditions 
expressive  of  the  lengths  of/  ff,  and  A,  the  position  of  the  points  ji', 
A'\  A"'^  and  -4»^  may  be  determined. 

If  there  be  n  points,  connected  in  the  same  way  and  acted  upon 
by  any  forces,  the  law  which  is  manifest  in  the  formation  of  Equa- 
tions (676),  (677),  (678),  and  (679),  plainly  indicates  the  following 
n  equations  of  equilibrium : 


-y  -X' 


x"  -  «' 


/ 


P- 


X' .  f  -  y' 


f 


Z'  -X'. 


z"  -  z' 


f 


=  0, 


=  0,- 


=  0, 


•         •         • 


(680) 


X"  +  \' 


x"  -  x'  . 


-V'. 


«'"  -  x" 


Y"  +  X' .         .       -  X"    ^ ^ 


Z"  +  \' . 


z"  -  z' 


f 


—  X 


f/ 


X"'  +  X" 


F"'  +  X" . 


Z'"  +  X" 


x'"  -  a:" 


y'"  -  y" 


«'"  -  2" 


—  X 


/// 


tH 


—  X 


-  X'"  . 


9 

M 

«'"  - 

«" 

9 

"■  ^        m 

ajiir  — 

x"> 

A 

ylT_ 

y'" 

A 

•"- 

*"' 

=  0, 


=  0, 


=  0, 


=  0, 


=  0, 


=  0, 


(^9^ 


(882) 


\ 
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2r..|  +  X... 


JP.-.1  !—  a?,_ 


-  —  ^.-i  • 


■'•-I  -r  /^-i  • j^ A,,^,  •  — - — 


^•-i  +  \i-i 


«— 1  —  «— 


•  -  X.., 


/ 


=  0, 


=  0,  V.  (6aa) 


=  0, 


»    •   •   • 


(684) 


bi  which  X,  with  its  particular  accent,  denotes  the  tension  of  ihe 
cord  into  the  difference  of  whose  extreme  0OK>rdinates  it  is  mnlfi- 
plied. 

Adding  together  the  equations  containing  the  components  of  the 
forces  parallel  to  the  same  axis,  there  will  result 


X'  +  X"  +  X'"  +  X^^ 


•  • 


X.  =  0, 

r.  =  0, 


X,  =  W,     I- 

Z'  +  Z"  +  Z'"  +  2«»     .    .    .    Z,  =0,} 


•        • 


(686) 


from  which  we    infer,  that    the    conditions  of    equilibrium  are  the 
same  as  though  the  forces  were  all  applied  to  a  single  point. 

From  group  (680),  we  find  by  transposing,  squaring,  adding  and 
extracting  square  root, 


^^m  +  y^  +  Z'a  =  X'  =  22'        , 

and  dividing  each  of  the  equations  foimd  after  transposing  in  group 
(680)  by  this  odb, 

X"         x"  -^7f 


R' 

/ 

9 

= 

r_ 

/ 

> 

Z' 

«" 

^B 

/ 

se 

^ 

"""" 

/ 

▲  PPLIOATIONS. 


487 


lYeating  tiie  equatums  of  group  (684)  io    |)ie    aame  -waj,  ini 
bave 


whence,  the  resultants 

of  the  forces  applied 

to  the  extreme  points 

A'  and  ^» ,  act  in  the 

direction  of  the  extreme  cords.     And  from  Equations  (685)  it  appears 

that  the  resultant  of  these  two  resultants  is  equal  and  contrary  to 

that  of  all  the  forces  applied*  to  the  other  points. 

§366.— If  the  extreme  points  be  fixed,  -T,  I",  27  and  JT.,  F.,  Z^^t 
will  be  the  components  of  the  resistances  of  these  points  in  tiM 
directions  of  the  axes;  these  resistances  will  be  equal  to  the  ieb* 
nous  X'  and  X^  of  the  cords  which  terminate  in  them.  Taking  the 
wna  of  the  equations  in  groups  (680)  to  (684),  stopping  at  the  poim 
whose  co-ordinates  are  x„,^y  y«-»9  g*-**  we  have 


JT  +  2Jr  — 


y  +  2F  — 


Z'  +  ^z  -- 


ar—  —  X, 


-1" 


-r 


/. 


z^^  —  «. 


=  0 


=:0 


=  0 


(686) 


in  which  2  JT,  2  7*,  Z  Z,  denote  the  algebraic  sums  of  the  components 
in  the  directions  of  the  axes  of  the  active  forces;  X...^^ thetension 
on  the  side  of  which  the  extreme  co-ordinates  are  #»^,  y..^,  9,^^^^ 
and  a;...,^!,  y»-Hii.M  *—w^-\\  ^nd  /_.  the  length  of  this  side. 


§367. — Now,  suppose  the    length  of  the    sides   diminished    and 
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their   number   increased    indefinitely;    the    polygon   will    become  ft 
curve;  also,  makiog  X^,^^=/,  we  have 

y«-«  -  y.-^i  =  dy, 

C  =  ds, 
$  being  any  length  of  the  curve;  and  Equations  (686)  become 

jr +  22r- ^^  =  0; 

as 


r+2r-  <.^  =  0; 

as 

Z'  +  2Z~<.^  =  0; 

as 


•     • 


(687) 


which  will  give  the  curved  locus  of  a  rope  or  chain,  fastened  at 
its  ends,  and  acted  upon  by  any  forces  whatever,  as  its  own  weight, 
(he  weight  of  other  materials,  the  pressure  of  winds,  currents  of 
water,  &c.,  6sc. 

This  arrangement  of  several  points,  connected  by  means  of  fle»- 
Ue  cords,  and  subjected  to  the  action  of  forces,  is  called  a 
cular  Machine. 

§368. — If  the  only   forces  acting   be   pressure  from   weights, 
have,  by  taking  the  axis  of  z  vertical, 

X"  =  JT"  =  X''  &c.  =  0;     Y"  =  r"  &c  =:  0; 
and  from  Equations  (680)  to  (684), 


X'  =  X'  • -z =:  X'    • =    •  •  •  •  X««., 


whence,  the  tensions  on  all  the  cords,  estimated  in  a  horizontal 
direction,  are  equal  to  one  another.  Moreover,  we  obtain  from  the 
aame  equations,   by  division, 

y"  —  y'  _  y'"  —  y''  _  y,  —  y*-i 


APPLICATIONS. 


4S» 


These  are  the  tangents  of  the  angles  which  the  projectiona  of  the 
sides  on  the  plane  xy  make  with  the  axis  x.  The  polygon  is 
therefore  contained  in  a  vertical  plane. 


THB  GATENABY. 


§369. — If  a  single  rope  or  chain  cable  be  taken,  and  subjected 
only  to  the  action  of  its  own  weight,  it  will  assume  a  curvilinear 
shape  called  the  Catenary  curve.  It  will  lie  in  a  vertical  plane. 
Take  the  axes  z  and  x  in  ^is  plane,  and  z  positive  upwards,  then 
will 

in  which  W  denotes  the  weight  of  the  cable,  and   Equations  (6S7) 
become 


dx 

dz 
ds 


(68ft) 


These  are  the  differential  equations  of  the  curve.  Hie  origin 
may  be  taken  at  any  point. 
Let  it  be  at  the  bottom  point 
of  the  curve.  The  curve 
being  at  rest,  will  not  be 
disturbed  by  taking  any  one 
of  its  points  fixed  at  pleas- 
ure. Suppose  the  lowest 
point  for  a  moment  to  be- 
come  fixed.     As   the   curve 

is  here  horizontal,  Z'  =  0,  §  366,  and  from  the  second  of  Equations 
(688),  we  have 


dz 


(689) 


whence,  the  vertical  component  of  the  tension  at  any  point  as  0  of 
the  curve,  is  equal  to  the  weight  of  that  part  of  the  cable  between 
this  point  and  the  lowest  roint.    Hie  first  of  Equations  (688)  shows 
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thst  the  horizontal  component  of  the  tension  at  0  is  equal  to  tiM 
tension  at  the  lowest  pointy  as  it  should  be,  since  the  horizontsl 
tensions  are  equal  throughout. 

Taking  the  unit  of  length  of  the  cable  to  give  a  unit  of  weight| 
which  would  give  the  common  catenary,  we  have  IF*  =  « ;  and,  de- 
noting the  tension  at  the  lowest  point  by  c,  we  have 

and  from  Equation  (689), 

9  •  dj 

dz  =z  ^z 


Taking  the  positive  sign,  because  z  and  8  increase  together,  inte- 
grating, and  finding  the  constant  of  integration  such  that  when 
s  =  0,  we  have  «  =  0, 

whence, 

«3  =  «»  +  2ez. 

Also,  dividing  the  first  of  Equations  (688)  by  Equation  (689), 

dx         c  e 

dz  "    9   "   ^2^  +  2cz ' 

and  integrating,  and  taking  the  constant  such  that  x  and  z  vanish 
together, 

ar  =  c  •  log    — ■ ' — ^ •     •      •     (690) 

which  is  the   equation  of  the  catenary. 

This  equation  may  be  put   under    another  form.     For  we  may 
write  the  above, 

transposing  z  -\'  t  and  squaring, 

^2 .  gT"  —  2  c  e^  («  +  c)  =  —  c* ; 
whence, 

•  a 

2  +  c  =  i  c .  («^  +  e"^). (691) 


APPLICATIONS. 
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Also, 


and  by  substitution, 


*=  -/(«  +  c)a  -  c», 


*  =  i  c  •  («•  —  e"  •). (692) 

§370. — If  the  length  of  the  portion  of  the  cable  which  gives  a 
unit  of  weight  were  to  vary,  the  variation  might  be  made  such  as 
U)  cause  the  area  of  the  cross  section  to  be  proportional  to  the 
tension  at  the  point  where  the  section  is  made.  The  general  Equa- 
tions (688)  will  give  the   solution  for  every  possible  case. 


/ 

FRICTION  BETWEEN  COEDS  AND  CTLINDSICAL  SOLIDS. 


§  371. — When  a  cord  is  wrapped  around  a  solid  cylinder,  and 
motion  is  communicated  by  applying  the  power  F  at  one  end 
while  a  resistance  W  acts  at  the  other,  a  pressure  is  exerted  by 
the  cord  upon  the  cylinder;  this  pressure  produces  friction,  and  this 
acts  as  a  resistance.  To  estimate  its  amount,  denote  the  radius 
of  the  cylinder  by  i2,  the  arc  of  contact  by  *,  the  tension  of  the 
cord   at  any  point  by  t 

The  tension  /  being  the  same 
throughout  the  length  ds  =  a  i^ 
of  the  cord,  this  element  will  be 
pressed  against  the  cylinder  by 
two  forces  each  equal  to  ^,  and 
applied  at  its  extremities  a  and  C^ , 
the.  first  acting  from  a  towards 
IF",  the  second  from  t^  towards  b\ 
Denoting  by  6  the  angle  abt^^ 
and  by  p  the  resultant  6  m  of 
these  forces,  which  is  obviously 
the  pressure  of  ds  against  the  cylinder,  we  have,  Equation  (56), 

p  =  -/r-*  -h  /»  -h  2/.jcosf  =  i  -v/2(l  4-  cosd) ; 
but 


1  +  cos  d  ==  2  cos*  i  d  ; 


J. 


I' 


I 
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and  taking  the  ^o  for   its   sine,   because  w  —  0  is  very  small,  we 
have 

!>  =  <.-; 

and  he&ce,  §  355,  the  friction  on  ds  will  be 

^  ^       ds 

The  element  i^  ^  of  the  cord  which  next  succeeds  at^^  will  hats 
its  tension  increased  by  this  friction  before  the  latter  can  be  OYtt* 
come ;  this  friction  is  therefore  the  differential  of  the  tension,  being 
the  difference  of  the  tensions  of  two  consecutive  elements;  whence, 

ds 
<tividing  by   i  and  integrating, 


or, 


t  =  Ce' (698) 


making  *  =  0,  we  have  <  =  W  =  C;  whence. 


t  z=  W'e'*i     .......     (694) 

and   making  8  z^  S  =^  at^t^t^^  wc  have  t  =z  F;  and 

F=z  W-e'^ (696) 

Suppose,  for  example,  the  cord  to  be  wound  around  the  cylinder 
three  times,  and  /  =  ^  ;  then  will 

S=Sie.2E  =  6.3,1416.22=  18,849  jB, 
and 

F=.Wxe^^ ''"^  =Wx  (2,71825)''*"; 

F=z  W^.  535,3; 

that  is  to  say,  one  roan  at  the  end  W  could  resist  the  combined 
efibrt  of  535  men,  of  the  same  strength  as  himself,  to  put  the  cord 
in  motion  when  wound  tiuee  \kne%  rnvjisA  ^^  ^\asLd&\. 
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THE   INCLINED   PLANE. 


"V 


§  372. — The  inclined  plane  is  used  to  support,  in  part,  the  weight 
of  a   body  while   at  rest  or  in   motion  upon  its  surface. 

Suppose  a  body  to  rest  with  one  of  its  faces  on  an  inclined  plane 
of  which   the   Equation   is 

Ij  =  cos  ax  -\-  cos  by  -}•  coacz  —  d=  0;     •     •     •     •   (a) 

in  which  d  denotes  the  distance  of  the  plane  from  the  origin  of  co- 
ordinates, and  a,  b,  c,  the  angles  which  a  normal  to  the  plane  makes 
with   the   axes  or,  y,  z,  respectively. 

Denote  the  weight  of  the  body  by  W;  the  power  by  F;  the  nor- 
mal pressure  by  N;  the  angles  which  the  power  makes  with  the 
axes  ar,  y,  z,  by  a^,  ^^,  7^,  respectively;  and  the  path  described  by 
the  point  of  application  of  the  resultant  friction  by  s.  Then,  taking  y 
the  axis  z  vertical  and  positive  upwards,  and  supposing  the  force  to 
produce   a  uniform  motion  of  simple  translation,  will,  Eq.  (645), 


(Fco8a^+/iV^)  Sx 
+  (FcosP,+fN^)Sy 


+  (fcos7,  +fN^'-W)Sz 


=  0; 


W 


and.   Equation  (a),    *  -     / 

cob  a^a;+cos^^y  +  cos  c  ^  s  =  0 
Multiplying    this    last    by  X,    adding  and  proceeding  as  in  §  213,  ^  itl  ^' 


d  oc 
FcoBa^  +  f  N  - — l-Xcosa=0, 

a  s 

F coaP, -i-fN^  +  \cosb  =  0, 
Fcoiy,  +/iV^  +  XcoBC~Tr=:0; 

€t  S 


{Ci 


mod,  Eq.  (331). 


---s/m'^<^)'^{^y=- 


(d) 


Substituting  the  valie  of  X  in   Equations  (c),  the  first  two  give  bj 
eliminating   iV, 
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d  X 

'^  as  cosp^ 

^dy  COB  a 

/  -^  +  cos  6 


+  1  =  0; 


W 


cosa 


Y 


^(*) 


and   the  first  and  third,  hy  eluninating  iV, 

Fm  ^o&y~ cosa  —  J -f-cos/^ cosa— cosa^  cose  I  =  ^( /^ — ^ 

If  there   be   no  friction,  then  will  /=  0,  and,  Eq.  («), 

_  cosa   co8^,  _l^  J  ^  jj 
cos  d    COS  a^ 

ivhence,  Eqs.   (45)   and  (a),  the  power  must  be   applied  in   a  plane 
normal  both  to  the  inclined  plane  and  to  the  horizon. 

If  without  disregarding  friction,  the  power  be  applied  in  a  pLane 
fulfilling  the  above  condition,  and  also  con- 
taining the  centre  of  gravity, 'the  resultant 
fnction  may  be  regarded  as  acting  in  this 
plane,  and  we  may  take  it  as  the  co- 
ordinate  plane  z  z^   in   which  case 

dy 
cos6  =  0;cosp.  =  0;  — -  =0: 

d  s 

and   denoting  the   inclination   of  the   plane  to  the  horizon  by  a,  and 
that  of  the   power   to   the  inclined  plane  by  9  ; 

cos  a  =  sin  a  ;  cos  c  =  —  cos  a  ;  cos  y^  =  sin  a^ ; 


cos  7^ 


dx* 
d  s 


dz 
cos  a^  —  =  —  sin  a^  cos  a  +  cosa^  sin  a  =  sin  (a— aj=sin  9 ; 


con  y^  cos  a  —  cos  a^  cose  =  sin  a^  sin  a  -f  cosa^  cosa  =  co8(a— a^)=coB9: 
which,  in  Eq.  (^),  give 


F=z   ^(s^"  ^  +/co8a) 
cos  9  -i-/sin  9 


(696) 


This  supposes  motion  to  take  place  vp  the  plane ;    if  the    power  F  ' 
be  just  sufficient  to   permit  the  body  to  move  uniformly  doion  the 
plane,  then  will  /  change  its  sign,  and  we  shall  have 

^^Wl^ua-J^s^^ 

cos  9  — /  sm  9  ^      ' 

And  the  power   may  vary  between  the  limits  given  by  these   two 
values  without  moving  the  body. 
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or 


§  373.  If  the  power  be  zero,  or  jF'  =  0,  then  will 

sin  a  —  /  cos  a  =  0, 

tan  a  =  /, 
which  is  the  angle  of  friction,  §  355. 

®  «''-« — If  Hha  aower  act  parallel  to  the  plane,  then  will  9  =  0, 


i 


\    vy^Le 


/ 


4j 


^^-ZZ/^^i^^ 


^/^> 


'  /' 


/ 


§370. — ^To  find  under  what  angle  the  power  will  act  to  greacen 
advantage,  make  the  denominator  in  Equation  (690)  a  maiumuin. 
For  this  purpose,  we  have,  by  differentiating, 

—  sin  9  +  /cos  9  =  0; 
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"* cos  j3^ 

f  dy      .  COS  o, 

y  -. — f-  cos  6  ' 
as 


+  1  =  0; 


W 


end   the  first  and  third,  by  eliminating  JV^, 


t).     J 


v< 


^' 


y 

c 

r 

V 

'•K 

\ 

wj 

b  T 

I     , 


> 


•4 
i  i 


/■i 


•\ 


s 


J^'/  ..^ 


^ _   W{am a.  —/cog a) 

cos(p-/si^- (6M) 

And   the  power   may  vary  between  the  limit,  given   bv  th«u.   » 
values  without  movuig  the  body.  ^  ^"^  **• 
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8  378.  If  the  pcwer  be  zero,  or  jF"  =  0,  then  wQl 

sin  a  —  /  cos  a  =  0, 

or 

tana  =/, 

which  is  the  angle  of  fHction,  §  355. 

g  374. — ^If  the   power  act  parallel  to  the  plane,  then  will  9  =  0, 

and 

-P=  Tr(8ina  ±/oosa) (698) 

the  upper  sign  answering  to  the  case  of  motion  up,  and  the  lower, 
down  the  plane;   the  difference  of  the  two  values  behag 

2/ IT  cos  a. 

If  /  =  0,  then  will 

F        .  BC 

-j^=sm«=— ; 

that  is,  the  power  is  to  the  weight  as  the  height  of  the  plane  is  to 
its  length;    and  there  will  be  a  gain  of  power. 

§  375. — If  the  power  be  applied  horizontally,  then  will  9  be  nega- 
tive and  equal  to  a,  and  we  have,  by  including  the  motion  in  both 

directions, 

^^ir(sma±/cosa) 

cos  a  qp/sm  a    '  ^      ' 

the  difference  of  the  limiting  values  being 

2/.  W 
008*  a  —  /*  sin*  a'    . 

If  the  friction  be  zero,  or  /  =  0,  then  will 

F       ^  BO 

—  =  tan  a  =  — ^^ 
W  ACT 

That  is,  the  power  will   be  to  the  resistance  as  the  height  of  the 
plane  is  to  its  base;  and  there  may  be  gain  or  loss  of  power. 

§370. — ^To  find  under  what  angle  the  power  will  act  to  greatest 
advantage,  make  the  denominator  in  Equation  (696)  a  maximum. 
For  this  purpose,  we  have,  by  differentiating, 

—  sin  9  +  /cos  9  =  0; 
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whence, 

tan  9  =  /. 

That  is,  th«  angle  should  be  positive,  and  equal  to  that  of  th«  fife- 
tion. 

§3(7. — If  the  power  act  parallel  to  any  indined  mrftoA  to  mon 
a  body  up,  the  elementarj  quantity  of  work  of  the  power  and  remt- 
ances  will  give  the  relation,  Equation  (698), 

Fdt  =  Wdtaai».-\-  Wfd*OM». 
But,  denoting    the    whole   hori- 
zontal distance  passed  over  by 
l=.AC,  and  the  vertical  height 
by  A  =  .B  C,  we  have 

dt  .aiaiK  =  dh, 
dt.oosa=:dl; 

whence,  substituting,  and  integrating,  and  supposing  the  body  to  be 
started  from  rest  and  brought  to  rest  agtun,  in  which  case  the  work 
of  inertia    will    balance  itself,  we  have 

Ii'»=Wh+/.W.l, (700) 

in  which  there  is  no  trace  of  the  path  actually  passed  orer  by  the 
body.  The  work  is  that  required  to  ruse  the  body  through  a  ret- 
deal  height  B  C,  and  to  overcome  the  fricti<ai  due  to  ita  wdght  ovor 
a  horizontal   distance  A  C. 

The  resultant  of  the  weight  and  the  power  mast  intersect  ttw 
inclined  plane  within  the  polygon,  farmed  by  joining  the  p<uutB  of 
contact  of  the  body,  else  the  body  will  roll,  and  not  ilide. 


m\ 


§378.— The  Lever  is  a  solid 
hsr  AS,  of  any  form,  supported 
by  a  fixed  point  0,  about  which 
it  may  freely  turn,  called  the  /al- 
cnim.  Sometimes  it  is  supported 
upon     trunnions,    and    frequently 
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vpon  a  knife-edge.  Levers  have 
been  divided  into  three  different 
dosses,  called  orders. 

In  levers  of  the  first  ordevy  the 
power  F  and  resistance  Q  are 
applied  on  opposite  sides  of  the 
fulcrum  0\  in  levers  of  the  second 
order^  the  resistance  Q  is  applied 
to  some  point  between  the  ful* 
crum  0  and  the  point  of  appli- 
cation of  the  power  F\  and  in 
the^  third  order  of  levers,  the 
power  F  is  applied  between  the 
fulcrum  0  and  point  of  applica- 
tion of  the  resistance  Q% 

'  The  common  shears  furnishes 
an  example  of  a  pair  of  levers 
of  the  first  order ;  the  nut-crackers 
of  the  second ;  and  fire-tongs  of 
the  third.  In  all  orders,  the  con- 
dltions  of  equilibrium  are  the 
same. 

These  divisions  are  wholly  ar- 
bitrary, being  founded  in  no  di^ 
ference  of  principle.  The  relation 
of  the  power  to  the  resistances, 
is  the  same  in  all. 

Let  ^^  be  a  lever  supported 
upon  a  trunnion  at  0,  and  acted 
upon  by  the  power  P  and  resist- 
ance Qy  applied  in  a  plane  per- 
pendicular to  the  axis  of  the  trun- 
nion. Draw  from  the  axis  of  the 
trunnion,  the  lever  arms  On  and 
Ofn,  being  the  perpendicular  dis- 
tances of  the  power  and  resistance 
froir.    the    axis    of    motion,   and 
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denote  them  respectively  by  l^  and  /,;  also   denote  the   resultant  of 
P  and  Q  by  i^,  the  radius  of  the  trunnion  by  r,  the  oo-efficient  of 
friction  by  /,  and  the  arc  described  'at  the  unit's  distance  from  dtt 
axis  by  «i. 
Then, 

J\r=  ypa  +  Q^  +  'i-P^'oosdy 

in  which  6  is  the  angle  of  inclination  AC B  of  the  porwer  to  the 
resistance.  Then,  supposing  the  lever  to  have  attained  a  uniform 
motion,  will,  Equations  (045)  and  (661), 

P.L.ds,-^  Q.l^.ds,  --//^+  C»  +  2Peco8^-    ''/^"-^  =  0.(701) 
Omitting  the  common  factor  cf«, ,  and  making 

-7===/;    »»=7-;    n  =  -r-f 

we  have, 

P  _  «j  §  -  y^i>2  +  Q2  4.  2  P  e .  cos  « ./'»  =  0. 

Transposing,  squaring,  and  solving,  with  respect  to  P,  we  find. 


.      fw +/'n(/ncos^  db  y/)  +  ^mcosa -f  ^/t^ -/^n^sin^^) 

If  the  fraction  n  be  so  small  as  to  justify  the  omission  c/S  every 
term  into  which  it  enters  as  a  factor,  or  if  the  co-efficient  of  frictioD 
be  sensibly  zero,  then  would 

That  is,  the  power  and  the  resistance  are  to  each  other  inversely  » 
the  lengths  of  their  respective  lever  arms. 

If  the  power  or  the  resistance^  or  both,  be  applied  in  a  plane 
oblique  to  the  axis  of  the  trunnion,  each  oblique  action  must  be 
replaced  by  its  components,  one  of  which  is  perpendicular,  and  the 
other  parallel  to  the  axis  of  the  trunnion.  The  perpendicular  com- 
ponents  must  be  treated  as  above.    The  parallel  oomponenU  wil]|  if 
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the  friction  arising  from  the  resultant  of  the  normal  components  be 
not  too  great,  give  motion  to  the  whole  body  of  the  lever  along  the 
trunnion ;  and  if  this  be  prevented  .bj  a  shoulder,  the  friction  upon 
this  shoulder  becomes  an  additional  resistance,  whose  elementary 
quantity  of  work  may  be  computed  by  means  of  £q.  (657)  and  made 
another  term  in  Equation  (701). 


WHEEL  AND  AXLE. 

§  879. — ^This  machine  consists  of  a  wheel  mounted  upon  an  arbor, 
supported  at  either  end  by  a  trun- 
nion resting  in  a  box  or  trunnion 
bed.  The  plane  of  the  wheel  is  at 
right  angles  to  Ae  arbor;  the  pow- 
er P  is  applied  to  a  rope  wound 
round  the  wheel,  the  resistance  to 
another  rope  wound  in  the  opposite 
direction  about  the  arbor,  and  both 
act  in  planes  at  .right  angles  to  the 
axis  of  motion.  Let  us  suppose  the 
arbor  to  be  horizontal  and  the  re- 
aistance  Q  to  be  a  weight. 

Make 
N  and  N'  =  pressures  upon  the  trunnion  boxes  at  A  and  B ; 
R  =  radius  of  the  wheel ; 
r  =r  radius  of  the  arbor ;  ^ 

p  and  p'  =  radii  of  the  trunnions  at  A  9cdi  B ; 

«i  =  arc  described   at   unit's  distance   from  axis  of  motioa 
Tlien,  the  system  being  retained  by  a  fixed  axis,  we  have 

PSp  =:  FBdsii 
Q6q=  Qrdsr. 

Hie  elementary  work  of  the  friction  will,  £q.  (661),  be 

f(Nf  +  N'p')dsr, 
29 
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and  the  elementary  woik  of  the  stiffness  of  ooidage,  EqnatiM 
(652), 

d, -^ r-dt,; 

/'■■■■■  «•  ' 

and  when  the  machine  is  moving  uniformly, 
/>Arf»,-$rrf»,-/'(iVp+JV'p')rf«,-rf,.  :^^tL_?  .r.«f«,=0;  •  (704) 

The  pressures  N  and  IT  arise  from  the  action  of  the  power  P,  the 
weight  of  the  maohine,  and  the  reaction  of  the  resistance  Q,  in- 
creased by  the  stifihess  of  cordage.  To  find  their  values,  resolve 
each  of  these  forces  into  two  parallel  components  acting  in  planes 
which  are  perpendicular  to  the  axis  of  the  arbor  at  the  trunnion 
beds;  then  resolve  each  of  these  components  which  are  oblique  to 
the  components  of  Q  into'  two  others,  one  parallel  and  the  other 
perpendicular  to  the  direction  of  Q. 

Make 

to  ziz  weight  of  the  wheel  and  axle, 
g   =  the  distance  of  its  centre  of  gravity  from  A^ 
p   =^the  distance  mA^ 
q   =  the  distance  n-4,      ' 
/    z=  length  of  the  arbor  A  By 

9   =  the  angle  which  the   direction  of  P  makes  with   the   yeitical 
or  direction  of  the  resistance    Q, 

Then  the  force  applied  in  the  plane  perpendicular  to  the  trunnion 
A^  and  acting  parallel  to  the  resistance  Q,  will,  §  95,  be, 

w  .  -^  +  Q  .  -^^  +  P .  -^p?  .  cos  9 ; 

and  the  force  applied  in  this  plane  and  acting  at  right  angles  to  the 
direction  of  Q,  will  be 

P  •  — j-^  •  sin  9« 
The  vertical  force  applied  in  the  plane  at  B  will  be 
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And  the  bririzontal  force  in  this  plane  will  be 

P  •  J  •  sin  9 ; 
whence, 

ir-^-y/lw.g  +  g.g  +  P.i?.C08(pp  +  Pa.^.sin^ip;  •  .(706) 

If  4  and  4'  be  the  angles  which  the  directions  of  N  and  N*  make 
with  that  of  the  resistance  Q,  we  have 

.    .       JB{l-p)      .    ^        .    .,    '  Pp     . 
6in  6  =  — ^= — ^  •  sin  © ;    sm  6'  =  -^  •  sm  c. 

Equations  (704),  (705),  and  (706)  are  sufficient  to  determine  the  rela- 
tion between  P  and  Q  to  preserve  the  motion  uniform,  or  an  equili- 
brium without  the  aid  of  inertia*  The  values  of  IT  and  N'  being 
substituted  in  Equation  (704),  and  that  equation  solved  with  refer- 
ence to  Pj  will  give  the  relation  in  question. 

§  380. — If  the  power  P  act  in  the  direction  of  the  resistance  Q, 
then  will  cos  9  =  1,  sin  9  =  0,  and  Equation  (704)  would,  after 
substituting  the  corresponding  values  of  If  and  J^,  transposing, 
omitting  the  common  factor  dsu  and  supposing  p  =  p',  become 

Pi2=  Qr+fp{w+  e  +  P)  +  rf^.:?l±Zl.r..  .  (707) 

And  omitting  the  terms  involving  the  friction  and  stiffness  of 
cordage, 

P   _  ^ 

that  is,  the  power  is  to  the  resistance  as  the  radius  of  the  arbor 
is  to  that  of  the  wheel;  which  relation  is  exactly  the  same  as 
that  of  the  common  lever. 

FIXED  FULLEY. 

§381. — The  pulley  is  a  small  wheel  having  a  groove  in  its  cir- 
cumference for  the  reception  of  a  rope,  to  one  end  of  which  the 


s. 
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power  P  is  applied,  aad  to  th«  other  tbe  reslBtanoe  Q.    Hm  poD^ 
may  turn  either  upon  tnumiona  or  atmut  an  axle,  supported  in  nhtt 


is  called  a  hUxk.  His  is  usually  a  solid  piece  of  wood,  throu^^ 
which  ia  cut  an  opening  large  enough  to  receive  the  pulley,  and 
allow  it  to  turn  freely  between  its  cheeks.  Sometimea  the  block  b 
a  siinple  framework  of  metal.  When  the  block  is  stationary,  the 
pulley  is  said  to  be  fixtd.  Tlie  prindple  of  this  maohine  is  ohri- 
ously  the  same  sa  that  of  the  wheel  and  axle. 

The  friction  between  the  rope  and  pulley  will  be  suffident  to 
give  the   latter  motion. 

Making,  in  Equadona  (705)  and  (706), 

9  =  9=ie-\ly 


N  =  i  ■/(«+  Q  +  J>tx»>f)'>+J»em*9  =  iT  .  .  (708) 

Making  B  =  r,  and  p  =  f',  in  Equation  (704),  and   rabstitnttng 
the  above  values  of  Jf  and  ^,  wo  have,  after  omitting  the  c 
factor  dii, 


PR-  C-fi-/'pV'("'+  €+Pc09lfl)»+-'"8il»*»-  d, 


s:+iQ 


B=(i.  •  (709) 
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SolYiDg  this  equation  with  respect  to  P,  we  find  the  yalue  of 
the  latter  in  terms  of  the  different  sources  of  resistance.  But  this 
direct  process  would  be  tedious;  and  it  will  be  sufficient  in  all 
cases  of  practice  to  employ  an  approximate  value  for  P  under  the 
radical,  obtained  by  first  neglecting  the  terms  involving  friction  and 
stiffness  of  cordage. 

Thus,  dividing  by  R  and   transposing,  we  find 

P  =  C  +/;^  -/(^  +  « +Poos9)»  +/>»sin»9  +  ^^r^^^'    '    "  " 

Now  /'•'^iB  usuall  Y  a  small  fraction ;  an  errcmeous  value  aa- 

sumed  for  P  under  the  radical,  will  involve  but  a  trifling  error  in 
\hfi  result.  We  may  therefore  write  Q  for  P  in  the  second  mem- 
oer;  and  neglecting  the  weight  of  the  pulley,  which  is  always  in- 
significant in  comparison  to  Q,  we  have 


=  « [1  +/•  4i/2(i  +  C0S9)]  +  ^s^^^4^ ;  •  •  mo) 


but 


whence, 


R 


1  +  COS  9  =s  2  cos^  \  9 ; 


P  = 


e(l+2/'^.cosi9)  +  cf,.:?^-^  .     .    .    .     (711) 


In  which  9  denotes  the  angle  A  M  B,  which 
IS  the  supplement  of  the  angle  A  C  £,  and  de- 
noting this  lu'uci*  angle  by  4,  we  have 


whence 


cos  I  9  =  sin  )  4 , 


P=Q{l+2f^<Ani6)  +  d,^^±l^.    .    (712) 


"1  1 


If  the  arc  of    the  pulley,  enveloped   by  the  rope,   be   180^,  then 
wiU 

P=C(l  +  2/'.l)  +  rf,.:^!^.    .         .    .    (718) 


.■*T   .«  ' 
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If  the  friction  and  stifihess  of  x>rdage  be  so  small  as  to  justify  tlieir 
omission,  then  will 

That  is,  the  power  must  be  equal  to  the  resistance,  and  the  only 
office  of  the  cord  or  rope  is  to  change  the  direction  of  the  power. 


HOYABLB    PULLET. 

§  882. — In  the  fixed  pulley,  the  resultant  action  of  the  power  and 
resistance  is  thrown  upon  the  trunnion  boxes.  If  one  end  of  tiie 
rope  be  attached  to  a  fixed  hook  ^, 
while  the  power  P  is  applied  to  the 
other,  and  the  pulley  is  left  firee  to  roll 
along  the  rope,  the  resistance  IF  to  be 
overcome  may  be  connected  with  its 
trunnion,  after  the  manner  of  the  figure ; 
the  pulley  is  then  said  to  be  movable, 
and  the  relation  between  the  power  and 
resistance  is  still  given  by  £q.  (704,) 
in  which  the  principal  resistance  be- 
comes N  +  N'y  and  the  tension  of  the 
rope  between  the  fixed  point  A^  and  the 
tangential  point  jET,  becomes  Q. 

Making  in  Equation  (704),  i?  =  r,  p  =  p',  and  IT  =  iV+  iV'=  2  if, 
we  have 

PR^QE^f'^W-^d,*  ^^^^>ig  =  0    ....     (714) 

dividing  by  R^  and  transposing 

P^Q+f'^.W+d,.?±^ (716) 

Eliminating  Q  by  means  of  Equation  (708),  and  solving  the  resulting 
equation  with  respect  to  P,  the  value  of  the  power  will  be  known 
in  terms  of  the  resistances.  The  process  may  be  much  abridged  by 
limiting  the  solution  to  an  approximation,  which  will  be  found  suffi- 
cient in  practice. 
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Neglecting  the  weight  of  the  pullej,  which  is  always  insignificant 
in  eomparison  with  P  or  Q,  and  making  Q  =  P,  which  would  he  the 
case  if  we  neglect  friction  and  stifihees  of  cordage,  Equation  (708), 
gives 


N^\W^\q  -v/2(l  +  cos  9); 


and  hecause 


1  +  ooB  9  =  2  cos'  i  9  =  2  sin*  ^  4, 
TT  =  2  ©  .  sin  i  d ; 


or. 


C  =  s-F 


W 


2  sin  ^  4  ' 


rhich,  in  Equation  (715),  gives 


Jr+/ 


W 


^        ^V2  8inJ4^-^     r)^    '  2  22  \      ' 

The  quantity  of  work   is  found  by  multiplying    both  members  by 
R9iy  in  which  Sx  is  the  arc  described  at  the  unit's  distance. 

If  the  arc  enveloped  by  the  rope  be  180^,  then  will  ^^  =  90^, 
sin  ^  d  =  1,  and 


P=„,(j+y..£)+.,.i-J^ 


("') 


If  the  friction  and  stiffness  of  cordage   be  neglected,  then  will, 
Equation  (716), 

Tr=2Psini^  o       p 

and  multiplying  by  By 

but 

2/2  sin  i  4  z=z  AB\ 
whence, 

R.  W=zP.AB; 

that  is,  tlie  power  tt  to  the  resiitance  as  th$ 
radiuB  of  the  pulley  is  to  the  chord  0/  the  arc 
enveloped  by  the  rope. 


6 


i^» 
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%  383. — Hie  MuJU  U  »  oolleotimi  of  pnlleja  in  two  Mpanto 
blocka  or  iramea.  Ons  of  tiwK  bloolu  u  *tt«ch«d  to  a  fixod  point 
Af  hj  wbioh  nil  of  its  puUejs  become  Jmd, 
white  the  other  block  is  attached  to  the  resist — 
ance  W,  and  its  pulloya  thereby  made  nwv- 
ahle.  A  rope  ia  attached  at  one  end  to  a  hook 
k  at  the  extremity  of  the  fixed  block,  and  is 
passed  around  on«  of  the  movable  pulleys, 
then  about  one  of  the  fixed  pulleys,  and  so  on, 
in  order,  till  the  rope  is  made  to  act  upon  each 
pulley  of  the  oombination.  The  power  P  is 
^plied  to  the  other  end  of  the  rope,  and  the 
pulleys  are  so  proportioned  that  the  parts  of 
the  rope  between  them,  when  stretched,  are 
parallel.  Now,  suppom  the  power  P  to  main- 
ly in  uniform  motion  the  point  of  applica- 
tion of  the  resistance  W;  denote  the  tension 
of  the  rope  between  the  hook  of  tie  fixed 
block  and  the  point  where  it  comes  in  con- 
tact with  the  first  movable  pulley  by  f,;  the 
radius  of  this  pulley  by  R,;  that  of  its  eye 
by  r, ;  the  co-efficient  of  friction  on  the  axle 
by  f;  the  constant  and  co-efficient  of  the  stiff* 

nesB  of  cordi^^  by  K  and  /,  as  before;  then,  denoting  the  tension  of 
the  rope  between  the  lost  point  of  contact  with  the  first  movable 
and  first  point  of  contact  with  the  first  fixed  pulley,  by  £,,  the  qua» 
tity  of  work  of  the  tension  f,  will.  Equation  (652),  be 


in  which 


(,  B,  »i  +  rf,  - 


dividing  by  (, , 


-'JI,#.  + /{(,  +  (.)  f,  Si; 


«i  +  /'  ('.  +  fi)  »■ 


t9l8) 
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Again,  denoting  the  tension  of  that  part  of  the  rope  which  passes 
from  the  first  fixed  to  the  second  movable  pulley  hy  t^,  the  radius 
of  the  first  fixed  pulley  by  i2, ,  and  that  of  its  eye  by  r, ,  we  shall, 
in  like  manner,  have 

t,B,  =  t,Jt,  +  d,  ^^^^  B,  + /' {t,  +  Q  r^      .     (719) 

And  denoting  the  tensions,  in  order,  by  (^  and  /»»  this  last  being     * 
equal  to  P,  we  shall  have 

t,B^  =  t^B,  +  d,^^^^.B,+/'{t^  +  t,)u.     .    (720) 

PB,=  t,Ii,  +  d,^^^Ji,+/'{t,  +  P)r,.    .    (721) 

80  that  we  finally  arrive  at  the  power  P,  through  the  tensions  which 
are  as  yet  unknown.  The  parts  of  the  rope  being  parallel,  and  the 
resistance  W  being  supported  by  their  tensions,  the  latter  may  ob- 
viously be  regarded  as  equal  in  intensity  to  the  components  of  IF; 
hence, 

<.  +  <i  +  /i  +  ^=ir;     •    .    •    •    •     ('^22) 

which,  with  the  preceding,  gives  us  five  equations  for  the  determi- 
nation of  the  four  tensions  and  power  P.  Th^  would  involve  a 
tedious  process  of  elimination,  which  may  be  avoided  by  contenting 
ourselves  with  an  approximation  which  is  fouol,  in  practice,  to  be 
sufficiently  accurate. 

If  the  friction  and  stiffiiess  bo  supposed  zero,   for  the  moment| 
Equations  (718)  to  (721)  become 

firom  which  it  is  apparent,  dividing  out  the  radii  ^, ,  i^,  /^,  ^c.. 
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that  U=i  ti,   ^  =  ^,   U  =  t$3  ^  =  <i;  «nd  henoe,  Bquaticm  (722) 
becomes 

4*,  =  IT; 
whence, 

/.  =  -; 

the  denominator  4  being  the  whole^  number  of  pulleys,   movable  and 
fixed.    Had  there  been  n  pulleys,  then  would 

W 

/»  = 

n 

With  this  approximate  value  of  ^i,   we  resort   to  Equations  (718) 

to   (721),   and   find  the  values  of  /,,  1^,  /«,  6io.     Adding  all  these 

tensions  together,   we  shall  find  their  sum  to  be  greater  than    Wy 

and  hence  we  infer  each  of   them    to  be  too  lai^e.     If    we    now 

suppose  the  true   tensions  to  be    proportional   to  those  just  found, 

and  whose  sum  is   TFj  >  W,  we  may  find  the  true  tension  coire* 

sponding  to  any  erroneous  tension,  as  fi,  by  the  following   proper- 

tion,  viz. : 

W 
Wi  :    rr   :  :  /|  :  -=^  ^; 

or,  which  is  the  same  thing,  multiply  each  of  the  tensions  found  by 

W 

the  constant  ratio  -rrp*  the  product  will   be  the  true  tensions,  very 

nearly.     The  value  of  /«  thus  found,  substituted  in  Equation  (721), 
will  give   that  of  P, 

Example, — Let  the  radii  R^y  R^y  R^  and  R^y  be  respectively 
0,26,  0,39,  0,52,  0,65  feet ;  the  radii  r,  =  r^  z=i  r^  ^  r^  of  the 
eyes  =  0,06  feet;  the  diameter  of  the  rope,  which  is  white  and 
dry,  0,70  Inches,  of  which  the  constant  and  co-efiicient  of  rigidity 
are,  respectively,  iT  =  1,6097  and  /  =  0,0319501 ;  and  suppose  the 
pulley  of  brass,  and  its  axle  of  wrought  iron,  of  which  the  co-efiicient 
/  =  0;09,  and   the  resistance   W  a  weight  of  2400  pounds. 

Without  friction   and   stiffness  of  cordage, 

2400       ^^ '*•• 
t^  =  —r-  =  600. 
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Dividing  Equation  (7 18)  bj  B^  it  becomes,  sinoe  d^  =  1, 

Substituting  the  value  of  Bi ,  and  the  above  value  of  /| ,  and  regard- 
ing  in  the  last  term   ^  as  equal   to  /, ,  "which  ve  may  do,  because 

of  the  small  co-efficient  -^  fj  "we  find  ' 


<«  = 


+ 


600 


1,6097  +  0,0319501  x  600 


3  X  (0,26) 


,  =  628,39. 


+  ^x0,09x(600  +  600) 


Again,  dividing  Equation   (719)   by  ^,  and  substituting  this  value 
of  /,  and  that  of  i2^,  we  find 

U  =  673,59. 

Dividing  Equation  (720)  by  jR,,  and  substituting  this  value  of  /^i 
well  as   that  of  i2, ,  there  will   result 


U  =  709,82 ; 

whence. 

'       600 

TT,  =  <i  +  ^  +  (i  +  ^«=^ 

+  628,39 
+  673,59 

=  26im»^ 

% 

^  +  709,82 

and 

W           2400          ^^,^ 
fr,=  2611,80=^'^^^^ 

which  will  give  for  the  true  values  of 

/,  =  0,919  X  600       =  651,400 

/,  =  0,919  X  628,39  =  577,490 

f,  =  0,919  X  673,59  =  619,029 

/*  =  0,919  X  70f 

^82  =  652,3 

24 

«  2400,243 
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The  above  value  ibr  /« =  652,824,  in  Equation  (721),  will  give,  aftar 
dividing  by  JR4,  and  substituting  its  numericaJ  value, 

652,324 
.   1,6097  +  0,03195  X  652,324 


P  = 


2  X  0,65 
+  J^  X0,09x  (652,324 +  P); 

md  making  in  the  last  &ctor  P  =  (4  =  652,324,  we  find 

U*.  Iht,  lt§,  Mt. 

P  =  652,324  +  17,270  +  10,831  =  680,425. 

Thus,  without  friction  or  stiffness  of  cordage,  the  intensity  of  P  would 
be  600  lbs. ;  with  both  of  these  causes  of  resistance,  which  cannot  be 
avoided  in  practice,  it  becomes  680,425  lbs.,  making  a  difference  of 
80,425  lbs.,  or  nearly  one-seventh ;  and  as  the  quantity  of  work  of 
the  power  is  proportional  to  its  intensity,  we  see  that  to  overcome 
friction  and  stiffness  of  rope,  in  the  example  before  us,  the  motor 
must  expend  nearly  a  seventh  more  work  than  if  these  sources  of 
resistant  did  not  exist 


«  THB   WEDOS. 

§  384. — ^The  wedge  is  usually  employed  in  the  operation  of  cut- 
ting, splitting,  or  separating.  It  consists 
of  an  acute  right  triangular  prism  ABC. 
The  acute  dihedral  angle  A  Cb  is  called 
the  edffc]  the  opposite  plane  face  Ab 
the  back'y  and  the  planes  Ac  and  Cby 
which  terminate  in  the  edge,  the  faces. 
The  more  common  application  of  the 
wedge  consists  in  driving  it,  by  a  blow 
upon  its  back,  into  any  substance  whidi 
we  wish  to  split  or  divide  into  parts,  in 
such  manner  that  after  each  advance  it 
shall  be  supported  against  the  faces  of 
the  opening   till    the   work  is  accomplished. 
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g  S85. — ^Ilie  blow  by  which  the  vedge  is  driven  forward  will  b« 
supposed  perpendicular  to  it«  back,  for  if  it  were  oblique,  It  would 
only  tend  to  impart  a  rotary  motion,  and  gire  rise  to  complicationa 
which  it  would  be  unprofitable  to  consider:  and  to  make  the  case 
conform  still  further  to  practice,  we  will  suppose  the  wedge  to  be 
isosceles. 

7%e  wedge  A  CB  being  inserted  in  the  opening  ahh,  and  in  oob< 
tact  with  it*  jaws  at  a  and  b,  we  know 
that  the  resistance  of  the  latter  will 
be  perpendicular  to  the  iaces  of  the 
wedge.  Through  the  points  a  and  b 
draw  the  lines  aq  and  bp  normal  to 
the  &ces  A  C  and  B  C ;  from  their 
point  of  intersection  0  lay  off  the 
distances  Og  and  Op  equal,  respec- 
tively,  to  the  resistances  at  a  and  b. 
Denote  the  first  by  Q,  and  the  second 
by  P.  Completing  the  parallelt^ram 
Oqmp,  Om  will  represent  the  re- 
sultant of  the  resistances  Q  and  F. 
Denote  this  resultant  by  R',  and  the 
angle  A  CB  of  the  wedge  by  i,  which, 
in    the    quadrilateral  aObC,  will  be 

equal  to  the  supplement  of  the  angle  a  Ob  =-  pOq  the  angle  made 
by  the  directions  of  Q  and  P.  From  the  parallelogram  cf  forces, 
ire  have. 


jft 


■.F*+Q*  +  2PQcoapOg  =  P*+Q*~2PQcyi»; 


If  =  V/*  +  g^  -2P  Qcoai. 

The  resistance  Q  will  produce  a  friction  on  the  face  A  C  equal 
to  /$,  and  the  resistance  P  will  produce  on  the  face  £  C  the  frio 
tion  /P:  these  act  in  the  directions  of  the  faces  of  the  wedge. 
Produce  them  till  they  meet  in  C,  and  lay  ofTthe  distances  Cq'  mA 
Cp'  to    represent   their   intensities,    and    complete   the   parallelogram 
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m 

Cq'  0*  p'  \  CCy  will  represent  the  resultant  of4he  frietkms.     IViiats 
this  by  R'\  and  we  have,  from  the  parallelogram  of  foroes, 

R"2  ^p  Qi  +pp2  +  2PPQ  COS  6; 
or, 

R"  =/ y/^  +  Q^  +  2P  Qcos6. 

The  wedge  being  isosceles,  the  resistances  P  and  Q  will  be  equal, 
their  directions  being  normal  to  thcT  faces  will  intersect  on  the  line 
C  D^  which  bisects  the  angle  (7  =  ^,  and  their  resultant  will  coin- 
cide with  this  line.  In  like  manner  the  frictions  will  be  equal,  and 
their  resultant  will  coincide  with  the  same  line.  Making  Q  and  P 
'  equal,  we  have,  from  the  above  equations, 

R'  =1    P  y/2  (1  -  cos  4), 


R"  =  fP  •v/2(I  +  cos  4). 

But, 

1—  cos4  =  2sin«  J  tf, 

1  +  cos  d  =  2  cos^  \  6 ; 

I 

whence  we  obtfun,  by  substituting  and  reducing, 

R'  f=2P.  sin  i  «, 
B"  =  2/.  P.  008  J  « ; 


and  further, 


therefore, 


■      AC 

Denote  by  F  the  intensity  of  the  blow  on   the   back  of  the  wedge. 
If  this  blow  be  just   sufficient  to  produce  an  equilibrium   bordering 
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on  motion  forward,  call  it  F' ;  the  friction  will  oppose  it,  and  we 
must  havs 

^'  =  iJ'+J2"  =  i'.^+2/.P.-^:^.    .     .     .     (723) 

If,  on  the  contrary,  the  blow  be  just  sufficient  to  prevent  the  wedge 
from  flying  back,  call  it  F" ;  the  friction  will  aid  it,  and  we  must 
have, 

/'"  =  P,44--2/-i*-^    •     •     •     •     (724) 

The  wedge  will  not  move  under  the  action  of  any  force  whose  inten- 
sity is  between  F*  and  F'\  Any  force  less  than  F*\  will  allow  it 
to  fly  back;  any  force  greater  than  F\  will  drive  it  forward.  The 
range  through  which  the  force  may  vary  without  producing  motion, 
ia  obviously, 

i?"-^"  =  4/p.J^J^ (726) 

whtch^  becomes  greater  and  greater,  in  proportion  2a  C  D  and  A  C 
become  more  nearly  equal ;  that  is  to  say,  in  proportion  as  the 
hedges  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires  that  it  shall 
retain  of  itself  whatever  position  it  may  be  driven  to.  This  makes 
it  necessary  that  F''  should  be  zero  or  negative,  Eq.  (724),  whence 

P  • =  *Z  f*  P ' .    or  P <C  ^  f'  P  • • 

^   AC  -^  AC  A  C   ^^  AC' 

or,  omitting  the  common  factors  and  dividing  both  members  of  the 
equation  and  inequality  by  2  C  D, 

lAB       .  lAB  ^  . 

CD^f'    ^'        CD<^'' 

\  AB 

but     '   p,  r\  ^®  ^^®  tangent  of  the  angle  A  C  D ;  hence  we  conclude, 

that  the  wedge  will  retain  its  place  when  its  semi-angle  does  not 
exceed  that  whose  tangent  is  the  co-efficient  of  fricticn  between  the 
surface  of  the  wedge  and  the  surface  of  the  opening  which  it  is 
intended  to  enlarge. 
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Resuming  £q.  (724),  and  supposing  the  last  term  of  the  second 
member  greater  than  the  first  terra,  F"  becomes  negative,  and  will 
represent  the  intensity  of  the  force  necessary  to  withdraw  the  wedge; 
which  will  obviously  be  the  greatest  possible  when  ^  ^  is  the  least 
possible.  This  explains  why  it  is  that  nails  retain  with  such  perti 
nacity  their  places  when  driven  into  wood,  &c. 


\' 


THE  BCBEW. 

/ 


§  386. — ^The  ScreWy  regarded  as  a  mechanical  power,  is  a  deyice  by 
which  the  principles  of  the  inclined  plane  are  so  applied  as  to  pro- 
duce considerable  pressures  with  great  steadiness  and  r^ularlty  of 
motion. 

To  form  an  idea  of  the  figure  of  a  screw  and  its  mode  of  action, 
coiioeive  a  right  cylinder,  a  k,  with  circular  base,  and  a  rectangle,  or 
other  plane  figure,  abcm,  having  one  of  its  sides 
ab  coincident  with  a  surface  clement,  while  its 
plane  passes  through  the  axis  of  this  cylinder. 
Next,  suppose  the  plane  of  the  generatrix  to 
rotate  uniformly  about  the  axis,  and  the  gener- 
atrix i^lf  to  move  also  uniformly  in  the  direc- 
tion of  that  line ;  and  let  this  twofold  motion 
of  rotation  and  of  translation  be  so  regulated, 
that  in  one  entire  revolution  of  the  plane,  the 
generatrix    shall    progress    in   the  direction  of 

the  axis  over  a  distance  greater  than  the  side  a  6,  which  is  in  the 
surface  of  the  cylinder.  The  generatrix  will  thus  generate  a  pro- 
jecting and  winding  solid  called  a  Jillet,  leaving  between  its  turns 
a  groove  called  the  channel.  Each  point  as  m  in  the  perimeter 
of  the  generatrix,  will  generate  a  curve  called  a  helizy  and  it  is 
obvious,  from  what  has  been  said,  that  every  helix  will  enjoy  this 
property,  viz. :  any  one  of  its  points  as  tn,  being  taken  as  an  origin 
of  reference,  as  well  for  the  curve  itself  as  for  its  projection  on  a 
plane  through  this  point  and  at  right  angles  to  the  axis,  the  distances 
tT  m\  d''  m'\  dec,  of  the  several  points  of  the  helix  from   this  plane, 
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we  respeotivel;  propartioued  to  the  circular  arcs  md',  mi",  die., 
into  vhich  the  portions  mm',  mm",  &c^  of  the  helix,  between  'the 
urigia  and  these  pointa,  lu'e  projected. 

^  The  solid  cylinder  sbout  which  the  fillet  i*  wound,  is  called 
the  newel  of  the  screw;  the  distance  mm'",  between  the  consecu- 
tive turns  of  the  same  helix,  estimated  in  the  direction  of  the  axis, 
is  c^led   the  helieal  interval. 

The  fillet  ia  oflen  generated  by  the  motion  of  a  triangle  with 
one  of  Its  sides  coincident  with  a6,  aud  as  the  discussion  will  be 
more  general  by  considenng  tlus  mode  of  geoeration,  we  shall  adopt 
it.  The  surfaces  of  the  fillet,  which  are  generated  by  the  inclined 
faces  of  the  triangle,  are  each  made  up  of  an  infinite  number  of 
helices,  all  of  which  have  the  same  interval,  though  the  helices 
themselves  are  at  diQerent  distances  from  the  axis,  and  have  different 
inclmations  to  that  line 

Tht  mclination  of  the  different  helices  to  the  axis  of  the  screw, 
increases  from  the  newel  to  the  exterior  surface  of  the  fillet^ 
the  same  helix  preJfmng  its 
inclination  unchanged  throughout. 
The  acTfW  is  received  into  a  hole 
in  a  solid  piece  B  of  metal  or 
wood,  called  a  nut  or  iurr.  The 
surface  of  the  hole  through  the 
nut  is  furnished  with  a  winding 
fillet  of  the  same  shape  and  size 
as  the  channel  of  the  screw,  so 
that  the  surfaces  of  the  screw  and 
nut  are  brought  into  accurate  con- 
tact. 

From  this  arrangement  it  b 
obvious  that  when  the  nut  is  ata- 
tunary,  and  a  rotary  motion  id 
communicated  to  the  screw,  the 
latter  will  move  in  the  direction 

of  its  axis;  also,  when  the  screw  is  ataUonary  and  the  nut  Is 
turned,  the  nut  must  also  move  in  the  direction  of  the  axis.     In 
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the  first  case,  one  entire  revolution  of  the  screw  will  carry  it  loo- 
gitudinolly  throagh  a  distaDce  equal  to  the  helical  interva],  and  an; 
iractional  portion  of  an  entire  revolution  will  carry  it  through  a  pro- 
portional distance ;  the  same  of  the  nut,  when  the  latter  ia  mova- 
ble and  the  screw  stationary.  The  resistance  Q  U  applied  either  to 
the  head  of  the  screw,  or  to  the  nut,  depending  upon  which  ia  the 
nioviible  element ;  in  cither  case  it  acts  in  the  direction  J)  C  of 
the  uxis.  The  power  P  is  applied  at  the  extremity  of  a  bar  OS 
connected  with  the  screw  or  nut,  and  acts  in  a  plane  at  rig^ 
angles  to  the  axis  of  the  screw. 

Fro^   the  description   of  the   screw  and   ita  mode  of  Keneration, 
we   may  find   the   equation   of  its   (illct  or   helicoidal   surface.     For 
this  purpose,  take  the  axis  2  to  coindde  with  the  axis  of  the  newB^ 
and  the  initial   position  of  the  generatrix  in  the  plane  yg.     Hake 
■  =  any   definite  portion    00' 

of  an  assumed  helix  ; 
p  —  the   angle    yA  I,    through 

which    the    rotating    plane 

has  turned  during  the  gene- 
ration of  t; 
r  =  the  distance    CD   of    this 

helix  from    the  axis  2 ; 
R  =  the   angle  which  this   helix 

makes  with  the  plane  xy\ 
e  =  the  angle  CBD  which  the 

generatrix  of  the  helicoidal 

surface     makes     with     the 

7  =  the  co-ordinate  AB  of  the 
.  point  in  which  the  genera- 
trix, in  its  initial   position,  intersects  the  axis  a. 
Then,  for  any  point  as  C  of  the  generatrix  tn  its  initial  pontion, 
we  have 

t  =  AJ)  =  AB  -^  BD  =  7  +  r .  ODtan  «, 
and   for  any  subsequent  position,  ta  C  £', 
'';,  .:■'  J  ..  .-I  «  =  7  +  r  .cotanC  +  r.  9.  tan  a, 


(»»») 
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vhich  is  the  equation  sought,  and  in  which  a  and  r  are  constant 
for  the  same  helix,  and  variable  from  one  helix   to  another 

The  power  P  acts  in   a  direction    perpendicular    to  the  axis  of 
the  newel.     Denote  by  /  its  lever  arm ;  its  virtual  moment  will  be 

The  resistance  Q  acts  in  the  direction  of  the  axis  of  the  newel; 
its   virtual  moment  will   be 

Qdz. 

Tlie  friction  acts  in  the  direction  of  the  helicoidal  surface  and  paral- 
lel to  the  helices.  Conceive  it  to  be  concentrated  upon  a  mean 
helixy  of  which  the  distance  from  the  newel  axis  is  r,  and  length  «: 
denote  the  normal  pressure  by  iV,  and  co-efficient  of  friction  by  /. 
The  virtual  moment  of  friction  will  be 

f.J^.ds'y 
and  Equation  (645), 

Pld(^  --  Qdz  --f.N.da  -0 (727) 

But  the  displacement  must  satisfy  Equation  (726),  or,  as  in  §  213, 
the  condition,         • 

Z'  =  «  —  r.^.tana  —  r.  cotan  €  —  y  =  0 ;      .    (728) 

and  also, 

r  =  constant (729) 

Differentiating,  we  have, 

dz  —  cotan  €.<fr  —  rtanarfq)  =  0, 

(fr  =  0. 

Multiplying  the  first  by  X,  the  second  by  X',  adding  to  Equation 
(727),  and  eliminating  rf «  by  the  relation 

da  ^  r  .  dc^  .ao&ot,  +  d»  .tana,    .    .     .     .     (730) 
we  find, 

(-P/— /.A^.oo6«.r-Xtaii«.r)rff  +  (X-C-/.^:«Q«)rff  +  (X'-Aootane)rfr-0 


.-^  , 
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and,  from  the  principle  of  indeterminate  co^efficients, 

P/ — /.  iV,  cosa.r  —  X.  tan».  r  =  0;     .     .  (731) 

Q  +fN.  sin  a  -  X  =  0; (732) 

X'  —  X  ootan  €  =  0 (732)' 

The  variables  d  z^  dr,  Bndrd(ip,  are   rectangular ;    whence,   Equation 
(331), 

^= V  (If  )'^  (v^y^  c-^)'°  w.  ^u„-  .+««-'t 

Substituting  this  in  Equations  (731)  and  (732),  and  eliminating  X, 
there  will  result 


r     tan  a  4-  /.  cos  a  .  -y/l  +  tan*  a  +  cotan' S      -^    . 

/*  =   W  •  T  •  — J  (788) 

^  1  -/,  sin  a  .  v^l  +  tan*  a  +  cotan»e 

Substituting   the   value  of  X  from   Equation   (732),  in   Equatioa 
(732)',  we  find, 

^ ,        ^  cotan  6  ,^^ .. 

X'  =  © —  ;    .     (734) 

1  — /.  sin  a  yl  +  tan*  a  +  cotan*  S 

in  which  X'  is,  §  217,  the  value   of  the   force  acting   in   the  directioii 
of  r. 

§  387.— If  the  fillet  be  rectangular,  6  =  90^,  cotan  6  =  0,  and 


^  1  —  / .  sin  a  ,  yT^  tan*  a 

and^ 

X'  =  0. 

§  388. — If  we  neglect  the  friction,  /  =  0 ;  and 

P/=§.r.tana,  ^ 

multiplying  both  members  by  2  ir, 

^.2*/=  ©.2«'r.tana. (736) 

That  is,  the  power  is  to  the  resistance  as  the  helical  interval  is  to 
th$  circum/ertnee  described  by  the  end  ^  the  lever  arm  of  the  power. 
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PUICPS. 


§  380. — Any  machine  used  for  raising  liquids  from  one  level 
to  a  higher,  in  which  the  agency  of  atmospheric  pressure  is  employed, 
ia  called  a  Pump.  There  are  various  kinds  of  pumps ;  the  more 
common  are  the  tucking,  forcing^  and  lifting  pumps. 

§  390. — ^Th.e  Sucking-Pump  consists  of  a  cylindrical  body  or  barrel 
By  from  the  lower  end  of  which  a  tube  i>,  called  the  sucking-pipe, 
descends  into  the  water  contained  in  a  reservoir  or  well.  In  the 
interior  of  the  barrel  is  a  movable  piston  C,  surrounded  with  leatheir 
to  make  it  water-tight,  yet  ca- 
pable of  moving  up  and  down 
freely.  The  piston  is  perforated 
in  the  direction  of  the  bore  of 
the  barrel,  and  the  orifice  is 
covered  by  a  valve  F  called 
the  piatoH'-valvey  which  opens  up- 
ward ;  a  similar  valve  E,  called 
the  sleeping-valve,  at  the  bottom 
of  the  barrel,  covers  the  upper 

• 

end  of  the  sucking-pipe.  Above 
the  highest  point  ever  occupied 
by  the  piston,  a  discharge-pipe 
P  is  inserted  into  the  barrel ; 
the  piston  is  worked  by  means 
of  a  lever  H,  or  other  contriv- 
ance, attached  to  the  piston-rod 

O,  The  distance  A  A',  between  the  highest  and  lowest  points  of  the 
piston,  is  called  the  play.  To  explain  the  action  of  this  pump,  lei 
the  pfston  be  at  its  lowest  point  A,  the  valves  E  and  F  closed  by 
their  own  weight,  and  the  air  within  the  pump  of  the  same  density 
and  elastic  force  as  that  on  thei  exterior.  The  water  of  the  reservoir 
will  stand  at  the  same  level  L  L  both  within  and  without  the 
midcing-pipe.  Now  suppose  the  piston  raised  to  its  highest  point  A\ 
the  air  contained  in  the  barrel    and    sucking-pipe  will  tend  by  itt 
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f 
elastic  force  to  occupy  the  space  >vhich  the  piston   leaves  void,  thft 

Talve  E  will,  therefore,  be  forced  open,  and  air  will^  pass  from  the 
pipe  to  the  barrel,  its  elasticity  diminishing  in  proportion  as  it  fills 
a  larger  space.  It  will,  therefore,  exert  a  less  pressure  on  tlie 
water  below  it  in  the  sucking-pipe  than  the  exterior  air  does  on  that 
in  the  reservoir,  and  the  excess  of  pressure  on  the  part  of  the 
exterior  air,  will  force  the  water  up  the  pipe  till  the  weight  of  the 
suspended  column,  increased  by  the  plastic  force  of  the  internal  air, 
becomes  equal  to  the  pressure  of  the  exterior  air.  When  this  takes 
place,  the  valve  E  will  close  of  its  own  weight;  and  if  the  piston 
be  depressed,  the  air  contained  between  it  and  this  valve,  having 
its  density  augmented  as  the  piston  b  lowered,  wUl  at  length  ha?6 
its  elasticity  greater  than  that  of  the  exterior  air;  this  excess  of 
elasticity  will  force  open  the  valve  F^  and  air  enough  will  escape 
to  reduce  what  is  lefl  to  the  same  density  as  that  of  the  exterior 
air.  The  valve  F  will  then  fall  of  its  own  weight;  and  if  the 
piston  be  again  elevated,  the  water  will  rise  still  higher,  for  the 
same  reason  as  before.  This  operation  of  raising  and  depressing 
the  piston  being  repeated  a  few  times,  the  water  will  at  length  enter 
the  barrel,  through  the  valve  F^  and  be  delivered  from  the  dis- 
charge-pipe  P,  The  valves  E  and  F^  closing  after  the  water  has 
passed  them,  the  latter  is  prevented  from  returning,  and  a  cylinder 
of  water  equal  to  that  through  which  the  piston  is  raised,  will,  at 
each  upward  motion,  bo  forced  out,  provided  the  discharge-pipe  is 
large  enough.  As  the  ascent  of  the  water  to  the  piston  is  pro- 
duced by  the  difference  of  pressure  of  the  internal  and  external  air, 
it  is  plain  that  the  lowest  point  to  which  the  piston  may  reach, 
should  never  have  a  greater  altitude  above  the  water  in  the  resell 
voir  than  that  of  the  column  of  this  fluid  which  the  atmospheric 
pressure  may   support,   in  vacuo,   at  the  place. 

§891. — It  will  readily  appear  that  the  rise  of  water,  during 
each  ascent  of  the  piston  after  the  first,  depends  upon  the  expulsion 
of  air  through  the  piston-valve  in  its  previous  descent.  But  air  can 
only  issue  through  this  valve  when  the  air  below  it  has  a  greater 
density   and   therefore  greater   elasticity   than   the   external   air;  and 
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A  -—  '~:s^-:^-=^ 


if  the  piston  may  not  descend  low  enough,  for  want  of  sufficient 
play,  to  produce  this  degree  of  compression,  the  water  must  cease 
to  rise,  and  the  working  of  the  piston  can  have  no  other  effect  than 
alternately  to  compress  and  dilate  the  same 
air  between  it  and  the  surface  of  the  water. 
To  ascertain,  therefore,  the  relation  which  the 
play  of  the  piston  should  bear  to  the  other 
dimensions,  in  order  to  make  the  pump  effec- 
tive, suppose  the  water  to  have  reached  a  sta- 
tionary level  X,  at  some  one  ascent  of  the 
piston  to  its  highest  point  A\  and  that,  in  its 
subsequent  descent,  the  piston-valve  will  not 
open,  but  the  air  below  it  will  be  compressed 
only  to  the  same  density  with  the  external  air 
when  the  piston  reaches  its  lowest  point  A. 
The  piston  may  be  worked  up  and  down  in- 
definitely, within  these  limits  for  the  play, 
without  moving  the  water.      Denote  the  play 

of  the  piston  by  a;  the  greatest  height  to  which  the  piston  may  be 
raised  above  the  level  of  the  \vatcr  in  the  reservoir,  by  b,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge  pipe ;  the  elevation 
of  the  point  JT,  at  which  the  water  stops,  above  the  water  in  the 
reservoir,  by  x ;  the  cross-section  of  the  interior  of  the  barrel  by  B. 
The  volume  of  the  air  between  the  level  X  and  A  will  be 


B  X  {b  —  X  —  a)\ 

the  volume  of  this  same  air,  when  the  piston  is  raised  to  A\  pro- 
vided the  water   does  not  move,  will   be 

B{b--x). 

Represent  by  h  the  greatest  height  to  which  water  may  be  supported 
in  vacuo  at  the  place.  The  weight  of  the  column  of  water  which 
the  elastic  force  of  the  air,  when  occupying  the  space  between  the 
limits  X  and  A,  will  support  in  a  tube,  with  a  bore  equal  to  that 
of  the  barrel    is  raeasureii  by 

Bh.ff.Di 
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in  which  D  is  the.  density  of  the  water,  and  g  the  fcrce  of  grayitj. 
The  weight  of  the  column  which  the  elastic  force  of  tL*s  same  air 
will   support,  when  expanded  between   the  limits  X  and  A\  will  be 

in  which  h*  denotes  the  height  of  this  new  column.  But,  fiN.m  Ma> 
riotte's  law,  we  have 

-&(&  —  «  —  a)  :  ^(6  —  «)  :  :  Bk'gD  :  BhgD\ 

whence, 

b  —  X  —  a 


W  =  A. 


6  -  « 


But  there  is  an  equilibrium  between  the  pressure  of  the  external 
air  and  that  of  the  rarefied  air  between  the  limits  X  uid  A\  when 
the  latter  is  increased  hj  the  weight  of  the  column  of  water  whose 
altitude  is  x.    Whence,  omitting  the  common  Actors  B^  D  and  y, 

5  —  X  —  a 

a?  +  A   =  «  +  A  •  — ; =  h ; 

6  --  a? 

or,  clearing  the  fraction  and   solving  the  equation  in  reference  to  x^ 
we  find 


«  =  i 6  dt  i  ^b^  —  4a  A. (737) 

When  X  has  a  real  value,  the  water  will  cease  to  rise,  but  x 
will  be  real  as  long  as  5^  is  greater  than  A  ah.  If,  on  the  con- 
trary,  4a A  is  greater  than  i^,  the  value  of  x  will  be  imaginary,  and 
the  water  cannot  cease  to  rise,  and  the  pump  will  always  be  effective 
when   its  dimensions   satisfy  this   condition,  viz. : — 

4a  A  >62, 


or. 


^>4A-' 

that  is  to  say,  the  play  of  the  piston  must  be  greater  than  the  square 
of  the  altitude  of  the  upper  limit  of  the  play  of  the  ^n>/oii  abow 
the  surface  of  tlie  water  in  the  reservoir^  divided  by  four  times  the 
height  to  which  the  atmospheric  pressure  at  the  place^  where  the  pump 
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ft  uiidj  will  9%tpport  water  in  vacuo.  This  last  height  is  easily  found 
by  means  of  the  barometer.  We  have  but  to  notice  the  altitude 
of  the  barometer  at  the  place,  and  multiply  itj  column,  reduced  to 
feet,  by  13^,  this  being  the  specific  gravity  of  mercury  referred  to 
wikter  as  a  standard,  and  the  product  will  give  the  value  of  A  in 
feet 

Example, — Required  the  least  play  of  the  piston  in  a  sucking- 
pump  intended  to  raise  water  through  a  height  of  13  feet,  at  a 
place  where  the  barometer  stands  at  28   inches. 


Here 


Barometer, 


b  =  13,    and    h^  =  169. 


tM. 


28 
12 

=  2,333  feet 

h  = 

2,333 

X  13,5  = 

31,5  feet 

=  a> 

*2 

4A  "" 

169 

=  1,341  +  ; 

4  X  31,5 

Play 


that  is,  the  play  of  the  piston  must  be  greater  than  one  and  on 
third  of  a  foot 

§  392. — The  quantity  of  work  performed  by 
the  motor  during  the  delivery  of  water  through 
the  discharge-pipe,  is  easily  computed.  Sup- 
pose the  piston  to  have  any  position,  as  Jf, 
and  to  be  moving  upward,  the  water  being 
at  the  level  LL  m  the  reservoir,  and  at  P 
in  the  pump.  The  pressure  upon  the  upper- 
surface  of  the  piston  will  be  equal  to  the . 
entire  atmospheric  pressure  denoted  by  A^ 
increased  by  the  weight  of  the  column  of 
water  MP\  whose  height  is  c',  and  whose 
base  is  the  area  B  of  the  piston ;  that  is,  the 
pressure  upon   the   top  of  the  piston  will  be 

A  +  Bc'gD, 

in  which  g  and  D  a^  the  force  of  gravity  and  density  of  the  water, 
respectively.      Again,   the  pressure  upon    the    under   surface  of  the 


r 

/ 

-^ 

= 
? 

f 

^*¥?« 

2£ 

XJ9 

a 
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piston  is  equal  to  the  atmospheric  pressure  A^  transmitted  through 
the  water  in  the  reservoir  and  up  the  suspended  column,  diminished 
by  the  weight  of  the  column  of  water  I^M  below  the  pbton,  and 
of  which  the  base  is  B  and  altitude  c;  that  is,  the  pressure  from 
below  will   be 

A  —  BcgD, 

and  the  difference  of  these  pressures  will  be 

A  +  Bc'gL-^^A-  BcgD)  =  BgD(c  +  c')  ; 

but,  employing  the  notation   of  the  sucking-pump  just  described, 

c  +  c'  =  6 ; 

whence,  the  foregoing  expression  becomes 

Bh.g.D\ 

which  is  obviously  the  weight  of  a  column  of  the  fluid  whose  base 
is  the  area  of  the  piston  and  altitude  the  height  of  the  discharge-pipe 
above  the  level  of  the  water  in  the  reservoir.  And  adding  to  this 
the  effort  necessary  to  overcome  the  friction  of  the  parts  of  the  pump 
when  in  motion,  denoted  by  9,  we  shall  have  the  resistance  which  the 
force  F^  applied  to  the  piston-rod,  must  overcome  to  produce  any 
useful  effect;  that  is, 

F  =z  BbgD  +  <p. 

Denote  the  play  of  the  piston  by  p,  and  the  number  of  its  double 
strokes,  from  the  beginning  of  the  flow'  through  the  discharge-pipe 
till  any  quantity  Q  is  delivered,  by  n ;  the  quantity  of  work  will,  by 
omitting  the  effort  necessary  to  depress  the  piston,  be 

Fnp  =  np  [B b  ,  g D  +  (f\', 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p  and  h  must 
be  expressed  in  linear  feet  and  B  in  square  feet,  and  substituting  for 
g  D  its  value  62,5  pounds,  we  finally  have  for  the  quantity  of  work 
necessary  to  deliver  a  number  of  cubic  feet  of  water  Q  =  Bnp^ 

Fnp  =  np  [62,5  .^64-9];      .     .     .     .     (738) 
in  which  9   must  be  expressed   in   pounds,  and  may  be  determined 
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either  by  experiment  ia  each  particular  pump,  or  computed  by  the 
rules  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump  must  be  very 
irregular,   and  that  it  is  only  during  the  ascent  of  the  piston  that  it 
produces  any  useful  effect;  during  the  ^escent  of  the  piston,  the  forced 
b  scarcely  exerted  at  all,  not  more  than   is   necessary  to   overcome 
the  friction. 


§  393. — The  Li/tlng-Pvmp  does  not  differ  much  from  the  sucking- 
pump  just  described,  except  that  the  barrel  and  steeping- valve  B  are 
placed  at  tho  bottom  of  the  pipe,  and  some  distance  l>e[uw  the,  sur- 
face of  the  water  LL'm  the  reservoir ;  the 
piston  may  or  may  not  be  below  this 
same  surface  when  at  the  lowest  point  of 
its  play.  The  piston  and  sleeping-valves 
open  upward.  Supposing  the  piston  at  its 
lowest  point,  it  will,  when  raised,  lift  the 
column  of  water  above  it,  and  the  pres- 
sure of  the  external  air,  together  with  the 
head  of  fluid  in  the  reservoir  above  the 
level  of  the  sleeping- valve,  will  force  the 
latter  open ;  the  water  will  flow  into  the 
barrel  and  follow  the  piston.  When  the 
piston  reaches  the  upper  limit  of  its  play, 
the   sleeping- valve   will    close  and   prevent  ' 

the   return  of    the   water    above   it.      The 

piston  being  depressed,  its  valves  F  will  open  and  the  water  will 
flow  through  them  till  the  piston  reaches  its  lowest  point,  "^Tie 
same  operation  being  repeated  a  few  times,  a  column  of  water  will 
be  lifted  to  the  mouth  of  the  discharge-pipe  P,  after  which  every 
elevation  of  tho  piston  will  deliver  a  volume  of  the  fluid  equal  to 
that  of  a  cylinder  whose  base  is  the  area  of  the  piston  and  whose 
altitude  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  and  without  the  pump 
will  be  in  equilibrio,  it  is  plain  that  the  resistance  to  be  overcome 
by  the  power  will  Im  the  friction  of  the  rubbing  surfaces  of  the  pump, 
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augmented  by  the  weight  of  a  column  of  fluid  whose  bue  is  the  weft 
of  the  piston,  and  altitude  the  diSerence  of  level  between  the  surftee 
of  the  water  in  the  reservoir  and  the  disciiaTge-pipe.  Henc«  the 
quantity  .of  work  is  estimated  bjr  the  aatne  rule,  Equation  (73B).  If 
we  omit  for  a  moment  the  consideration  of  friction,  and  tske  but  a 
single  elevation  of  the  piston  after  the  water  has  reached  the  ^ 
charge-pipe,  n  will  equal  one,  9  will  be  zero,  and  that  equadon  t»- 
duces  to 

Fp  =  Q%5£p  X  ft; 

but  62,5  X  Sp  is  the  quantity  of  fluid  disohai^ied  at  each  double 
stroke  of  the  piston,  and  b  being  the  elevaUon  of  the  discharge-pipe 
above  the  water  in  the  reservoir,  we  see  that  the  work  will  be  ths 
same  as  though  that  amount  of  fluid  had  actually  been  lifted  through 
this  vertical  height,  which,  indeed,  is  the  useful  effect  of  the  pump 
for  every  double  stroke, 

g  394.— The  Forcing-Pump 
is  a  further  modification  of 
the  simple  sucking-pump.  The 
barrel  B  and  aleeping-valvo 
E  are  placed  upon  the  top 
of  the  sucking-pipe  M.  The 
piston  F  is  without  per- 
foration and  valve,'  and  the 
water,  after  being  forced  into 
the  barrel  by  the  atmospheric 
pressure  without,  as  in  the  suck- 
ing-pump, is  driven  by  the  de- 
pression of  the  piston  through 
a  lateral  pipe  H  into  &n  air- 
vessel  N,  at  the  bottom  of 
which  is  a  second  sleeping- valve 
S\  opening,  like  the  first,  up- 
ward. Through  the  top  of  the 
air-vessel  a  discharge-pipe  K 
paesei.  air-tight,  nearly  to  the 
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bottom.  The  water,  when  forced  into  the  air-vessel  by  the  de- 
scent of  the  piston,  rises  above  the  lower  end  of  this  pipe, 
confines  and  compresses  the  air,  which,  reacting  by  its  elas- 
ticity, forces  the  water  up  the  pipe,  while  the  valve  E'  is  closed  by 
its  own  weight  and  the  pressure  from  above,  as  soon  as  the  piston 
reaches  the  lower  limit  of  its  play.  A  few  strokes  of  the  piston  will, 
in  general,  be  sufficient  to  raise  water  in  the  pipe  K  to  any  desired 
height,  the  only  limit  being  that  determined  by  the  power  at  com-  ' 
mand  and  the  strength  of  the  pump. 

§395. — During  the  ascent  of  the  piston,  the  valve  E^  is  closed 
and  E  is  open ;  the  pressure  upon  the  upper  surface  of  the  piston 
U  that  exerted  by  the  entire  atmosphere;  the  pressure  upon  the 
lower  surface  is  that  of  the  entire  atmosphere  transmitted  from  the 
surface  of  the  reservoir  through  the  fluid  up  the  pump,  diminished 
by  the  weight  of  the  column  of  water  whose  base  is  the  area  of 
the  piston  and  altitude  the  height  of  the  piston  above  the  surface 
of  the  water  in  the  reservoir;  hence,  the  resistance  to  be  overcome 
by  the  power  will  be  the  difference  of  these  pressures,  which  is 
obviously  the  weight  of  this  column  of  water.  Denote  the  area 
of  the  piston  by  B^  its  height  above  the  water  of  the  reservoir  at 
one  instant  by  y,  and  the  weight  of  a  unit  of  volume  of  the  fluid 
by  tff,  then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

w.B.y\ 

and  the  elementary  quantity  of  work  wUl  be 

w.B,ydy\ 
and  the  whole  ^work  during  the  ascent  will  be 

\ 

in  which  y'   and  y^  are  the  distances  of  the  upper  and  lower  limits 
of  the  play  of  the  piston  from   the  water  in   the   reservoir. 

But  B,{y'  —  y^)  is  the  volume  of  the  barrel  within  the  limits 
of  the  play  of  the  piston,  and  ^  (y'  +  y^)  is  the  height  of  its  centre 
of  gravity  above   the  level  of  the  fluid   in   the  reservoir. 
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Denoting  the  play  by  p^  and  making  — —^  =  »',  we  have  for 
the  quantity  of  work   during  the  ascent, 

io  ,jB.p  ,z\ 

m 

During  the  descent  of  the  piston,  the  valve  JB  is  olosed,  and  Jif 
open,  and  as  the  columns  of  the  fluid  in  the  barrel  and  dischai^- 
pipe,  below  the  horizontal  plane  of  the  lower  surface  of  the  piston, 
will  maintain  each  other  in  equilibrio,  the  resistance  to  be  over- 
come  by  the  power  will  be  the  weight  of  a  column  of  fluid  whose 
base  is  the  area  of  the  piston  and  altitude  the  difference  of  level 
between  the  piston  and  point  of  delivery  P ;  and  denoting  by  g, 
the  distance  of  the  central  point  of  the  play  below  the  point  F^ 
we  shall   find,  by  exactly  the  same  process, 

to  Bp  z^ , 

« 

foe.  the  quantity  of  work  of  the  motor  during  the  descent  of  the 
piston ;  and  hence  the  quantity  of  work  during  ah  entire  double 
stroke  will  be  the  sum  of  these,  or 

toBp  {z'  4-  Zj). 

But  z'  +  Zf  is  the  height  of  the  point  of  delivery  P  above  the 
surface  of  the  water  in  the  reservoir;  denoting  this,  as  before,  by 
bj  we  have 

w  Bp  b ; 

and  calling  the  number  of  double  strokes  n,  and  the  whole  quantity 
of  work  g,  we   finally   have 

Q  =z  nwBpb. (739) 

If  we  make   z^  =2',   or  ^  =  2  sr^ ,  which  will  give   z^  =  — »   the 

quantity  of  work  during  the  ascent  will  be  equal  to  that  during 
the  descent,  and  thus,  in  the  forcing-pump,  the  work  may  bo  equalized 
and  the  motion  made  in  some  degree  regular.  In  the  lifling  and 
sucking-pumps  the  motor  has,  during  the  ascent  of  the  piston,  to 
overcome  the  weight  of  the  entire  column  whose  base  is  equal  to 
the  area  of  the  piston   and  altitude  the  difference  of  level  between 
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the  water  in  tLe  reaervoir  and  point  of  delivery,  and  being  wholly 
relieved  during  the  descent,  when  the  l)ad  is  thrown  upon  the 
■lecping-valve  and  ils  box,  ihe  work  becomes  variable,  and  the 
motion    irregular. 

^  THK  BIPHOS. 

g  390. — ^The  Siphon  ia  a  bent  tube  of  unequal  branches,  open  at 
both  ends,  and  is  uaad  to  convey  a  liquid 
fi-om  a  higher  to  a  lower  level,  over  an  in- 
termediate point  higher  than  either,  its 
parullel  branches  being  in  a  vertical  plane 
and  plunged  into  two  liquids  whose  upper 
surfaces  are  at  L  Jif  and  L'  M',  the  fluid 
will  stand  at  the  same  level  both  within 
and  without  each  branch  of  the  tube  when 
a  vent  or  small  opening  is  mada  at  0. 
If  the  air  be  withdrawn  from  the  siphon 
through  this  vent,  the  water  will  rise  in  the 

branches  by  the  atmospheric  pressure  without,  and  when  the  twu 
columns  unite  and  the  vent  is  closed,  tho  liquid  will  flow  from  the 
reservoir  A  to  A',  as  long  as  the  level  L'  M"  la  below  Z  M,  and  the 
end  of  the  shorter  branch  of  the  siphon  is  below  tho  surface  of  the 
liquid   in  the  reservoir   A. 

The  atmospheric  pressures  upon  the  surfices  L  M  and  L'  M', 
tend  to  force  the  liquid  up  the  two  branches  of  the  tube.  When 
the  siphon  is  Riled  with  the  liquid,  each  of  these  pressures  Is  coun- 
teracted in  part  by  the  pressure,  of  the  fluid  column  In  tho  branch 
of  the  siphen  that  dips  into  the  fluid  upon  which  the  pressure  is 
exerted.  The  atmospheric  pressures  are  very  nearly  the  same  for  a 
difleroiice  of  level  of  several  feet,  by  reason  of  the  slight  density 
of  air.  The  pressures  of  the  suspended  columns  of  water  will,  for  the 
same  dlfiVronce  of  level,  differ  considerably,  in  consequence  of  the 
greoter  density  of  the  liquid.  The  atmospheric  pressure  opposed 
to  the  weight  of  the  longer  column  will  therefore  be  more  counter- 
acted  than   that  opposed   to  tlie   weight  of   the  shorter,  thus  leaving 
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an  excess  of  pressure  at  the  end  of  the  shorter  branch,  which  wiU 
produce  the  motion.  Thus,  denote  by  A  the  intensity  of  the  at- 
mospheric pressure  upon  a  sur&ce  a  equal  to  that  of  a  cross-section 
of  the  tube ;  by  h  the  difierence  of  level  between  the  surface  L  M  > 
and  the  bend  0\  by  A'  the  difTerence  of  level  between  the  same 
point  0  and  the  level  U  M^  \  by  2>  the  density  of  the  liquid; 
and  by  g  the  force  of  gravity:  then  will  the  pressure,  which  tends* 
to   force   the  fluid  up  the  branch  which  dips  below   Z  JT,  be 

A  —  ahDg\ 

and  that  which  tends  to  force  the  fluid  up  the  branch  immersed 
in   the   other  reservoir,  be 

A  —  aW  Dgy 
and  subtracting  the  first  from  the  second,  we  find 

for  the  intensity  of  the  force  which  urges  the  fluid  within  the 
siphon,  from  the  upper  to  the  lower  reservoir. 

Denote  by  I  the  length  of  the  siphon  from  one  level  to  the 
other.  This  will  be  the  distance  over  which  the  above  force  will 
be  instantly  transmitted,  and  the  quantity  of  its  work  will  be 
measured  by 

aDg{K  -  h)L 

m 

The  mass  moved  will  be  the  fluid  in  the  siphon  which  is  measured 
by  alJD;  and  if  we  denote  the  velocity  by  F)  we  shall  have,  for  the 
living  force  of  the  moving  mass, 

alD.  V^i 
whence, 

aJ)g{h'  -  A)/= — ; 

and, 

from  which  it  appears,  that  the  velocity  with  which  the  Uquid  wiU 
Jlow  through  the  siphon^  is  equal  to  the  square  root'  of  tufice  the  force 
of  gravity^  into   the  difference  of  level  of  the  fluid  in  the  two  reeer* 


APPLICATIONS.  481 

•OMV.  When  the  fluid  in  the  reservoirs  comes  to  the  same  level, 
the  flow  will  cease,  since,  in  that  case,  A'  —  A  =  0. 

§  897. — The  siphon  may  be  employed  to  great  advantage  to 
drain  canals,  ponds,  marshes,  and  the  like.  For  this  purpose,  it  iqay 
be  made  flexible  by  constructing  it 
of  leather,  well  saturated  with 
grease,  like  the  common  hose^  and 
furnished  with  internal  hoops  to 
prevent  its  collapsing  by  the  pres^ 
sure  of  the  external  air.  It  is 
thrown  into  the  water  to  be  drained, 
and  filled;  when,  the  ends  being 
plugged  up,  it  is  placed  across  the 

ridge  or  bank  over  which  the  water  is  to  be  conveyed;  the  plugs 
are  then  removed,  the  flow  will  take  place,  and  thus  the  atmos- 
phere will  be  made  literally  to  press  the  water  from  one  basin  to 
another,  over  an  intermediate  ridge. 

It  is  obvious  that  the  diflerence  of  level  between  the  bottom  of 
the  basin  to  be  drained  and  the  highest  point  0,  over  which  the 
water  is  to  be  conveyed,  should  never  exceed  the  height  to  which 
water  may  be  supported  in  vacuo  by  the  atmospheric  pressure  at 
the  place. 

THB   AIR-PUICP. 

§  398. — Air  expands  and  tends  to  diffuse  itself  in  all  directicms 
when  the  surrounding  pressure  is  lessened.  By  means  of  this  pro- 
perty, it  may  be  rarefied  and  brought  to  almost  any  degree  of  tenu- 
ity. This  is  accomplished  by  an  instrument  called  the  Air-Fump  or 
£xhau9ting  Syringe.  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.      It  consists,  essentially,  of 

1st.  A  Receiver  B,  or  chamber  from  which  the  exterior  air  is  ex- 
cluded, that  the  air  within  may  be  rarefied.  This  is  commonly  a 
bell-shaped  glass  vessel,  with  ground  edge,  over  which  a  small  quan 

tity  of  grease  is  smeared,  that  no  air  may  pass  through  any  remai|i- 

31      ' 
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ing  inequalities  on  its  surface,  and  a  ground  glass  plate  m  n  imbedded 
in  a  metallic  table,  on  which  it  stands. 

2d.  K  Barrel  B, 
or  chamber  into 
-which  the  air  in 
the  reservoir  is  to 
expand  itself.  It 
is  a  hollow  cylin- 
der of  metal  or 
glass,  connected 
with  the  receiver 
R  by  the  commu- 
nication ofg.     An 

air-tight  piston  P  is  made  to  move  back  and  forth  in  the  barrel  by 
means  of  the  handle  a. 

3d.  A  Stop-cock  A,  by  means  of  which  the  communication  between 
the  barrel  and  receiver  is  established  or  cut  off  at  pleasure.  This 
cock  is  a  conical  pieco  of  metal  fitting  air-tight  into  an  aperture 
just  at  the  lower  end  of  the  barrel,  and  is  pierced  in  two  directions; 
one  of  the  perforations  runs  transversely  through,  as  shown  in  the 
first  figure,   and  when   in  this  position  the  communication    between 

the  barrel  and  re- 

I 

ceiver  is  estab- 
lished ;  the  second 
perforation  passes 
in  the  direction  of 
the  axis  from  the 
smaller  end,  and 
as.  it    approaches 

the  first,  inclines  sideways,  and  runs  out  at  right  angles  to  it,  as 
indicated  in  the  second  figure.  In  this  position  of  the  oock,  the 
communication  between  the  receiver  and  barrel  is  cut  ofi^  whilst 
that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of  the  barrel,  and  the 
communication  between  the  barrel  and  the  receiver  established; 
draw  the  piston  back,  the  air  in  the  receiver  will   rush  out  in  the 
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direction  indicated  by  the  arrow-head,  through  tne  communication 
ofg^  into  the  vacant  space  within  the  barrel.  The  air  which  now 
occupies  both  the  barrel  and  receiver  is  less  dense  than  when  it  occu- 
pied the  receiver  alone.  Turn  the  cock  a  quarter  round,  the  com- 
munication between  the  receiver  and  barrel  is  cut  off,  and  that  be- 
tween the  latter  and  the  open  air  is  established;  push  the  piston  to 
the  bottom  of  the  barrel  again,  the  air  within  the  barrel  will  be 
delivered  into  the  external  air.  Turn  the  cock  a  quarter  back,  the 
communication  between  the  barrel  and  receiver  is  restored;  and 
the  same  operation  as  before  being  repeated,  a  certain  quantity  of 
air  will  be  transferred  from  the  receiver  to  the  exterior  space  at 
each  double  stroke  of  the  piston. 

To  find  the  degree  of  exhaustion  after  any  number  of  double 
strokes  of  the  piston,  denote  by  D  the  density  of  the  air  in  the  re- 
ceiver before  the  operation  begins,  being  the  same  as  that  of  the 
external  air ;  by  r  the  capacity  of  the  receiver,  by  h  that  of  the  bar- 
rel, and  by  p  that  of  the  pipe.  At  the  beginning  of  the  operation, 
the  piston  is  at  the  bottom  of  the  barrel,  and  the  internal  air  occu 
pies  the  receiver  and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and  occupies  the 
receiver,  pipe,  and  barrel;  and  as  the  density  of  the  same  body  is 
inversely  proportional  to  the  space  it  occupies,  we  shall  have 

r+i?4-6     :     r-}-|>     :•:     D    :     x\ 

in  which  x  denotes  the  density  of  the  air  after  the  piston  is  drawn 
back  the  first  time.      From  this  proportion,  we  fiod 

X  •=.  Jj  • — . 

r  -{•  p  +  b 

The  cock  being  turned  a  quarter  round,  the  piston  pushed  back  to 
the  bottom  of  the  barrel,  and  the  cock  again  turned  to  open  the 
communication  with  the  receiver,  the  operation  is  repeated  upon  the 
air  whose  density  is  ar,  and  we  have 

r  +  p  +  h     :     r  +  p     ::     D ; ^     :     x' : 

in  which  x*  is  the  density  after  the  second  backward  motion  -of  the 
piston,  or  after  the  second  double  stroke;   and  we  find 
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=^G 


r+P 


•nd  if  n  denote  the  num'ber  of  double  strokes  of  the  j^stOD,  and 
«.  the  corresponding  density  of  the  remuning  air,  then  will 


..=  i).(- 


r+P 


i)'- 


From  which  it  is  obvious,  that  although  the  density  of  the  air  will 
become  less  and  less  at  every  double  stroke,  yet  it  can  never  be 
reduced  to  nothing,  however  great  n  may  be;  in  other  words,  the 
air  cannot  be  wholly  removed  from  the  receiver  by  the  air-pump. 
The  exhaustion  will  go  on  rapidly  in  proportion  as  the  barrel  is 
large  as  compared  with  the  receiver  and  pipe,  and  after  a  few  double 
strokes,  the  rare&ction  will  be  sufficient  for  all  practical  purposes. 
Suppose,  for  example,  the  receiver  to  contain  19  units  of  volume,  the 
pipe  1,  and  the  barrel  10;  then  will 

r  +p  +  b        30       *  '■ 
and   suppose  4  double  strokes  of  the  piston ;   then  will  i»  =  4,  and 

(t^-ti)'  =  «>^  =  SI  =  <>'^^^'  "«"^y ' 

that  is,  after  4  double  strokes,  the  density  of  the  remaining  air  will 
be  but  about  two  tenths  of  the  original  density.  With  the  best 
machines,  the  air  may   be  rarefied  from  four  to   six  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very 
simple  manner  by  what  are  called  gauges.  These 
not  only  indicate  the  condition  of  the  air  in  the 
receiver,  but  also  warn  the  operator  of  any  leakage 
that  may  take  place  either  at  the  edge  of  the  receiver 
or  m  the  joints  of  the  instrument.  The  mode  in 
which  the  gauge  acts,  will  be  readily  understood  from 
the  discussion  of  the  barometer;  it  will  be  suffi- 
cient here  simply  to  indicate  its  construction.  In  its 
more  perfect  form,  it  consists  of  a  glass  tube,  about  60  inches  long, 
bent  in  the  middle  till  the  straight  portions  are  parallel  to  each 
other ;  one  end  is  dosed,  and  the  branch  terminating  in  this  end  is 
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filled  with  mercury.  A  scale  of  equal  puis  is  placed  between  tiw 
brani^es,  having  its  zero  at  a  point  midway  from  the  top  to  the 
bottom,  the  numbers  of  the  scale  ini^eosing  in  both  directions.  It 
is  placed  bo  that  the  branches  of  the  tube  shall  be  vertical,  with 
its  ends  upward,  and  inclosed  in  an  inverted  glass  vessel,  which 
flommunicales  with  the  receiver  of  the  air-pump. 

Repeated  attcmpta  have  been  made  to  bring  the  air  pump  to 
■till  higher  degrees  of  perfection  since  its  first  invention.  Self  acting 
valves,  opening  and  shutting  by  the  elastic  fbroe  of  the  air,  have 
been  used  instead  of  cocks.  Two  barrels  have  been  employed  in- 
stead of  one,  so  that  an  uninterrupted  and  more  rapid  rarefaction 
of  the  air  is  brought  about,  the  piston  in  one  barrel  being  made 
to  ascend  while  that  of  the  other  descends.    The  most  serious  defeat 


m=£S 


was  that  by  which  a  portJon  of  the  air  was  retuned  between  the 
piston  and  the  bottom  of  the  barrel.  This  intervening  space  is  filled 
with  tur   of  the  ordinary   density   at    each  descent  of  the  piston; 
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when  the  cock  is  turned,  and  l^e  c<3mmunication  re-established  with 
the  feceiver,  this  air  forces  its  way  in  and  diminishes  the  rare&o- 
tion  already  attained.  If  the  air  in  the  receiver  is  so  far  rarefied, 
.  that  one  stroke  pf  the  piston  will  only  raise  such  a  quantity  as 
equals  the  air  contained  in  this  space,  it  is  plain  that  no  further 
exhaustion  can  be  effected  by  continuing  to  pump.  This  limit  to 
rarefaction  will  be  arriyed  at  the  sooner,  in  proportion  as  the 
space  below  the  piston  is  larger;  and  one  chief  point  in  the  im- 
provements has  been  to  diminish  this  space  as  much  as  possible. 
AB  is  &  highly  polished  cylinder  of  glass,  which  serves  as  the  bar- 
rel of  the  pump ;  within  it  the  piston  works  perfectly  air-tight.  The 
piston  consists  of  washers  of  leather  soaked  in  oil,  or  of  cork 
covered  with  a  leather  cap,  and  tied  together  about  the  lower  end 
O  of  the  piston-rod  by  means  of  two  parallel  metal  plates.  The 
piston-rod  Cb,  which  is  toothed,  is  elevated  and  depressed  by  means 
of  a  cog-wheel  turned  by  the  handle  M,  If  a  thin  film  of  oil  be 
poured  upon  the  upper  surface  of  the  piston  the  friction  will  be 
lessened,  and  the  whole  will  be  rendered  more  air-tight.  To  diminish 
to  the  utmost  the  space  between  the  bottom  of  the  barrel  and  the 
piston-rod,  the  form  of  a  truncated  cone  is  given  to  the  latter,  so 
that  its  extremity  may  be  brought  as  nearly  as  possible  into  abso- 
lute contact  with  the  cock  ^;  this  space  is  therefore  rendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  barrel  contributing  still 
further  to  lessen  it.  The  exchange- cock  £!  has  the  double  bore 
already  described,  and  is  turned  by  a  short  lever,  to  which  motion 
is  communicated  by  a  rod  ed.  The  communicatipn  O  If  is  carried 
to  the  two  plates  /  and  IT^  on  one  or  both  of  which  receivers  may 
be  placed  ;  the  two  cocks  N'  and  0  below  these  plates,  serve  to  cut 
off  the  rarefied  air  within  the  receivers  when  it  is  desired  to  leave 
them  for  any  length  of  time.  The  cock  0  is  also  an  exchange-cock, 
80  as  to  admit  the  external  air  into  the  receivers. 

Pumps  thus  constructed  have  advantages  over  such  as  work 
with  valves,  in  that  they  last  longer,  exhaust  better,  and  may  be 
employed  as  condensers  when  suitable  receivers  are  provided,  by 
merely  reversing  the  operations  of  the  exchange  valve  during  the 
motion  of  the  piston. 
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THE  TENACITIES  OP  DIFFERENT  SUBSTANCES,  AND  THE  BE8I8TANCEB 
WHICH  THEY  OPPOSE  TO  DIKECT  COMPKESSION.— See  S  ««9. 


•UBfTAMCBt  BZnilMBIITSD  OH. 


Wronght-iron,  in  wire  finom  l-80th  i 
to  l-80th  of  an  inch  in  diame-  > 

tcr ) 

in  wire,  1-lOth  of  an  inch  •     •     • 

in  ban,  Buwian  (mean)  •     •     • 

English  (mean)   •     •     • 

hammered 

rolled  in  sheets,  and  cat  length- 
wise      

ditto,  cut  crosswise    •     •    • 

in  chains,  oval  links  6  in.  clear, } 

iron  U  in.  diameter  •    •     •     •  f 


} 


ditto.  Bniuton*s,  with  stay  across 

Cast  Iron,  quality  No.  1     • 

2  • 
8*  . 
Steel,  cast 

cast  and  tilted  •    •     • 

blistered  and  hammered 

shear 

raw 

Damascus  .... 
ditto,  once  refined  • 
ditto,  twice  refined  • 
Copper,  cuat 

nammured    •     •     •     . 

sheet  

wire 

Platinum  wire  .... 
Silver,  cast 

wire 

Gold,  cast 

wire 

Brass,  yellow  (fine)  •  •  • 
Oun  metal  (hard)  •  •  • 
Tm,  cast 

wire 

Lead,  cast 

milled  sheet      •     •     • 

wire 


w 

a 


*»    1 

B   B  I 


^^g 


6o  to  91 
36  to  43 

ilk 
3o 

14 

18 

III 


6 
6 
6 


9* 


25 

to 
to 
to 

44 
60 

5o 
3i 
36 

44 
81 
i5 

31 

\l 

J7 

9 
14 

8 
16 

3 

3 
4-5ths 

Ik 

III 


e  a 


Lam6 

Telford 
Lam6 

Bmnel 
Mitia 

Brown 

Barlow 
Hodgkinson 


Mitis 
Bennie 


MiUs 

Bennie 
Kingston 
Gnyton 


Bennie 


Tredgold 
Guyton 


5|5 


•a 

I 


Is. 


38 
5i 


to  41 
to  48 
to  65 


53 

46 


73 
7 

h 


Hodgkinson 


Bennie 


*The  itrongest  quality  m'  cast  Iron,  is  a  Scotch  Iron  known  as  the  Devon  Hot  Blast,  No.  3:  its  teaaci* 
ty  Is  9|  tons  per  tqaare  Inch,  and  Iti  reeUtance  to  comprenton  65  tons.  The  experiments  of  Major 
Wade  on  the  gun  Iron  at  West  Point  Foundry,  and  at  Boston,  five  results  as  high  as  10  10  16  loas,  aatf 
mm  soBoll  cast  bars,  as  high  as  17  ions.— See  Ordnance  Manual,  1850,  p.  40S. 
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TABLE  1— continued. 


SUBtTAHCSt    BZPKBlMBirrBD   OB. 


Stone,  Blute  (Welsh)     •     . 
Marblo  (white)  •     •     • 

Givry 

Portland 

Craigl^th  freestone    • 
Bramley  Fall  sandstone 
Cornish  gnuiite      •     • 
Petvrhcad  ditto      •     • 
Limestone  (compact  bik) 

Parbeck , 

Aberdeen  granite   •     • 
Brick,  pale  red    .     >     •     . 
red     •••■•• 
Hammersmith  (pavior^s) 
ditto      (burnt)  •     • 
Gnaik  ••••••• 

Plaster  of  Paris  •     •     •     • 

Glass,  plate 

Bone  (ox) 

Hemp  fibres  glaed  together 
Strips  of  paper  glued  together 
Wood,  Box,  spec,  gravity 
Ash    . 
Teak* 


Beech 
Oak    . 
Ditto  • 
Fir      . 
Pear    . 
Mahogany     • 
Elm    •     •     • 
Pine,  American 
•  Deal,  white  • 


,86a 
,6 
>9 
»7 

,646 
,637 


5    -S 

«  ■  3 
B  s  a 


5,7 

4 

I 


,i3 


,o3 

A 

2,2 
41 
i3 

% 
I 

5 

4 
5 

4* 

3» 

6 

6 

6 


'    ^1 


Barlow 


.5-   • 


1,4 

1,6 
2,4 

2,8 

3,7 
4 
4 
5 
,56 

,8 
I 

1,4 

,22 


1,7 


I 


M 

Za 

OS 


Eennie 
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TABLE   II. 


TABLE  n. 

OF  THE  DENSITIES  AND  VOLUMES  OF  WATER  AT  DIFFERENT  DEGREES 
OF  HEAT,  (ACCORDING  TO  STAMFFER),  FOR  EVERY  %k  DEGREES  OF 
FAHRENHEirS  SCALE. --Bee  $  276. 

(JakrhK    iu  PolytecknitcJun  InttituUt  in.  fTtin,  Bd.  It^  8.  TV), 


t 

Tempenitare. 

• 

Density. 

Difl*. 

Voluiiie. 

DiO: 

0     \ 
32,00   1 

0,999887 

l,oooii3 

34,25 

0,999950 

63 

i,oooo5o 

63 

36,5o 

0,999988 

38 

1,000012 

38 

38,75 

X, 000000 

12 

1,000000 

12 

41,00 

0,999988 

12 

1,000012 

12 

43,25 
45,5o 

0,999952 
0,999894 

35 
58 

1,000041 
x,oooio6 

35 
S9 

47,75 

0,999813 

81 

1,000187 

81 

5o,oo 
52,a5 

o,9997ii 
0,999587 

102 
124 

1,000289 
1,0004 1 3 

102 
124 

54, 5o 

0,999442 

145 

i,ooo556 

145 

56,75 

o,999i78 

164 

1,000723 

i65 

59,00 
6i,25 

0,990095 
0,998893 

1 83 
202 

1,000906 
1,001108 

i83 
202 

63.5o   • 

0,998673 

220 

1,001329 

/  221 

65,75 

0,998435 

238 

1,001 567 

238 

68,00 

0,998180 

255 

1,001822 

255 

70,25 
72,50 

0,997009 
0,997622 

111 

I,0020o5 

1,002384 

3o3 

74i75 

0,997320 

302 

1 ,002687 
i,oo3oo5 

77,00 

0,997003 
0,996673 

317 

3i8 

79,25 

33o 

i,oo3338 

333 

61, 5o 

0,996329 

344 

1, 003685 

347 

83,75 

0,995071 
0,99560 1 

358 

1,004045 

36o 

•  86,00 

370 

382 

1,004418 

373 

386 

88,25 

0,995210 
0,994825 

1,004804 

90,50 

394 

I,005202 

398 

92,75 

0,994420 

4o5 

i,oo56i2 

410 

95,00 

0,994004 

416 

i,oo6o32 

420 

97,25 

0,993570 
0,993145 

425 

1,006462 

43o 

99.50 

434 

1,006902 

440 

With  this  table  it  is  easy  to  And  the  specific  pavity  by  means  of  water  at  any  tempeiatara. 
Rappose,  for  example,  the  specific  gravity  5'  in  Eqaatinn  (456),  had  been  found  at  the  tempera- 
tare  of  590,  then  would  D,i  in  that  equation  be  0,999095,  and  the  specific  gravity  of  the  body 
referred  to  water  at  its  greatest  density,  would  bo  given  by 

«B  5' X  0,999005. 
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ir  TUG  SPBCUIC  OKATITIES  of  some  OT  the  host  lilPOSTANT  BODIES. 
[Tb*  dnilQ  of  dliiUlcd  viMr  !•  tackoaad  1b  tUi  T^la  it  lu  BHilomm  3^"  F.a.  IJW]. 


I.    SOLID  BODIES. 


BroQio  fur  mnnon,  nccDrdiog  u 


1,  liHinTiKred    ■ 
),  <r7f<!-drawii  - 


Qold,  nialiMt   ■ 


DiUo,  ou^  ■  mwa  ■ 
Ditto,  grn;       .         . 

DiiloVur'^man,  a  in 
LtBiI,  nara  melted  ■ 


Ditto,  mulled  .         .         ■         ■ 
Ditto,  Immmered  and  wlnt-dnwa 

Qiiickiilver,  nt  BS"  t'ahr. 

Silver,  piire  nieltad 

Dillu,  baLniDBrad    ■ 

Steel,  cut       ■        ■        ■        ■ 

Ditto,  wrought 

Ditto,  inuch  Jiardaiied     • 

IKtto,  ilijTlillv 

Tin,  oliomioolly  pnr«        ■ 

Dilto,  BnliDniinn  anil  Shod     ■ 


EniCliil 


Phonoliie 
Porpliyry 
QurU    ■ 

BuidHtone,  ^ 


i:S« : 

B,i58 


■  9.338    —  Iq.lSl 
I9,36i     —  19,6 
1,»o7     -    7,788 


7,8[8 
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TABLE  m— Continued 


I.    SOLID  BODIES. 

(3)  Woon. 

Ald«r      

Aah 

Birch 

R>i 

Elio 

Fir 

Miip1« 

Oak 

DiTIo,  anolher  apMimin  .  .  .  . 
Pino,  Pi«ui  Abif  Piem  ,  .  ■  ■ 
DiMo,  PiKut  Syltatrii    .         .         .         ■ 

PoplBr  (llHliaD} 

Wnioir 

Ditto,  white 

(1)  Viuom  Solid  Bodio 

Charconl,  ofcork 

Ditio,  noft  wood 

Ditto,  oatc 

Coni 

Coke 

Euth,  common 

roiizh  cnrth,  with  gravsl    - 

gravelly  loil 

clay 

elny  or  loam,  «ith  gravel  - 

Flint,  dark 

Ditto,  whit 

Gunpowder,  looRely  fllled  in 

course  powder 

Bitto,  oliirhlly  nhiiken  down 

mufket-powder         .        ■        .        . 
Ditto,  solid 

JC8 

Liuie,  unslacked 

Resin.  oommDn 

Jtock-cnit         - 

Saltpetre,  mellod 

Dittii,  crynlalllMd 

Slote-peuoil 

Tallow 

Tnrpenlin« 

Wax,  wlilte 

Ditto,  yellow 


o,-763i 
0,1. 5S 
o,9S5g 


o,627< 
0,590, 

0,^90 

0.3931 
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TABLE  m—OarUinued. 


Name  of  the  Body. 


Specific  GraTity. 


II.  LIQUIDS.  ^ 

Acid,  acetic 

Ditto,  mnriatic 

Ditto,  nitric,  concentrated 

Ditto,  sulphuric,  Eiijrli»h 

Ditto,  concentrated  (Nordh.) 

Alcohol,  free  from  water 

Ditto,  common 

Ammoniac,  liquid • 

Ac^uttforiirt.  doable 

Ditto,  siugle 

Beer 

Ether,  acetic • 

Ditto,  muriatic 

Ditto,  nitric 

Ditlo^  Aulphorio x 

Oil,  hn»ced ,       • 

Ditto,  olive 

Ditto,  tnrpentiae 

Ditto,  whale 

Qaicksilver 

Water,  dialiUed 

Ditto,  rain 

Ditto,  sea 

Wine 

III.  GASES. 

Atmospheric  air  ==  y^  .•= 

Carbonic  acid  gas 

Carbonic  oxide  gas 

Carbureted  hydrogen,  a  maximum 

Ditto,  from  Coals < 

Chlorine 

Hydriodic  gas 

Hydrogen        •      _ 

Hydroi^ulphnrio  acid  gas  • 

Muriatic  acid  gas 

Nitrogen 

Oxygen  •        •        •,     / 

Photiphureted  hydrogen  gas 

Steam  at  212°  Fuhr. 

Salphuroutt  acid  gas 


i,o63 


1,211 

1,521      - 

-     1,533 

1,845 

i,86o 

0,792 
0,824    - 

-    0,79 

0,875 

i,3oo 

1,200 

1. 023    - 

-    i,o34 

0,866 

0,845    - 

-    0,874 

0,886 

0,7 1 5 

0,928    - 

-    0,953 

0,915 

0,79a    - 

-    0,891 

0.023 

13,568    - 

-13,598 

1,000 

i,ooi3 

1,0265  - 

-    1,028 

0,992    - 

-    i,o38 

Bnrometer 

WaU>r=  1. 

30  In. 

Temp.  38|0  P. 

Teni.=390 

0,00  l3o 

1,0000 

0,00198 

1,5240 

0,00126 

0,9569 

0,00127 

OQ784 

o,ooo3o 
0,00086 

o,3ooo 

0,5596 

o,oo32i 

2,4700 

0,00-577    * 
0,0000895 

4,443o 
0,0688 

•  0,001 55 

1,1913 

0.00162 

1,2474 
0,9760 

1,1036 

0,00127 
0,00143 

o,ooii3 

0,8700 

0,00082 

0,6235 

0,00292 

3,2470 
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TABLE  rV. 

TABLE  FOB  FINDING  ALTlTGDm-See  (  as4. 


'.+•■ 

A 

'i  +  i- 

A 

'.  +  '' 

A 

',  +  •■ 

A 

~io~ 

4.lfiSy^1 

15 

4,7859308 

„, 

■  4  SOJ3936 

145 

4,8180714 

,169^911 

76 
77 

.1»&87i3 

III 

8037535 
ao3jio9 

146 
U7 

-,mssi4o 

43 

,170^1 1 

78 

,7873487 

8034687 

14^ 

44 

,no8(tS. 
;iTi378S 

^ 

:K 

m3 

(to4i>6i 

:g 

!8iai79t 

46 

,7718711 

,1887719 

116 

aoS4??3 

i5i 

,8307196 

4T 

,17.3633 

83 

18934S[ 

'17 

>5i 

,8311^ 

41 

83 

7891'*. 

11^ 

80S9509 

,83i39»« 

49 

iiiMsi 

84 

;i90'9^ 

"9 

BoWnSS 

.54 

i6 

85 

,7906631   . 

8o6Wio4 

i55 

5i 

',^^iml 

86 

,79ti335 

8073144 

tSfi 

,Sj39i41 

5i 

■,ViS,i3, 

87 

8077680 

1ST 

,S3335.7 
,8j373sS 

U 

,71""" 

BS 

17930743 

y,iu 

i58 

U 

,77Sl9l3 
,7763agj 

9Q 

,7y2J4ii 

,79loiJ5 

i'i 

5091  lis 

l5g 

,«J43il6 
,eM66l8 

id 

St 

.1767671 
,777jSw 

9' 
9' 

,Tji4S'i3 
,7939504 

1)6 
137 

•^^ 

',t\ 

»j; 

Sf 

,7711^00 

93 

,19HiB3 

8104795 

16) 

,8559680 

i. 

,7702356 

94 

,7i)ihMl, 

139 

:;« 

164 

,Sl'.4oi4 

6o- 

,778710s 

95 

,7953531 

16S 

,83bS365 

6i 

;iE! , 

96 

,19iMlM4 

i3i 

Ji 18390 

166 

,8773701 

6a 

63 

^ 

,7963841 
,796749] 

l33 

i33 

il"'!? 

a 

.S377034 

64 

,l8o64io 

99 

,1973141 

X.14 

Si  3/741 

.69 

,(i3t1.';6«3 

6i 

.7811 J7J 

,7976784 

Hi 

81 36]  16 

66 

.16.6090 

,798UJI 

8140688 

,839^319 

a 

69 

,7810903 

,7986054 

'^1 

8i45i53 

173 

.^ig'-dig 

:» 

io3 

;?^^J 

,3& 
.39 

;;« 

.73 
'74 

,P303937 
,8307333 

,l8333a6 

loi 

;^?33 

ei5M53j 

175 

,8311536 

:sa 

106 

8161970 

176 

.H3i3t(3o 

7a 

;s 

8167413 

'11 

,83301.9 

11 
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m3 
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4 
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COEFFICIENT  VALUES,  FOR  THE  DISCUABOE  OF  FLUIDS  TBKOUOH  THIN 
PLATES,  TUE  OBIFICES  BEING  KEUUTE  FKOM  THE  LATERAL  FACffi 
OF  THE  VE!JSEL.-8*«  f  800. 


VilUBoflk 

=  »Scl..I.  f«  «;««.  •>»«  uull. 

dim.. 

loiuu 

tioui  or  fluid 

kblJOC  ItH 

UBlnoriba 

0(iB»,l>fiHL             J 

/I- 

A 

/> 

« 

,« 

b,i6 

5.«e 

>.<»j 

i^ 

a.aS 

0,700 

oin 

0.6l5 

o.6»7           0 
0,63]           0 

660 

a 

0,10 

Sql 

o,6so 

0^640           0 

0,677 

036 

Sj 

o,6iS 

0,6311            0 

6SS 

o.6t) 

o3J 

5,3           0 

60» 

o,6Jo 
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0,66 
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6,3 

o.fl3i 
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Mi 

0,655 

t,0O                      0 

601             0 
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0.63J            0 

6^ 

o>.5o 

1,64         0 
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o-OjS 
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o.6u 
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61s 

o.ej6 
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^3 
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0.61IJ 
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6o>            D 
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6iS 

0,600 

o;6i<.     0 
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o;6» 
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TABLE  VI. 

EXPEB^iEl^TS  ON  FBICTION,  WITHOUT  UNGUENTS.    BY  M.  MO±N. 

The  rarfkces  of  friction  were  varied  from  o,o3336  to  2,7987  square  feet,  the  pressaref  from 
88  lbs.  to  22o5  lbs.,  and  the  velocitiee  from  a  saircely  perceptible  motion  to  9,84  feet  p«r 
second.  The  sarfaccs  of  wood  were  planed,  and  those  of  metal  filed  and  polished  with  Uie 
greatest  care,  and  carefully  wiped  after  every  experiment.  The  presence  of  nngaents  wn 
•apedally  goarded  against^— See  §  855.  I 


BUIIFACES  OF  CONTACT. 


Oak  upon  oak,  the  direction  of  the  fibres  ) 
being  puraliel  to  the  motion      *     *     •  ) 

Oak  upon  oak^  the  directions  of  the  fibres ' 
of  the  moving  surface  being  perpen- 
dicular to  those  of  the  quiescent  sur- 
&oe  and  to  the  direction  of  the  motion^ 

Oak  upon  oak,  the  fibres  of  the  both  sur-  1 
faces  beihg  perpendicular  to  the  dirco-  v 
tion  of  the  motion j 

Oak  upon  oak,  the  fibres  of  the  moving  ^ 
surface  being  perpendicular  U)  the  sur- 
face of  contact,  and  those  of  the  surface  l 
at  rest  panillel  to  the  direction  of  the  ( 
motion J 

Oak  upon  oak,  the  fibres  of  both  surfaces  1 
being  perpendicular  to  the  surface  of  v 
contact,  or  the  pieces  end  to  end  •     •  ) 

Elm  upon  oak,  the  direction  of  the  fibres  ) 
being  parallel  to  the  motion      *     *     *  ) 

Oak  upon  elm,  ditto$ 

Elm  upon  oak,  the  fibres  of  the  moving ' 
surface  ^t  he  elm)  being  perpendicular  to 
those  or  the  quiescent  surnioe  (the  oak) 
and  to  the  direction  of  the  motion*     •  ^ 

Ash  upon  oak,  the  fibres  of  both  surfaces' 
being  parallel  to  the  direction  of  Uie  > 
motion J 

Fir  upon  oak,  the  fibres  of  both  surfaces  | 
being  parallel  to  the  direction  of  the  > 
motion J 

Beach  upon  oak,  ditto 

Wild  pear-tree  upon  oak,  ditto'   •     •     • 

Service-tree  upon  oak,  ditto    .... 

Wrought  iron  upon  oak,  ditto|  *       .     * 


Faicnoii  or 
Motion.* 


6  O 

1^ 


0,478 
0,324 

0,336 
0,19a 


0,432 
0,246 

o,45o 


0,400 


0,355 

o,36o 
0,370 
o,4po 
0,619 


ft 


25»  33' 


10     52 


23  2: 

i3  5s 

24  16 

21  49 

19  33 

19  48 

20  19 

21  49 
3i  47 


Paicnoii  or 
QuutcBacB.t 


•3 

II 


0,625 


17    58        0,540 


18    35 


0,271 


0,43 

0,694 
0,376 

0,570 


0,570 


0,520 

0,53 

0.440 
0,570 
0,619 


3a»    1' 


28    23 


i5    10 


a3  17 

34  46 

20  37 

29  41 

i9  41 


27    29 
56 


r7    DO 
ti    45 


2 

29    41 

3r  47 


*  The  friction  in  this  case  varies  bat  very  slightly  fiom  the  menn. 

t  The  friction  in  this  ease  varies  considerably  from  the  mean.  In  all  the  experiments  the  smrflicts 
had  been  15  minntes  in  contact 

t  The  dimensions  of  the  surfaces  of  contact  were  In  this  experiment  ,947  sqnsre  fipet,  and  the  reenlts 
were  neariy  uniform.  When  the  dimensions  were  diminished  to  ,043.  a  tearing  of  the  fibre  became  appn- 
lent  la  the  chm  of  motion,  and  there  were  symptoam  of  the  coinbastion  of  the  wood ;  from  these  clf- 
comstnnces  there  resulted  an  Irregulnrity  in  the  friction  indicative  of  excessive  pressure. 

^  It  Is  worthy  of  remark  that  the  friction  of  oak  upon  elm  Is  but  five-ninths  of  thatof  ehn  open  oat. 

I)  In  the  experiments  la  which  one  of  the  sarfaces  was  of  metal,  small  particles  of  the  metal  begau, 
alter  a  time,  to  be  apparent  upon  the  wood,  living  It  a  polished  metallic  appearance ;  these  were  atevery 
experimen-  wiped  off;  they  Indicated  a  wearing  of  the  metal.    The  friction  of  motion  and  thatofqahw 
eence,  ia  these  experiments,  coincided.    The  resniu  were  remarkably  anilciai. 

32 


498 


TABLX  VI. 


TABLE  Yl-conUnued. 


SURFACES  OF  CONTACT. 


Ffticnoii  or 

MOTIOII. 


Wrought  iron  npon  oak,  the  snrfiioeB ) 
beinff  greased  and  well  wetted*     •     •  f 

Wrought  iron  upon  elm 

Wrought  iron  upon  oast  iron,  the  fibres 
of  the  iron  being  parallel  to  the  motion 

Wrought  iron  upon  wrought  iron,  the 
fibres  of  both  surfaces  l^ing  parallel  r 
to  the  motion ) 

Cast  iron  upon  oak,  ditto 

Ditto,  the  surfiioes  being  greased  and  ) 
wetted I 

Cast  iron  upon  elm 

Ca^t  iron  upon  oaot  iron 

Ditto,  water  being  interposed  between  ) 
the  surfaces ) 

Cast  iron  upon  brass 

Oak  upon  oust  iron,  the  fibres  of  the  wood  j 
being  perj^endioular  to  the  direction  > 
of  the  motion ) 

Hornbeam  upon  cast  iron — fibres  paral-  i 
lei  to  motion ) 

Wild  peur-tree  upon  cast  iron — fibres  I 
parallel  to  the  motion ) 

Steel  upon  cast  iron 

Steel  upon  brass 

Yellow  copper  upon  cast  iron  •     •     •     • 
Ditto  oak     •     •     •     . 

Bra9s  upon  cast  iron 

Bnuis  upon  wrought  iron,  the  fibres  of ) 
the  iron  being  parallel  to  the  motion  •  f 

Wrought  iron  upon  brass 

Brass  upon  brass 

Black  leather  (curried)  upon  oak*    •     • 

Ox  hide  (such  as  that  used  for  soles  and  | 
for  the  stuffing  of  pistons)  upon  oak,  v 

rough ) 

Ditto       ditto       ditto    smooth     • 

Leather  as  above,  polished  and  hardened 
by  hammering 

Hempen  girth,  or  pullej-band.  Csangle ' 
de  chanvre,)  upon  oak,  the  nbres  of 
the  wood  and  tne  direction  of  the  cord  { 
being  parallel  to  the  motion     •     •     •  J 

Hempen  matting,  woven  with  small  I 
cords,  ditto. f 

Old  cordage,  1^  inch  in  diameter,  dittof 


II 

<3'S 


0,256 

0,353 

0,194 

o,i38 

0,490 

•      • 

o,io5 

0,133 

o,3i4 
0,147 

0,37a 

0,394 

0,436 

o,ao2 
0,1 53 
0,189 
0,617 
0.317 

0,161 

0,17a 

0,301 

0,365 

0,53 

0,335 
0,396 

0,53 

o,33 
0,5a 


-^1 


14®  aa' 

14  9 

10  59 

7  5a 

a6  7 

•  ■ 

11  3 

8  39 

17  26 
8  aa 

ao  a5 

31  3i 

33  '34 

II  36 

8  39 
10  49 
3i  41 
la.  i5 

.  9  9 

9  46 

II  32 

14  5i 

37  39 

18  3i 

16  3o 

27  29 

17  45 
37  39 


FaicTum  or 
UmmsGsacB. 


II 


i 


0,649 

•  • 

0,194 
o,i37 

0,646 
o,i6a 


0,617 


Of74 
o,6o5 

0,43 

•  • 

0,64 

o,5o 
Oi79 


330    o* 

•        • 

10    59 
7    49 

3a    5i 

9    i3 


3i    41 


36  3i 

3i  II 

a3  17 

■  • 

3a  38 

a6  34 

38  19 


*  The  frfctlon  of  motion  was  very  nearly  the  same  wlietber  the  surface  of  contact  was  the  ImMs 
«ir  the  ontslde  of  the  ikin.— The  eensUmcf  of  the  eoeiBcieol  of  the  frietkMi  of  motion  was  eqnaUy  a^ 
parent  in  the  rough  and  the  smooth  skins. 

t  All  the  above  experiments,  except  that  with  curried  black  leather,  pieaenled  the  pheBomeooo  of 
a  change  In  the  polish  of  the  sorfkces  of  firlctkm— «  state  of  their  sorftres  aecessary  to^  and  dspeadsat 
iipoii,  their  motion  upon  oae  aaollMr. 
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TABLE  Yl—coTUinAied. 


-t 


SURFACES  OF  CONTACT. 


GBloweons  oolitio  stone,  UMd  in  building, 
of  a  moderately  hard  qoalltv,  call^ 
■tone  of   Jaumont— upon   the  same 

atone     • 

Hard  caleareoaa  stone  of  Bronok,  of  a* 
light  gray  color,  sosoeptible  of  taking 
a  fine  polish,  (the  munchelkalk,)  mov- 
ing npon  the  same  stone*     *     *     *     *  y 
The  son  stone  mentioned  above,  npon  ^ 

the  hard •     •     •  ) 

The  hard  stone  mentioned  above  npon 
the  soft      '•••.•..••. 
Common  brick  npon  the  stone  of  Janraont 
Oak  npon  ditto,  the  fibres  of  the  wood  ) 
being  perpendicolar  to  thesuifsceof  > 

the  stone ) 

WroQght  iron  npon  ditto,  ditto  •  •  • 
Common  brick  npon  the  stone  of  Brouok 
Oak  aa  before  (endwise)  npon  ditto  •  • 
Iron,  ditto  ditto      •    • 


FaicnoH  or 
MoTioa. 


Il 

II 

"8 


^« 


0,64 

0,38 

0,65 

0,67 
0,65 

0,38 

0,69 
0,60 
0.38 
0,14 


3ao  38/ 


ao  49 

33  9 

33  5o 

33  2 

90  49 

34  3-? 
3o  58 
20  49 
i3  3o 


Paicnoa  or 
Quisacaacx. 


O'S 


Oi74 


0,70 

0,75 

0,75 
0,65 

0,63 

0,49 
0,67 

0,64 
0,49 


JS'S 


36*  3i' 

35  o 

36  53 

36  53 

33  9 

39  i3 

96  7 

33  5o 

39  38 

99  47 


BOO 
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TABLE  YIL 


EXPERIMENTS  ON  THE  FBICTION  OF  UNCTUOUS  SUBPACES. 

BT  M.  MOBIN.— See  S  865. 

In  these  experiments  the  sorfaoes,  after  having  been  smeared  wHh  an  trngoent, 
viped,  so  that  uo  interposing  layer  of  the  ongaent  prevented  their  intimate  contact. 


< 


SURFACES  OF  CONTACT. 


Oak  upon  oak,  the  fibres  being  parallel  to 
the  motion 

Ditto,  the  fibres  of  the  moving  body  be- 
ing perpendicular  to  the  motion* 

Oak  npon  eliii,  fibres  jiarallel* 

£lm  upon  oak,  ditto 

Beech  upon  oak,  ditto  • 

Elm  upon  elm,  ditto 

Wrought  iron  upon  elm,  ditto 

Ditto  upon  wrought  iron,  ditto 

Ditto  upon  cast  iron,  ditto     • 

Cast  iron  upon  wrought  iron,  ditto 

Wrought  iron  upon  brass,  ditto    • 

Brass  upon  wrought  iron 

Cast  iron  npon  oak,  ditto 

Ditto  upon  elm,  ditto,  the  unguent  being  ) 
tallow f 

Ditto,  ditto,  the  unguent  being  hog*s  [ 
lara  and  black  lead     • 

Elm  upon  cast  iron,  fibres  parallel  • 

Cfutt  iron  upon  cost  iron 

Ditto  upon  brass  .... 

Brass  upon  oust  iron    • 

Ditto  upon  brabs  .        •        •        . 

Copper  upon  oak  .... 

Yellow  copper  upon  cast  iron 

Leather  (ox  hide)  well  tanned  upon  oast 
iron,  wetted      .... 

Ditto  upon  brass,  wetted 


FaicnoK  or 
MonoR. 


%t  W 


o,io8 

0,143 
0,1 36 

o,33o 
0,1 40 
0,1 38 

0,177 


0,143 
0,160 
0,166 
0,107 

0,125 

0,1 37 

0,1 35 

0,144 
0,1 32 
0,107 

0,1 34 
0,100 
0,1 15 

0,329 
0,244 


V.8 

3 


'O 
S  9 

Js  «= 


6«  10' 

8      9 
45 


I 


48 

18    16 

7    59 

7     52 

10      3 


8 
9 

t 


I 
I 

I 


t 

26 
7 
8 


49 

42 
12 

32 

43 
6    34 

12    54 

i3    43 


Paicnon  or 

QOIBSCBIICB. 


0,390 
o,3i4 

0,420 


0,118 


0,100 


0,098 


0,164 


0,267 


ill 


2|0    19' 
17     26 

22     47 


6    44 


5    43 


5    36 

9    »9 

14    57 
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TABLE  VnL 

BXPERIMKNTB  ON  FBICTION  WITH  TJNODKMTS INTEBPOSED.   BY  H.  MOKIM. 
The  eitact  of  the  nlrfkcea  in  tbtat  expeiimenti  boie  iDch  ■  tetalion  to  the  pnaoie,  n 
to  SDM  thtm  to  be  uiantcd  ftom  one  another  tbroughoat  b;  Bu  interpoeed  ■tcatnin  of 
the  DDgnant— Bee  f  K6. 


FeiaHoii 

F*.™« 

8DHFACES  OF  CONTACT. 

MmluH. 

a™"««. 

UNGUENTa 

- 

- 

1*1 

hi 

i  i 

g  £ 

U.k  upon  oufc.flbres  peiJlEl     • 

oJiW 

P"-t 

Ditto       ditto 

o,o6t 

Hog'i!  lard. 
TriTow. 
Hog's  Urd. 
Wot*r. 

Ditto'      dilt"      .        ■        ■ 
Ditto        ditto 

o,»si 

Ditto  aiwn  elm,  fibrea  punllel 
Ditto    ^mo       •        •        ■ 
Ditto        ditto 

::| 

0,178 

^o^P- 
Hob',  bird. 

Ditto  npon  caft  iron,  ditto     ■ 

TbIIow. 

Ditto  upon  wioarht  irdo,  ditto 
BcMh  Dp6D  oak,  ditto       ■ 
Hiiiupoaoiilt.ilino. 

::l 

Tallow. 
Tellow. 

o.ilT 

0,411 

Jxr'^ 

:? 

Ditto        ditto 

HoffV  l»rd. 

Ditto  npon  elm,  ditto     ■ 
Ditto  upon  rut  iron,  ditto     ■ 

oio66 

o,ji7 

jUreancd-end 
1  wator. 

■Wronght  iron  npon  oek,  ditto    ■ 

o,=i6 

0,649 

Ditto       ditto       ditto  • 

0,3I4 

&•"'■ 

Ditto       ditto       ditto  ■ 

D,o85 

^:o8 

Ditto  npon  elm,      ditto  • 

0,078 

Tellow. 

ratio       ditto       ditio  ■ 

0,076 

Hoe'»  lard. 

Ditto       ditto       ditto  . 

olois 

Olive  oil. 

Ditto  npon  <ait  iron,  ditto     - 

0..03 

Tidlow. 

ratio       ditto       ditto- 

tx 

Hos'e  lard. 

ratto       ditto       ditto. 

o,ioa 

oh™  oil. 

Ditto  npon  vronglit  Iron,  diuo 

0^08. 

Tallow. 

Ditto       ditto       ditto  ■ 

D,OSl 

Hog'a  lard. 

Ditto       ditto       ditto  • 

0,070 

o.iiS 

Olive  oil. 

Wroueht  iron  upon  bj»s,  fibroi  1 
FiMo'''  ■  ditto       ditto '.        '. 

0,1  o3 
0,07s 

Tidlow. 
Hos-'e  Urd. 

Dillo        ditto        ditto  ■ 

0.078 

Olive  oil. 

Cut  Iron  upon  oefc,  ditto  ■ 

0..J; 

/dr^^,and 
J  Mtnratea  with 

Ditto       ditto       ditto  - 

e,.>8 

0,446 

Ditto        ditto        ditto  ■ 

0,07s 

0,IOQ 

TbIIo*.' 

Ditto       ditto       ditto  ■ 

0,075 

Hog'.  I»d. 

Ditto        ditto        ditto  • 

o;o^s 

0,100 

Olive  oil. 

Ditto  upon  elm,     ditto  ■ 
rat'4       ditto       ditto  • 

t-'J.] 

Tallow. 
Olive  oil. 

ratio       ditto       ditto- 

0,Ofll 

1  BogV  lerd  uid 

Ditto,  ditto  npon  wrought  Iron 

0,100 

Ceiliroa  upon  oo»l  iron     ■ 

0,3.4 

Ditto        ditto 

°,|9^ 

Soap. 

TABLE    Tin. 
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r>,™. 

Fkictwi. 

(UTBFAGBa  OF  CONTACT. 

""'" 

ao.."ii™. 

i-A 

I^i 

s  ^ 

ts 

CMt  Iran  upon  out  iron    . 

Oloo 

0,100 

Tallow. 

Ditto       ditto 

Ditto       ditto        .        .        . 

:;Z 

0,100 

Uoga'  lard. 
Olive  oil. 

Ditto       ditto 
Ditto  npoo  brw   . 

o,o5S 
o,id3 

I  Lard  and 

Ditto       ditto        .        .        . 

0,07s 

Hogi'Urd. 

Ditto       ditto 

3 

Olive  olL 

Coppor  apoo  oftk,  Hbrei  pinllsl 
Yellow  ooppar  upon  cmt  Iron    - 

TVIIow. 

0',^ 

yo3 

Tallow. 
Uoga'  lard. 

Ditto       ditto 

0,066 

UlivB  oil. 

Brass  npOD  cast  iron- 

0,086 

0,106 

T-IIow. 

Ditto      ditto       .       .       : 

:;^i 

Uliva  oil. 

Ditto  upon  wroDglit  iron 

Tallow. 

Ditto       ditto 

0,08, 

i  Lard  and 

Ditto       ditto 

Ditto  Duon  hran     • 

oioSS 

Olive  oil. 

Steel  upoD  out  iron  ■ 

o,io5 

0,(08 

Tallow. 

Ditto        ditto 

0,081 

Hogs'  lard. 

Ditto        ditto        . 
Ditto  npon  vroaght  iroa 

o!^ 

Olive  oil. 
Tullow, 

Ditto       ditto 

iX 

Hog.'  lard. 

Dillo  npon  briM    . 

tXw. 

Ditto       ditto 

o,o53 

Olive  oil. 

Ditto       ditto 

0,067 

J  Lord  and 

Tnnned  o»  hida  apoo  cut  iron 

0,365 

aalaruloi  with 

Dllo       ditto       .        .        - 

0,139 

Tallow.' 

Dtio       ditto       - 

ojii! 

live  oil. 

n  tto  DDOn  bni»    . 

Tallow. 

D  ito        ditto 

0J191 

Ulii-eolL 

D  tto  anon  oalc,     ._ 

«,»9 

o,70 

Water. 

ingupononfc,  thaflbroaof  tKe 
hemp  being  niaeed  in  a  direc-  1 

o,33j 

0,869 

1  Greased,  and 
J  luturaled  with 

tion  of  the  rootioti,  and  thoifl 

of  the  oak  parallel  to  it .         -J 
The  MioB  as  above,  moving  opon  [ 

o,i9i 

Tallow. 

Ditto 

o,.S3 

Olive  oU. 

Qpoii  tbo  same,  with  a  layer  of 

moriar,Df»ar.d,aHdlimQir,ter- 

0,74 

ported,  nrter  from  10  to  13  tnin- 

TABLE   IX. 

FBlCnON  OF  TBUNNIONS  IN  THEIB  BOZIS.-'Sm  |  »I. 


KINDS  OF  MATEEIALS, 


Dngneiit*  of  oU»e  oil,  hog*'  Imrd,  j 
mud  lailow  .  .  ■  ■  ^ 
>e  unra  nngiuDti  moliliDsd  « 


Dnguenta  of  oliva  oil,  bog*'  lird,  J 

jDCtOOIlB- 

UbdaoDt  md  moiitened  with  wo- 


Hi 


CiirCDouiwUh  oil  and  hogs'  Urtl 

Otioinoiis  "i-iih  s  iiiiitura  of  boge' 

lard  and  pluiubago 

eDU  of  olive  oii,  Ullaw,  lod  I 


TrnnnionB  of  brus  and 

TrnnnionH  at  bran  UDd 

boxes  of  cut  iroD. 
Trunnions  DrliimuniViIffi 


onlB  of  oii  or  bofn^  lard 
Unetiions- 
Ungoenl  of  oi!- 
Unguaul  of  bogs*  lard 

DngneQla  of  Ullow  or  ot  olive  oil. 
Onpionts  d(  h(^'  lard      ■ 

[■  Dngnanl  of  hop'  lard 


TABLE     X 

OF  WEIOHIS  KECESSABYTO  BEND  DIFFXBENT  S0FE8  ASOnNO  A.  WHEU 
OKE  FOOT  IN  I)IAU£T£E.-8m  |  tSt. 

Vo.  1.  Wmn  BoFis — xnr  mo  dbt. 
iSfjf ■«>  prvportionai  U>  tlu  ijiiar*  nf  On  iiamOtr. 


DloiKM  or  np* 

Nmoral  uiatni, 

Sllffnnt  rnr  Iwd  of 

0,39 

0,4054 

o^79»TT 

•     o,o3io5oi 

0,1118019 

o,iiiioi9 

No.  S.    Warn  Bopm — xiw  k. 
Si^fkat  pnporluMol  to  tqt 


DUnwier  nf  np* 

iBllclHH. 

N-ianl  .UlTrw., 

l]b,«Tl.l0.of/. 

0,39 

3,.i 

o,to48 
3,)  194 

o'^rl^i 

o;n7*"9 
o,Si 13019 

9<|1>1>K.«(-Ih.n.lln 

U..  of  rf2. 

n.uo.rf 

..™ 

1,00 

ilio 

1,60 

IS 

1,90 

1,00 

l,oo 

4," 

N«tiiBil  ailffnuii. 
or  TdM  or  K. 

'.",'™airK 

0,39 

0,4oM3 
i,i3Boi 

0,0618794 
0,1806*73 

No.  4.  Wain  Bofb— bau  wohm  j 


Nitnnl  Silffnau. 

lllCMvloeofi- 

0.39 

o,8o4B 
l9,w37 

0         „  rnou  of  Ibc 

tol^.nf  lhr>"Iln. 

™.,Ji- 

Po««  « 

rf. 

"'  dl- 

.00 

I.IO 

i,3o 

■  ,44l 

..6S7 

1,60 

I'Bo 

Uli 

'!^ 

alSii 

APPENDIX.  506 

TABLE    X—conHmied. 

Ko.  5.  Tarbzd  Bopxs. 

SUfnett  proportional  to  ih*  number  of  yamt. 

rrhtM  lopM  an  nmally  nuid«  of  thrM  ttnuids  twisted  around  •ach  oth«r,  oaeh  itrand  btlaf  eom* 
of  &  oottaia  numbor  of  yams,  also  twisUd  about  aach  other  in  the  same  manner.] 


No.  of  yarns. 

Weight  of  1  foot  in 
length  of  rope. 

Matoni!  siiflnese,  or 
Talna  of  JT. 

Stlffheu  for  load  of 
1  lb.,  or  value  of  /. 

6 
i5 
3o 

Ib9. 
0,0211 

o,o4o7 
i,oi37 

lh$. 
0,1 534 

0,7664 
2,5297 

0,0085198 
0,0198796 

0,0411799 

APPENDIX. 

No.  I. 

Take  the  usual  fijnnulafl  for  the  transformation  of  co-ordinates  from 
one   system  to   another,   both  being  rectangular,  viz: 

y  =  a'x'+b'y'  +  c'z\     I (1) 

in  which  a,  6,  <l:c.,  denote  the  cosines  of  the  angles  which  the  axes  of 
the  same  name  as  the  co-ordinates  into  which  they  are  respectively 
multiplied   make  -with   the   axis  of  the  variable   in  the  first  member. 

And   hence,  ^ 

x'  =:  ax  +  a' y  +  a" z, 

y'  =:bx  +  b'y  +  b''z, (2) 

5'  =.  ex  +  c' y  +  (/' z ; 

Multiply  the  first  of  (2)  by  b,  the  second  by  a,  and  take  the  dif- 
ference of  the  products ;  we  get 

bx' ^ay' z=y{a'b'-'ab')  +  z{a''b-ab");    .'  •    .(3) 

again,  multiply  the  first  by  c,  the  third  by  a,  and  take  the  difierence 
of  products;   we  have 

ex'  —  az'  =  y{a'c—ac')  +  z{a''c  —  ac'')        •     •     (4) 
Find  the   value   of  y  in  (4),  substitute   in  (3),  and  reduce,  we  find 
ilz  =  (^c'  -  y  c)x'  +  {fi'c^ad)^  -^{fl,V  -^  a'  b)  z\ 
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in  which 

dividing  by  J.,  and  subtracting  the  result  fixmi  the  third  of  Eqs.  (1) 
we  have 

a" rj—y+  Kb" 5— )y'+  K?" x->-o. 

and  since  x\  y'  and  2^  are  wholly  arbitrary,  we.  have 

o" -^ =0;^" -^ =0;c" -^ =  0;  .(5) 

transposing,   clearing  the  fraction,   squaring,   adding,   collecting  the  co- 
efficients of  c/^,  V\  a'^,  and  reducing  by  the   relations 

ii 

a2  +  ^a  +  c*  =  1 ;  a'2  +  i'a  +c'3  =  1 ; 

a2  +  ^=  1  -c*;  c2+  ^=  1— a2;a?  +  ca=l-V,. 

there  will  result 

il2  =  1  -  {aa'  -f  ^6'  +  cc/)*. 
But 

aa'  +  bb'  +  cd  —  (i, 

whence   ii  =  1,  and,  Eqs.  (5), 

No.  U. 

To   find   the   radius  of  curvature  of  any   curve,  and   its  inclination 
to  the  co-ordinate  axes. 

Take  the  centre  of  curvature  as  the  •centre  of  a  sphere  of  which 
the  radius  is  unity.  Through  the  same 
point  draw  the  line  OX,  parallel  to  the 
axis  X,  and  another  O  T,  parallel  to  the 
tangent  to  the  arc  M  iV,  of  osculation. 
The  planes  of  these  lines  and  of  the  ra* 
dius  of  curvature  will  cut  from  the  sphere 
the  spherical  triangle  A  B  C,  of  which  the  ^^ 
side  B  C  is  90^,  A  C  the  angle  which  the  radius  of  curvature  makes 
with  the  axis  x,  and  A  B  the  angle  which  the  tangent  to  the  curve 
makes   vnth  the   same   axis.      Make 

p  =  *0  iJ  =  radius  of  curvature, 
4'=:  AC;  c  =  AJ?;  C  =r  A  C B. 


Then  will 
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dx       ,    .,         -. 
C06  c  =  -7-  =  Bin  4  .  C06  C  ; 

a  $ 


difieientiatiiig,  and  regaiding  C  as  conitant, 

dx 
d-z~z=coB6',dd',  COB  C,* 
d  s 

« 

but  d&'.  con  C   is   the  projection  of  the    arc   d6'   on   the   oecolatorj 
plane,   whence 

d6\  cos  C  zz  —  -N 

P 

Suhfitituting  this  above,  we  find 

,  dx 

At  d  $ 

d  s 

and  denoting    by   B"  and    4'",  the    angles  which  the    radius   makes 
with  the  axes  y  and  z,   respectively,  we  may  write 

.dx  .dy  ,dz 

d —  d  — ^  d  — 

Af    ■  di  ...  di  .,,,  di  .  . 

COSd'=p* T-  »         C08d"  =  p« ^-:         C0S^'"r=p. =- •    •      .(1) 

^       ds  ^       ds  ds 

Squaring,  adding  and  reducing  by  the  relation, 

coB»  6'  +  coa^  6''  +  C082  d'"  =  1, 
we  have 

'  V  (4/ -  (40' +  (4?" 

performing  the  operations  indicated  under  the   radical  sign,  and  red1^ 

cing  by  the  relations 

ds^z=dx^  +  dy^  +  dz\ 

cPsdszi^d^xdx  +  d^ydy  +  d^zdz, 
we  find 

If  «  be  taken  as  the  independent  variable,  then  will  d^  s  =  0,  and 
Eqs.   (1)  and   (2)  become 

M/  d^^  M„  rf^y  At,,  d^^  j^y 

C084    =p._;  co8«"=p.^;  coB«"'=p.j^;  .    .    (3) 
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No.  1 1 1 . 
To  integrate  the  partial  differential  equatioo 

transpose  and  divide  bj  i>,   and  we  have 

dD"      ^   D  dp' 
and  because  ^  is  a  function  of  p  and   I>,   we  hav« 


and  substituting  the  value 


,f^^.   ^-ri-^i^*j^^ 


J         dq  D-dp  ^y*p*dD 
dq=j^ D 5 

multiplying  and  dividing  hj  y  •  D'p^        , 

J)>-  'p7        'dp  —  py* d D 
dq     y-D  y  ^  z'      ^ 

dq  =  T-i  •  -^ . — 


but 


and  making 


dp     1_  IP 

2>.-.yr        .dp--v^^dB  - 

1 

rfg    y-D    __  ^  (py\  . 


we  may  write 


1  1 


^.=^(S)-^(9' 


and  by  integrating 


1 

.7> 


ID  which  F^  denotes    any  w\AVt«rj  toi^^RL 
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No.  IV. 
To  integrate  Equation  (414)'  of  the  text,  add  to  both  members 

^'  dt.dr' 
and  we  have 

dt       Idt    ^      drl       dr       Ldi    ^      drr 
and  making 

dt   ^'''  dr    "^^ 


the  above  may  be  written. 


dV  dV 


=  a. 


dt"     '  dr' 
and  V  being  a  function  of  r  and  /,  we  have 

._.      dV    .        dV    . 
dVz=  -r-  *dr  +  -r-  'dt: 
dr  dt  * 

dV 
or,  by  substitution  for  -7—  its  value  above, 
•^  dt 

dV  dV 

dVz=--.(dr  +  adt)  =  --r-.d(r  +  at\     . 
dr  ^       dr  ' 

and  by  integration, 

__      rfrp.        (fro        _. 

in  which  F  is  any  arbitrary  function.     In  like  manner,  by  subtracting, 

d}r(^ 
""'dTTdt' 

m 

from  both  members  of  Equation  (414)',  we  find 

in  which  /'  denotes  any  arbitrary  function.     Whence,  by  addition, 
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and  by  subtraction, 


dr        2a         \     '       /       2a''   ^  ' 


But 


arm  z=z  — ; —  •dt-i — pr- , a r, 
at  dr 


Whence, 


and,  by  integration, 

r(p  =  F{r  +  at)+/{r'-a  t), 

in  which  F  and  /  denote  the  primitive  functions  of  which  F'  and  /'  are 
the  derived. 


i  • 


K 


Vk«w 


